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PREFACE 


The  design  of  this  Treatise  is  to  explain  all  that  is 
commonly  included  in  a First  Part  of  Algebra.  In  the 
arrangement  of  the  C’hapters  I have  followed  the  advice 
of  experienced  Teachers.  I have  carefully  abstained  from 
making  extracts  from  books  in  common  use.  The  only 
work  to  which  I am  indebted  for  any  material  assistance 
is  the  Algebra  of  the  late  Dean  Peacock,  which  I took  as 
the  model  for  the  commencement  of  my  Treatise.  The 
Examples,  progressive  and  easy,  have  been  selected  from 
University  and  College  Examination  Papers  and  from 
old  English,  French,  and  German  works.  Much  care  has 
been  taken  to  secure  accuracy  in  the  Answers,  but  in  a 
collection  of  more  than  2.300  Examples  it  is  to  be  feared 
that  some  errors  have  yet  to  be  detected.  I shall  be 
grateful  for  having  my  attention  called  to  them. 

I have  published  a book  of  Miscellaneous  Exercises 
adapted  to  tliis  work  and  arranged  in  a progressive  order 
so  as  to  supply  constant  practice  I’or  the  student. 

I have  to  express  my  thanks  for  the  encouragement 
and  advice  received  by  me  from  many  correspondents ; 
and  a special  acknowledgment  is  due  from  me  to  Mr.  E. 
J.  Gross  of  Gonville  and  Cains  College,  to  whom  I am 
ndebted  for  assistance  in  many  parts  of  this  work. 

The  Treatise  on  Algebra  by  Mr.  E.  J.  Gross  is  a 
continuation  of  this  work,  and  is  in  some  important 
points  supplementary  to  it, 

J.  HAMBLIN  SMU'H. 


Cambridge,  1871. 
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ELEMENTARY  ALGEBRA. 


I.  ADDITION  AND  SUBTRACTION. 

1.  Algebra  is  the  science  which  teaches  the  use  of  sym- 
bols to  denote  numbers  and  the  operations  to  which  numbers 
may  be  subjected. 

2.  The  symbols  employed  in  Algebra  to  denote  numbers 
are,  in  addition  to  those  of  Arithmetic,  the  letters  of  some 
alphabet. 

Thus  a,  b,  c x,  y,  a ; a,  j3,  7 : a',  c' read 

a dash,  b dash,  c dash  : a,,  bi,  read  a one, 

D one,  c one  are  used  as  symbols  to  denote  numbers. 

3.  The  number  one,  or  unity,  is  taken  as  the  foundation  of 
all  numbers,  and  all  other  numbers  are  derived  from  it  by  the 
process  of  addition. 

Thus  two  is  defined  to  be  the  number  that  results  from 
adding  one  to  one ; 

three  is  defined  to  be  the  number  that  results  from 
adding  one  to  two ; 

four  is  defined  to  be  the  number  that  results  from 
adding  one  to  three ; 

and  so  on. 

4.  The  symbol  -f-,  read  plus,  is  used  to  denote  the  opera- 
tion of  Addition. 

Thus  1 + 1 symbolizes  that  which  is  denoted  by  2, 

2 + 1 3, 

and  a + b stands  for  the  result  obtained  by  adding  h to  a. 

5.  The  symbol  = stands  for  the  words  “is  equal  to,”  or 
“ the  result  is.” 
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ADDITION  AND  SUBTRACTION. 


'I'liiis  the  (lehnitions  given  in  Art.  3 may  be  presented  in  an 
algebraical  lorm  thus  : 

1 + 1-2, 

2 + 1=3, 

3+1=4. 

6.  Since  , 

2 = 1 + 1,  where  unity  is  written  Iwice, 

3 = 2 + 1 = 1 + 1 + 1,  whei'e  unity  is  written  three  times, 

4^3  + l = l + 1 + 1 + 1 jour  times, 

it  follows  that 

a =1  + 1 + 1 +1  + 1 with  unity  written  a times, 

6 = 1 + 1 + 1 +1  + 1 with  unity  written  h times. 

7.  The  process  of  addition  in  Arithmetic  can  be  presented 
in  a shorter  form  by  the  use  of  the  sign  +.  Tlius  if  we  have 
to  add  14,  17,  and  23  together  we  can  represent  the  process 
thus  : 

14+  17  + 23  = 54. 

8.  When  several  numbers  are  added  together,  it  is  indiffe- 
rent in  what  order  the  numbers  are  taken.  Thus  if  14,  17,  and 
23  be  added  together,  their  sum  will  be  the  same  in  whatever 
order  they  be  set  down  in  the  common  arithmetical  process  : 


14 

14 

17 

17 

23 

23 

17 

23 

14 

23 

14 

17 

23 

17 

23 

14 

17 

14 

54 

54 

54 

54 

54 

54 

So  also  in  Algebra,  when  any  number  of  symbols  are  added 
together,  the  result  will  be  the  same  in  whatever  order  the 
symbols  succeed  each  other.  Thus  if  we  have  to  add  together 
the  numbers  symbolized  by  a and  b,  the  result  is  represented 
by  a + b,  and  this  result  is  the  same  number  as  that  which  is 
represented  by  b + a. 

Similarly  the  result  obtained  by  adding  together  a,  h,  c 
might  he  ex])iessed  algeluaically  by 

a + h + c,  or  u-i-c  + b,  or  b + ((  + c,  or  b + c + a,  or  c + a + b, 

or  c + b + a. 

9.  When  a number  denoted  by  a is  added  To  itself  the 
result  is  i-e) 'resented  algebraically  by  a + a.  Tliis  lesult  is  for 
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the  sake  of  brevity  represented  by  2a,  the  figure  prefixed  to 
the  symbol  expressing  the  number  of  times  the  number 
denoted  by  a is  repeated. 

Similarly  a + a + a is  represented  by  3a. 

Hence  it  follows  that 

2a  + a will  be  represented  by  3a, 

3a  + a by  4a. 

10.  The  symbol  — , read  minus,  is  used  to  denote  the  ope- 
ration of  Subtraction. 

• Thus  the  operation  of  subtracting  15  from  26  and  its  con- 
nection with  the  result  may  be  briefly  expressed  thus ; 

26-15  = 11. 

11.  The  result  of  subtracting  the  number  h from  the  num- 
ber is  represented  by 

a - h. 

Again  a-h-c  stands  for  the  number  obtained  by  taking  c 
from  a — h. 

Also  a — h — c — d stands  for  the  number  obtained  by  taking 
d from  a-h  — c. 

Since  we  cannot  take  away  a greater  number  from  a smaller, 
the  expression  a — h,  where  a and  h represent  numbers,  can 
denote  a possible  result  only  when  a is  not  less  than  b. 

So  also  the  expression  a — b — c can  denote  a possible  result 
only  when  the  number  obtained  by  taking  b from  a is  not 
less  than  c. 

12.  A combination  of  symbols  is  termed  an  algebraical 
e:q>ression. 

The  'parts  of  an  expression  which  are  connected  by  the 
symbols  of  operation  + and  — are  called  Terms. 

Compound  expressions  are  those  which  have  more  than  one 
term. 

Thus  a — b+c  — d is  a compound  expression  made  up  of  four 
terms. 

When  a compound  expression  contains 

two  terms  it  is  called  a Binomial, 

three  Trinomial, 

four  or  more  M idtinorninl. 
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Terms  which  are  preceded  by  the  sypibol  + are  called  wsi- 
tive  terms.  Terms  which  are  preceded  by  the  symbol  - are 
called  negative  terms.  When  no  symbol  precedes  a term  the 
symbol  + is  understood. 

Thus  in  the  expression  a — b + c — d + e — / 

a,  c,  e are  called  positive  terms, 

b,  d,f negative  

The  symbols  of  operation  + and  - are  usually  called  posi 
tive  and  negative  Signs. 

13.  If  the  number  6 be  added  to  the  number  13,  and  if  C> 
be  taken  from  the  result,  the  final  result  will  plainly  be  13. 

So  also  if  a number  b be  added  to  a number  a,  and  if  h be 
taken  from  the  result,  the  final  result  will  be  a : that  is, 

a + b — b = a.  * 

Since  the  operations  of  addition  and  subtraction  when  per- 
formed by  the  same  number  neutralize  each  other,  we  conclude 
that  we  may  obliterate  the  same  symbol  w'hen  it  presents  itself 
as  a positive  term  and  also  as  a negative  term  in  the  same  ex- 
pression. 

Thus  a — a = 0, 

and  % — a + b = b. 

14.  If  we  have  to  add  the  numbers  54,  17,  and  23  we  may 

first  add  17  and  23,  and  add  their  sum  40  to  the  number  54, 
tlnis  obtaining  the  final  result  94.  Tliis  process  may  hv  repre- 
sented algebraically  by  enclosing  17  and  23  in  a Bracket 
( ),  thus  : 

54 -t- (17 + 23)  = 54 + 40  = 94. 

15.  If  we  have  to  subtract  from  54  the  sum  of  17  and  23 
the  process  may  be  rejiresented  algebraically  thus  : 

54-(17  + 23)  = 54-40=14. 

16.  If  we  have  to  add  to  54  the  difference  between  23  and 
IV,  the  process  may  be  represented  algebraically  thu,- : 

54  + (23  - 1 7)  = 54  + 6 = 60. 

17.  If  we  have  to  subtract  from  54  the  difference  between 
S3  and  17.  the  iwocess  may  be  represented  algebraicallv  thus  : 

54-(23-17)  = 54-G  = 48, 


ADDITION  AND  SUBIRACl ION. 


18.  .The  use  of  brackets  is  so  frequent  in  Algebra,  tliat 
tlie  rules  for  their  removal  and  introduction  must  be  care- 
fidly  considered. 

We  shall  first  treat  of  the  removal  of  brackets  in  cases 
where  symbols  supply  the  places  of  numbers  corresponding 
to  the  arithmetical  examples  considered  in  Arts.  14,  15, 
IG,  17. 

Case  I.  To  add  to  a the  sum  of  h and  c. 

This  is  expressed  thus : a + (5  + c). 

First  add  h to  «,  the  result  will  be 

a + h. 

This  result  is  too  small.,  for  we  have  to  add  to  a a num- 
ber greater  than  h,  and  greater  by  c.  Hence  our  final 
result  will  be  obtained  by  adding  c to  a-\-h,  and  it  will  be 

a + b-\-c. 

Case  II.  To  take  from  a the  sum  of  b and  c. 

This  is  expressed  thus  : a - (6 -He). 

First  take  b from  «,  the  result  will  be 

a - b. 

This  result  is  too  large,  for  we  have  to  take  from  a a 
number  greater  than  /;,  and  greater  by  c.  Hence  our  final 
result  will  be  obtained  by  taking  c from  a — b,  and  it  will  be 

a-b-c. 

Case  III.  To  add  to  a the  difference  between  b and  c. 

This  is  expressed  thus  : a -H  (b  - c). 

First  add  b to  a,  the  result  will  be 

a “H  b. 

This  result  is  too  large,  for  we  have  to  add  to  a a num- 
ber than  b,  and  less  by  c.  Hence  our  final  result  will 
be  obtained  by  taking  c from  a + b,  and  it  will  be 

a + b-c. 

Case  lA^  To  take  from  a the  difference  between  b and  c. 

This  is  expressed  thus  : a -{b-c). 

First  take  b from  a,  the  result  will  be 

a - b. 

This  result  is  too  small,  for  we  have  to  take  from  a a 
number  less  than  b,  and  less  hy  c.  Hence  our  final  result 
will  be  obtained  by  adding  c to  a - b,  and  it  will  be 

a — b c. 
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Note.  We  assume  that  a,  b,  c represent  such  numbers  that 
in  Case  U.  a is  not  less  tlian  the  sum  of  b and  c,in  Case  III. 
b is  not  less  than  c,  and  in  Case  IV.  b is  not  less  than  c,  and  a 
IS  not  less  than  b. 

19.  Collecting  the  results  obtained  in  Art.  18,  we  have 

a + {b  + c)  = a + b + c, 
a-(b  + c)  = a-b-c, 
a + {b  — c)  = a + b-c, 
a-{b-c)  = a-b  + c. 

From  Avhich  we  obtain  the  following  rules  for  the  removal  ol 
a bracket. 

Rule  I.  When  a bracket  is  preceded  by  the  sign  +, 
remove  the  bracket  and  leave  the  signs  of  the  terms  in  it 
unchanged. 

Rule  II.  When  a bracket  is  preceded  by  the  sign 
remove  the  bracket  and  change  the  sign  of  each  term  in  it. 

These  rules  apply  to  cases  in  which  any  number  of  terms 
are  included  in  the  bracket. 

Thus 

a + b + {c-d  + e -/)  = a + b + c-d  + e -/, 

and 

a + b—  ic—  dv  e —f)  — a + b — c + d — e +f, 

20.  The  rules  given  in  the  preceding  Article  for  the 
moval  of  brackets  furnish  corresponding  rules  for  the  intro- 
auction  of  brackets. 

Thus  if  we  enclose  two  or  more  terms  of  an  expression 
in  a bracket. 

I.  The  sign  of  each  term  remains  the  same  if  + pre- 
cedes the  bracket : 

11.  The  sign  of  each  term  is  clianged  if  - precedes 
the  bracket. 

Kx.  a - b -h c - (/  + c -f=a  - b 4-  (c  - d)  4-  (e -/ ), 
a-h-\-c-d-^e-f=(i-  (b  - c)  - {d  - c 4-/ ). 
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21.  Wt  may  now  proceed  to  «ive  rules  for  the  Addition 
and  Subtraction  of  algebraical  expressions. 

Suppose  we  have  to  aM.  to  tl^^  expression  a + h — c the  ex- 
pression d — e -hf. 

The  Sum  =a  + b — c + {d  — e +f) 

= a + h-c  + d — e+f  (by  Art.  19,  Rule  I.). 

Also,  if  we  have  to  subtract  from  the  expression  a + h — c the 
expression  d — enf. 

The  Dilference  — a + h — c — {d  — e+f) 

= a + t)  — c — d + e —f  (by  Art.  19,  Rule  II.). 

We  might  arrange  the  expressions  in  each  case  under  each 
other  as  in  Arithmetic  ; thus 


Sum  a + h — c + d — e +f  Difference  a + h — c — d + e — / 

and  then  the  rules  may  be  thus  stated. 

I.  In  Addition  attach  the  lower  line  to  the  upper  with  the 
signs  of  both  lines  unchanged. 

II.  In  Subtraction  attach  the  lower  line  to  the  upper  with 
the  signs  of  the  lower  line  changed,  the  signs  of  the  upper  line 
being  unchanged. 

The  following  are  examples. 


To  (i  + h — c 


From  a + h — c 


Add  d — e +f 


Take  d — e +f 


(1) 


To  a + h + 9 
Add  a — b — 6 


Sum  a + h + 9 + a — h — 6 


and  this  sum  =a  + a + h — h + 9 — 6 


= 2u  + 3. 


For  it  has  been  shown.  Art.  9,  that  a + a = 2a^ 
and,  Art.  13,  that  6-6  = 0. 

(2)  From  a + b + 9 

Take  a — h — (i 


Remainder  a + h + 9 — a + h + C't 
and  this  remainder  = 26» -f  15. 
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22.  We  have  worked  out  the  e.xaiuples  in  Art.  21  at  full 
length,  hnt  in  practice  they  may  be  abbreviated,  by  combining 
the  symbols  or  digits  by  a mental  process,  thus 


To  c + c?  + 10 
Add  c — d — 1 

Sum  2c  +3 


From  c + cZ  + 10 
Take  c — d — 7 


Eemainder  2d  + l7 


23.  We  have  said  that 


and  so  on. 


instead  of  a + a we  write  2a., 
a + a + a 3a, 


The  digit  thus  prefixed  to  a symbol  is  called  the  coefficient 
of  the  term  in  which  it  appears. 

24.  Since  3a  = a + a + a, 

and  5a  = a + a + a + a + a,  , 

3a  + 5a  = a + a + a + a + a + a + a + a 
= 8a. 

Terms  which  have  the  same  symbol,  whatever  their  coeffi- 
cients may  be,  are  called  like  terms  : those  which  have  diffe- 
rent symbols  are  called  unlike  terms. 

Like  terms,  when  positive,  may  be  combined  into  one  by 
adding  their  coefficients  together  and  subjoining  the  common 
symbol : thus 

2x  + 5x  = 7x, 

3y  + 5y  + 8y=162/. 

25.  If  a term  appears  without  a coefficient,  unity  is  to  be 
taken  as  its  coefficient. 

Thus  X + ox  = fix. 


2fi.  Negative  terms,  when  like,  may  be  combined  into  one 
term  with  a negative  sign  prefixed  to  it  by  adding  the  coeffi- 
cients and  subjoining  to  the  result  the  common  symbol. 

Thus  2x  — 3^  — 5y  = 2x  — 8y, 

for  2x  — 3y  — 5y  ~ 2x  — (3^  + oy) 

= 2x  — Sy. 

3.r  - y - 4 y - (] y = I)X  -lly. 


So  again 
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27.  If  an  expression  contain  two  or  more  like  terms,  some 
lieing  positive  and  others  negative,  we  must  first  collect  all  the 
positive  terms  into  one  positive  term,  then  all  the  negative 
terms  into  one  negative  term,  ami  finally  combine  the  two 
remaining  terms  into  one  by  the  following  ]>rocess.  Subtract 
the  smaller  coefficient  from  the  greater,  and  set  down  the 
remainder  with  the  sign  of  the  greater  prefixed  and  the  com- 
mon symbol  attached  to  it. 

Ex.  Sx  — 3x  = 5x, 

7x  — 4x  + bx  — 3x=l'2x  — 'ix  = 5x, 
a — 2h  + 5h  — 4b  = a + bh  — 6b  = a — h. 

28.  The  rules  for  the  combination  of  any  number  of  like 
terms  into  one  single  term  enable  ns  to  extend  the  application 
of  the  rules  for  Addition  and  Subtraction  in  Alg-ebra,  and  we 
proceed  to  give  some  Examples. 

ADDITION. 


(1) 

a — 2b  + 3c 

(2) 

5a  + 76-3c-4d 

3a  — 4b  — be 

6a  — 76  + 9c  + 4c? 

4a  — 6b  — 2c 

11a  +6c 

terms  containing  b and  c^in  Ex.  (2)  destroying  one  another, 

(3) 

7x  — by+  4z 

(4) 

6m—  1371  + 5^3 

x + 2y  —llz 

8m  + n — dp 

3x—  y+  bz 

m—  n—  p 

bx-3y-  z 

m+  2n  + bp 

16x  — 7y—  3z 

16m  — lln. 

SUBTRACTION. 

(1) 

5a  — 36  + 6c 

(2; 

3a + 76—  8(J 

2a  + 56  — 4c 

3a  — 76+  4c 

3a  — 86  + 10c 

146-12/; 

(3) 

5a  — 66  + 2c 

(4) 

x — y + z 

2a  — 66  + 2c 

x — y — z 

3a 

2z 

(») 

3x  + 7y  + 12z 

(6) 

7x—  \9y-  I4z 

by—  2z 

6x  — 24y  + 92! 

3»+2y+  I4z 

x+  by-  23z 

10 
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29.  We  have  placed  the  expressions  in  the  examples  given 
in  the  preceding  Article  under  each  other,  as  in  Arithmetic, 
for  the  sake  of  clearness,  hut  the  same  operations  might  he  ex- 
hibited hy  means  of  signs  and  brackets,  thus  Examples  (2)  ot 
each  rule  might  have  been  worked  thus,  in  Addition, 

5a  + 76  - 3c  - 4d  + (6a  -7b  + 9c  + 4d) 

=5a-i-76  — 3c  — 4d-t-  6a  — 76-t-9c  + 4d 
= 1 1 a + 6c  ; 
and,  in  Subtraction, 

3a  -f  76  — 8c  — (3a  -76-1-  4c) 

= 3a  -t-  76  - 8c  — 3a  76  — 4c 
= 146 -12c. 


Examples.^  i. 

Simplify  the  followdng  expressions,  l>y  combining  like  sym- 
bols in  each. 

1 . 3a  4"  46  -f-  5c  -t-  2a  -t-  36  t c,  2.  4a  -t-  56  -i-  6c  — 3a  — 26  — 4c. 

3.  6a  — 36  — 4c  — 4a  4- 56  + 6c. 

4.  8a  — 56  + 3c  — 7a  — 26  + 6c  — 3a  + 96  — 7c  + 10a. 

5.  5x  — .3a  + 6 + 7 + 26  — 3.x  — 4a  — 9. 

6.  a — h — c+h  + c — d + (l  — a. 

7.  5a  + 106  — 3c  + 26  — 3a  + 2c  — 2a  + 4c. 


Examples.— ii.  addition. 

Add  together 

O 

I . a + X and  a — x.  2.  a + 2.c  and  a + 3x. 

3.  a - 2x  and  2a  - x.  4.  3x  + 7y  and  5x  - 2y. 

5 . a + 36  + 5c  and  3a  — 26  — 3c. 

b.  a -26  + 3c  nnd  a + 26  .3c.  7.  1 +x-y  and  3-x4  y/ 

8.  2x  - 3y  + 4z,  5x  - 7y  - 2z,  and  6x  + 9y  — 82:. 

9.  2a  + 6 — 3x,  3a  - 26  + x,  a + 6 — 5x,  and  4a  — 76  + 6x. 


I. 


2. 

3- 

4- 


Examples.— iii.  SUBTRACTION. 

Froma  + 6 take  a -6. 

3.C  + y 2x  — y. 

2a  + 3c  + 4d  . .. ..  a — 2c  + 3d. 

X -I-  //  ' • c-  y - 2. 


Annrr/ov  axd  subtractiox. 


IT 


5 .  From  m-n  + r take  m-n- r. 

6 a + h + c a-h-c. 

7  3ft  + 4?)  + 5c  2ft  + 7ft  + 6c. 

8  Zx  + 5y-4z  2x  + 2y-bz. 

30.  We  have  ^^iveii  examples  of  the  use  of  a krscket.  The 
methods  of  denoting  a bracket  are  various  ; thus,  besides  the 
marks  ( ),  the  marks  [ ],  or  | },  are  often  employed.  Some- 
times a mark  called  “ I'lie  Vinculum  ” is  drawn  over  the  st  mbols 
which  are  to  be  connected,  thus  ft  — ft  -I-  c is  used  to  represent  olie 
same  expression  as  that  represented  by  ft-(ft  + c). 

Often  the  brackets  are  made  to  enclose  one  another^  thus 
ft  — [ft-t-  \c  — (d-e-f)\]. 

In  removing  the  brackets  from  an  expression  of  this  kind  it 
is  best  to  commence  with  the  innermost,  and  to  lemove  the 
brackets  one  by  one,  the  outermost  last  of  all. 

Thus  

ft -[ft-t-  |c-(d-e-/)|] 

= a-[h+  \c-{d-e  4-/) {] 

= ft-[ft-l-  \c-d  + e-f\] 

= a-[b  + c-d  + e-f] 

= a — b — c + d — e+f. 

Again 

5x  - (3.x  - 7)  - ! 4—  2x  - (6x  - 3) } 

= 5x  — 3x  -t-  7 — } 4 — 2;c  — 6x  4-  3 j 
= 5x  - 3x  4-  7 - 4 4-  2x  4-  6x  - 3 
= lOx. 

EXAMPLES.--iv.  BRACKETS. 

Simplify  the  following  expressions,  condDiningall  like  quan- 
tities in  each. 

1 . ft  4-  ft  4-  (3ft  2ft). 

2.  ft  4-  ft  — (ft  — 3ft). 

3.  3ft  4- 5ft -6c -(2ft  4- 4ft -2c). 

4.  ft  4-  ft  - c - (ft  - ft  - c). 

5 . 1 4x  - (5x  - 9)  - j 4 - 3.C  - (2x  - 3; 

6.  4.C- !3.c-(2x-x-ft)(. 

7.  1 5x  — J 7x  4-  (3x  4-  ft  — x)| . 
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8.  a-[h+\a-(h  + a)\]. 

9.  6(t  + [4«  - ]Sh  — (2a  + 46)  — 22b  f — 76]  — [76  I-  j Sa 

— (36  + 4a)  + 86  ( + 6u 

10.  6 — [6  — (a + 6)— j 6 — (6- a — 6)]]. 

11.  2r;  — (6a  — 6)—  jc  — (5a  4- 26)  — (a  — 36)]. 

12.  2.x—  |a  — (2a  — [3a  — (4a  — [5a  — (6a  — x)J)])|. 

13.  25a- 196 -[36- 1 4a -(56 -6c)]]. 

31.  AVe  have  hitherto  supposed  the  symbols  in  every  ex- 
pression used  for  illustration  to  represent  such  nuiuhers  that 
t^'.e  expre.ssions  .symbolize  results  which  would  he  arithmetic- 
ally possible. 

Thus  a — b symbolizes  a possible  result,  so  long  as  a is  not 
less  than  6. 

If,  for  instance,  a stands  for  10  and  6 for  6, 
a — b will  stand  for  4. 

But  if  a stands  for  6 and  6 for  10, 

a — b denotes  no  possible  result,  because  Ave  cannot 
take  the  number  10  from  the  number  6. 

But  though  there  can  be  no  such  a thing  as  a negative 
number,  we  can  conceive  the  real  existence  of  a negative 
quantity. 

To  explain  this  we  must  consider 

I.  What  we  mean  by  Quantity. 

II.  How  Quantities  are  measured. 

32.  A Quantity  is  anything  which  may  be  regarded  as 
being  made  u]i  of  parts  like  the  whole. 

Thus  a distance  is  a quantity,  because  we  may  regard  it  as 
made  up  of  parts  each  of  themselves  a distance. 

Again  a sum  of  money  is  a quantity,  because  we  mav  regard 
it  as  made  up  of  parts  like  the  whole. 

33.  To  measure  any  quantity  we  fix  upon  some  known 
quantity  of  the  .same  kind  for  our  standard,  or  unit,  and  then 
any  quantity  of  that  kind  is  measured  by  sa\'ing  how  many 
times  it  contains  this  unit,  and  this  number  of  times  is  called 
' he  men, sure  of  the  quantity. 
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For  example,  to  measure  any  distance  alon^  a road  \ve  tix 
np-m  a known  distance,  such  as  a mile,  and  express  all  distances 
hy  saying  how  many  times  they  contain  this  unit.  Thus  16  is 
the  measure  of  a distance  containing  16  miles. 

. Vgain,  to  measure  a man’s  income  we  take  one  pound  as  our 
uni  t,  and  thus  if  we  said  (as  we  olten  do  say)  that  a ifian’s  in- 
come is  500  a year,  we  should  mean  500  times  the  unit,  that  is, 
i.'5t'0.  Unless  we  knew  what  the  unit  was,  to  say  that  a man’s 
inci'me  was  500  would  convey  no  definite  meaning  : all  we 
should  know  would  he  tluit,  whatever  our  unit  was,  a pound,  a 
dollar,  or  a franc,  the  man’s  income  would  be  500  times  that 
unit.,  that  is,  £500,  500  dollars,  or  500  francs. 

hhB.  Since  the  unit  contains  itself  once,  its  measure  is 
unity,  and  hence  its  name. 

',’4.  Now  we  can  conceive  a quantity  to  be  such  that  when 
put  to  another  quantity  of  the  same  kind  it  wid  entirely  or  in 
pu't  neutralize  its  effect. 

Thus,  if  I walk  4 miles  towards  a certain  object  and  then 
rt‘turn  along  the  same  road  2 miles,  I may  say  that  the  latter 
distance  is  such  a quantity  that  it  neutralizes  part  of  my  first 
journey,  so  far  as  regards  my  position  with  respect  to  the  point 
from  which  I started. 

Again,  if  I gain  £500  in  trade  and  then  lose  .£400,  I may 
say  that  the  latter  sum  is  such  a quantity  that  it  neutralizes 
part  of  my  first  gain. 

If  I gain  £500  and  then  lose  £700, 1 may  say  that  the  latter 
sum  is  such  a (piantity  that  it  neutralizes  all  my  first  gain,  and 
not  only  that,  but  also  a quantity  of  which  the  absolute  value 
is  £200  remains  m readiness  to  neutralize  some  future  gain. 
Regarding  this  £200  by  itself  we  call  it  a quantity  which  will 
have  a subtractive  effect  on  subsequent  profits. 

Now,  since  Algebra  is  intended  to  deal  with  such  ques- 
tions in  a general  way,  and  to  teach  us  how  to  put  quanti- 
ties, alike  or  opposite  Jii  their  effect,  together,  a convention 
is  adopted,  founded  on  the  additive  or  .subtractive  effect  of 
of  the  quantities  in  question,  and  stated  thus  : 

“To  the  quantities  to  be  added  prefix  the  sign  + , and  to 
the  quantities  to  be  .subtracted  prefix  the  sign  - , and  then 
write  dowui  all  the  quantities  involved  in  such  a question 
connected  with  these  signs. 
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Tlius,  suppose  a mail  to  trade  ior  4 yoars,  and  to  gain  a 
pounds  the  first  year,  to  lose  I pounds  the  second  year,  to  gam 
c pounds  the  third  year,  and  to  lose  d ])ounds  the  iourth  year. 

The  additive  quantities  are  here  a and  c,  which  we  are  to 
write  + a and  + c, 

The  subtractive  quantities  are  here  b and  d,  which  we  are  to 
write  - b and  - d, 

Result  of  trading  = +a-b  + c-d. 

35.  Let  us  next  take  the  case  in  which  the  gain  for  the 
first  year  is  a pounds,  and  the  loss  lor  each  ol  three  subsequent 
years  is  a pounds. 

Result  of  trading  = +a  — a — a — a 

- - 2a. 

Thus  we  arrive  at  an  isolated  quantity  of  a subtractive 
nature. 

Arithmetically  we  interpret  this  result  as  a loss  of  X2a. 

Algebraically  we  call  the  result  a negative  quantity. 

When  once  we  have  admitted  the  possibility  of  the  inde- 
pendent existence  of  such  quantities  as  this  we  may  extend  the 
application  of  the  rules  for  Addition  and  Subtraction,  for 

I.  A negative  quantity  may  stand  by  itself,  and  we  may 
then  add  it  to  or  take  it  from  some  other  quantity  or  expres- 
sion. 

II.  A negative  quantity  may  stand  first  in  an  expression 
which  we  may  have  to  add  to  or  subtract  from  any  otlier 
expression. 

The  Rules  for  Addition  and  Subtraction  given  in  Art.  21 
will  be  applicable  to  these  expressions,  as  in  the  following 
Examples. 

ADDITION. 

(1)  i)(i — la  = —'2a. 

(2)  4if  — 3b  — ()o -t- T/>=  — 2a  + 4b. 

(3)  To  A a 'I'o  ba  — ill) 

Add  - 3a  Add  — 2a.  — '2h 

Sum  a Sum  3a  - bb 
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(4)  6a  — bb—  4c  + 6 
-5a  + 76-  12C-17 
— a — 86+19C+  4 


(5)  lx  — by  4-  9.'i 

- I8x  + by -bz 

— 3x-Sy+  z 


— iib+  3c  — 7 


- I4x  - 4iy  + bz 


subtraction. 

(1)  From  X 

Take 

Remainder  x + y 

jr  we  might  represent  the  operation  tiius,  ^ 

x-{-y)  = x + y* 


(2) 

a + 6-  ( — a + 6) 

= a 

+ 6 + a 

-h  = 2a. 

(3) 

-a  -b-{a  — b) 

-a~b- 

-a  + b—  - 2a, 

(4) 

— 3a  + 

46 

— / C + 

10 

ba  — 

96 

+ 8c  + 

19 

+ 

00 

1 

136 

-15c- 

- 9 

(5) 

x-y  — [3x  - 

-1- 

-5*  — ( 

-4^  + 7a:)|] 

= x-y-\8x-  I -bx  + 4y~lx\'] 

= x — y — [3x  + 5x  — 4^  + 7cc  j 
= x-y  — '8x-bx  + 4y  -lx 
= — j.4x  + 3y. 

^6^  7a  + 56+  9c — \2d 

-36— 12c—  8d+  6c 

7a  + 86  + 21c-  4d-Qe 

In  this  exami)le  we  have  deviated  from  our  previous 
iwactice  of  placing  like  terms  under  each  other.  This 
arrangement  is  useful  to  facilitate  the  calculation,  hut  is 
not  absolutely  necessary  ; for  the  terms  which  are  alike 
can  he  combined  independently  of  it. 

* Notk.— The  meaning  of  S:ibtr.Tcf  ion  is  here  e.xtcmled  so  iliat  the 
result  in  Art.  IS,  Cask  i v.  may  ))c  true  when  h is  less  than  c. 
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Examples. — v. 

(i.)  ADDITION. 

Add  togethe' 

1.  6a + 76,  —2a-  46,  and  Za  — bh. 

2.  — 5a  + 66  — 7c,  — 2a  + 136  + 9c,  and  7a  — 296  + 4c, 

3.  2x  — 3^  + Az,  —bx  + Ay  — Iz,  and  — 8x  — 9^  — 3z. 

4.  — a + 6 — c + d,  a — 26  — 3c  + d,  — 56  + 4c,  and  — be 

5.  a + 6 — c + 7,  —2a  — 36  — 4c + 9,  and  3a + 26  + 5c  — 

6.  5a:  — 3a  — 46,  6y  — 2a,  3a  — 2y,  and  bo  — lx. 

7.  a + 6 — c,  c — a + 6,  26  — c + 3a,  and  4a  — 3c. 

8.  7a  — 36- 5c  + 9d,  26  — 3c  — 5d,  and  — 4d+15c. 

9.  — 12x  - by  + Az,  'bx  + 2y  — 32,  and  9a;  — 3^  + z. 

(2.)  SUBTRACTION. 

1 . From  a + 6 take  —a  — b. 

2.  From  a — 6 take  —b  + c. 

3.  From  a — 6 + c take  — a + 6 — c. 

4.  From  6a;  — 81/  + 3 take  — 2x  + 9y  — 2. 

5.  From  5a- 126+ 17c  take  -2a + 46 -3c. 

6.  From  2a  + 6-3x  take  46-3a  + 5x. 

7.  F rom  a + 6 - c take  3c  - 26  + 4a. 

8.  From  a + 6 + c-7  take  8 - c-6  + a. 

9.  F rom  1 2x  — 3^  — 2 take  Ay — bz  + x. 

10.  From  8a  - 56  + 7c  take  2c  - 46  + 2a. 

F rom  ^p  — Aq  + 3r  take  bq  — 3p  + 1 
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36.  The  operation  of  finding  the  sum  of  a numbers  each 
equal  to  h is  called  Multiplication. 

The  niimher  a is  called  the  Multiplier. 

1)  Multiplicand. 

This  Sum  is  called  the  Product  of  the  multiplication  of  I 
by  a. 

This  Product  is  represented  in  Algebra  by  three  distinct 
symbols  : 

I.  By  writing  the  symbols  side  by  side,  with  no  sign 
between  them,  thus,  ab  ; 

II.  By  placing  a small  dot  between  the  symbols,  thus,  a.h; 

III.  By  placing  the  sign  x between  the  symbols,  thus, 
axb;  and  all  these  are  read  thus,  “ a into  6,”  or  “ a times  6.” 

In  Arithmetic  we  chiefly  use  the  third  way  of  expressing  a 
Product,  for  we  cannot  symbolize  the  product  of  5 into  / by 
57,  which  means  the  sum  of  fifty  and  seven,  nor  can  we  well 
represent  it  by  5.7,  because  it  might  be  confounded  with  the 
notation  used  for  decimal  fractions,  as  5'7. 

37.  In  Arithmetic 

2x7  stands  for  the  same  as  7 + 7. 

3x4  4 + 4 + 4. 

I n Algebra 

ab  stands  for  tne  same  as  0 + 6 + 6+  ...  with  6 written 
a times. 

{afb)c  stands  for  the  same  as  c + c + c ...  with  c written 
a + b timef., 

[S.A.J 
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38.  To  shew  that  3 times  4 = 4 times  3. 

3 times  4=  4 + 4 + 4 

+ 1 + 1 + 1 + 1 i I. 

4 1 4-  1 + 1 4.  I ) 

4 times  £5=  3 + 3 + 3 + 3 

=1+1+1 
+1+1+1 
+1+1+1 
+1+1+1 

Now  the  results  obtained  from  I.  and  II.  must  be  the  same 
or  the  horizontal  columns  of  one  are  identical  with  the  verti- 
cal columns  of  the  other. 

39.  To  prove  that  ab  = ba. 

ah  means  that  the  sum  of  a numbers  each  equal  to  b is  to 
be  taken. 

..  ab=  b + b+ with  b written  a times 

= b 
+ i 
+ 


to  a lines 

“ 1 + 1 + 1+ to^  terms 

+ 1 + 1 + 1 + to  6 terms 

+ 

to  a lines. 

A^ain, 

ha=  « + a + w'ith  a written  h times 

= a 
+ a 
+ 


to  h lines 
=-  1 M + 1 ^ 

+ 1 + 1 + ] + 

+ 

b lines 


to  a terms 
to  a terms 


\ 

\ 
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Now  the  results  obtained  t'roin  I.  and  II.  must  be  the  same, 
for  the  horizontal  columns  of  one  are  clearly  the  same  as  the 
vertical  columns  of  the  other. 

40.  Since  the  expressions  ah  and  ha  are  the  same  in  mean- 
ing, we  may  regard  either  a or  h as  the  multiplier  in  iorming 
the  product  of  a and  h,  and  so  we  may  read  ah  in  two  ways  : 

(1)  a into  h, 

(2)  a multiplied  by  h. 

41.  The  expressions  ahc,  ach,  hae,  hca,  cab,  cha  are  all  the 
same  in  meaning,  denoting  that  the  three  numbers  symbolized 
by  a,  h,  and  c are  to  be  multiplietl  together.  It  is,  however, 
generally  desirable  that  the  al])habetical  order  ot  the  letters 
representing  a ]>roduct  shoula  lie  observed. 

42.  Each  ot  the  numbers  a,  b,  c is  called  a Factor  or  the 
product  abc. 

43.  When  a number  expressed  in  figures  is  one  of  the 
factors  of  a product  it  always  stands  first  in  the  product. 

Thus  the  product  of  the  factors  x,  y,  z and  9 is  represented 
by  9xyz. 

44.  Any  one  or  more  of  the  factors  that  make  up  a product 
is  called  the  Coefficient  of  the  other  factors. 

Thus  in  the  expression  2ax,  2a  is  called  the  coefficient  of  x. 

45.  When  a factor  a is  repeated  tiuice  the  product  would 
be  represented,  in  accordance  with  Art.  36,  by  aa ; when  tJoree 
times,  by  aaa.  In  such  cases  these  products  are,  for  the  sake 
of  brevity,  expressed  by  writing  the  symbol  with  a number 
iMced  above  U on  the  right,  expressing  the  number  of  times  the 
symbol  is  repeated ; thus 

instead  of  aa  we  write  a^ 

aaa  a^ 

OMaa  a'^ 

These  expressions  a^,  a^,  a^ are  called  the  second,  third, 

fourth Powers  of  a. 

The  number  placed  over  a symbol  to  express  the  power  of 
the  symbol  is  called  the  INDEX  or  Exponent. 

a^  is  generally  called  the  square  of  a. 
a3 the  cube  of  a. 
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46.  The  product  of  and  = x a? 

= aax  aaa  = aaaaa  = a®. 

Thus  the  index  of  the  resulting  po’wer  is  the  siim  of  the 
indices  of  the  two  factors. 

Similarly  a*  xa^  = aaaa  x aaaaaa 

— aaaaaaaaaa  = 

If  one  of  the  factors  be  a symbol  without  an  index,  we  may 
assume  it  to  have  an  index  that  is 

a = a^. 

Examples  in  multiplying  powers  of  the  same  symbol  are 

(1)  a X = ftl+2  _ 0^3 

(2)  7a^  X bd  = I xb  xa^  xaJ  — 35a^+7  = 35aio_ 

(3)  a^xa^xa^^  a^+e+g  ^ 

(4)  x^y  X xy"^  = x~.y  .x.y‘^  = x~. x.y.y^  = a;2+^.  ^^+2 = x^y\ 

(5)  a%  X aP  X 6*+®+^  = a®. 


Examples.— Vi. 


Multiply 
I.  X into  3y. 

4.  3a&c  into  ac. 

7.  30.26  into  4a^&2 


3.  Sxy  into  4xy. 

6.  a"  into  a. 

9.  15o6V  by  12a-%. 
12.  4o'^6a;  by  bah-y. 


2.  3x  into  4y. 

5.  into  a*. 

8.  7a‘*c  into  ba%P. 

10.  7a V by  4a2&c^.  ii,  a®  by  3a2. 

13.  19x^2/^  by  4*1/ V.  14.  I7a6^2by  36c2//.  15.  8x 

16.  3a6cby4oxi/.  17.  a^62c  by  8a’’6-^c.  18.  9mHphy  rn^n^p-. 

19.  ayh  by  bxh^.  20.  lla^ft*  by 

47.  The  rules  for  the  addition  and  subtraction  ol  powers 
are  similar  to  those  laid  down  in  Chap.  I.  for  simple  quantities. 

Thus  the  sum  of  the  second  and  third  powers  of  x is  repre- 
sented by 

x^  -I- 

and  the  remainder  after  taking  the  fourth  power  of  y from  the 
fifth  power  of  y is  represented  by 

y-'~y\ 

and  these  expressions  cannot  be  abridged. 
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But  when  we  have  to  add  or  subtract  the  same  powers  of 
the  same  quantities  the  tenns  may  be  combined  into  one  : 
thus 

3i/3  + 57/ + 7^3^  152/3, 

Sx'*  — 5x‘‘  = 3x^, 

— 3t/3  — 2t/3  = 4t/3. 

Again,  whenever  two  or  more  terms  are  entirely  the  same 
with  respect  to  the  symbols  they  contain,  their  sum  may  be 
abridged. 

Thus  ad  + ad  = 2ad, 

— 2cCb  = a%, 

+ 6a363  _ Qa%^  = 2a%^y 
la?x—  lOa^x—  \ 2a‘^x=  — 15a^x. 

48.  From  the  multiplication  of  simple  expressions  we  pass 
on  to  the  case  in  which  one  of  the  quantities  whose  product  is 
to  be  found  is  a compound  expression. 

To  shew  that  (a  + b)  c = ac  + be. 

(a  + b)  c = c + c + c+  ...  with  c written  a + b times, 

= {c  + c + c+  ...  with  c written  a times) 

+ {c  + c + c ...  with  c written  b times), 

= ac  + be. 

49.  To  shew  that  (a  — b)  c = ac  — be. 

{a  — b)c  = c + c + c+  ...  with  c written  a — b times, 

= {c  + c + c+  ...  with  c written  a times) 

— (c  + c + c...  with  c written  b times), 

= ac  — be. 

Note.  We  assume  that  a is  greater  than  b. 

50.  Similarly  it  may  be  shewn  that 

(a + b + c)  d = ad  + bd  + cd, 

(a  — b — c)  d = ad  — bd  — cd, 

and  hence  we  obtain  the  following  general  rule  for  finding  the 
product  of  a single  symbol  and  an  expression  consisting  of  two 
or  more  terms. 

“ Multiply  each  of  the  terms  by  the  single  symbol,  and  con- 
nect the  terms  of  the  result  by  the  signs  of  the  several  terms 
of  the  compound  expression.” 
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Examples. — vii. 


Multiply 

1 . a + h — chj  a. 

2.  a + 36  — 4c  by  2a. 

3.  a^  + 3a^  + 4a  bv  a. 

4.  3a^  - - ha?-  — 6a  + 7 by  3a^. 

5.  a?  — 2,ab  + b'^  by  ab. 

6.  — 3a^6^  + b^  by  3a^6. 


7.  Sm^  + 9m?i  + 109i2  by  mn. 

8.  9a^  + 4a‘*6  — 3a^6'^  + 4a^6^  by  2ah. 

9.  xh/ — + xy — 1 hy  xy. 

10.  m?  — 3m^n  + 3mw-  — by  n. 

11.  1 2a%  — 6a-6^  + hab^  by  1 2a- 6^. 

1 2.  13x^  — 1 ~x^y  -f  hxy^  — y^  by  8xy. 


51.  "VVe  next  proceed  to  the  case  in  which  both  multipliei 
and  multiplicand  are  compound  expressions. 

First  to  multiply  a + 6 into  c + d. 

Represent  c -f  rf  by  x. 

Then  (a  + b){c  + rf)  = (a  + b)x 

= ax  + bx,  by  Art.  48, 

= a(c  + d)  + b{c  + d) 

= ac  + ad  + bc  + bd,  by  Art.  48. 

The  same  result  is  obtained  by  the  following  process  : 

c + d 

a + b 

ac  + ad 
+ bc  + bd 

ac  + ad  + bc  + hd 
which  may  be  thus  described  : 

Write  a + b considered  as  the  multiplier  under  c + d con- 
sidered as  the  multiplicand,  as  in  common  Arithmetic.  Then 
multiply  each  term  of  the  multiplicand  by  a,  and  set  down  the 
result.  Next  multiply  eacli  term  of  the  multiplicand  by  h,  and 
set  down  the  result  under  the  result  obtained  before.  The 
sum  of  the  two  results  will  be  the  product  required. 

Note.  The  second  result  is  shifted  one  place  to  the  right 
The  object  of  this  will  be  seen  in  Art.  56. 
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52.  Next,  to  multij)ly  a + h into  c — d. 

Represent  c — d li)y  x. 

Then  {a  \-b){c  — d)  = {a  + h)x 

= ax  4-  bx 

— a{c  — d)  + h{c  — d) 

= ac  - ad  he  — hd,  hy  Art.  49. 

From  a comparison  of  this  result  with  the  factors  from 
which  it  is  produced  it  appears  that  if  we  regard  tlie  terms  of 
the  multiplicand  c — d as  independent  (piautities,  and  call  them 
+ caud  -d,  the  effect  of  multiplying  the  positive  terms  +a 
and  + 6 into  the  positive  term  +cis  to  produce  two  positive 
terms  +ac  and  +bc,  whereas  the  effect  of  multiplying  the 
positive  terms  and  +b  into  the  negative  term  —d  is  to 
produce  two  negative  terms  —ad  and  -l>d. 

The  same  result  is  obtained  by  the  following  process  ; 

c — d 
a A b 
ac  — ad 
+ bc  — bd 

ac  — ad  + be  — bd 

This  process  may  be  described  in  a similar  manner  to  that 
in  Art.  51,  it  being  assumed  that  a positive  term  multiplied 
into  a negative  term  gives  a negative  result. 

Similarly  we  may  shew  that  a-b  into  c + d gives 

ac  + ad  — be  — bd. 

53.  Next  to  multiply  a — b into  c — d. 

Represent  c — d by  x. 

Then  (a -b){c-d)  = {a- b)x 

= ax  — bx 

= a(c  — d)  — b{c  — d) 

= {ac  - ad)  - {be  - bd),  by  Art.  49, 

= ac  — ad  — be  + bd. 

When  we  compare  this  result  with  the  factors  from  which 
it  is  produced,  we  see  that 

The  product  of  the  positive  term  a into  the  positive 
term  c is  the  positive  term  ac. 
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The  product  of  the  positive  term  a into  the  negative 
term  — d is  the  negative  term  — ad. 

The  product  of  the  negative  term  — h into  the  positive 
term  c is  the  negative  term  — be. 

The  product  of  the  negative  term  — b into  the  negative 
term  — d is  the  positive  term  bd. 

The  multiplication  of  c - d by  a-b  may  be  written  thus  : 

c — d 
a — b 

ac  — ad  , 

— be  4 fed 

ae  — ad  — be  + bd 

54.  The  results  obtained  in  the  preceding  Article  enable  us 
to  state  what  is  called  the  Rule  of  Signs  in  Multiplication, 
which  is 

“d’/ie  produet  of  two  positive  terms  or  of  two  negative  term,s 
is  positive  : the  produet  of  two  terms,  one  of  whieh  is  positive  and 
the  other  negative,  is  negative.'’ 

55.  The  following  more  concise  proof  may  now  be  given  of 
the  Rule  of  Signs. 

T o shew  that  (a  — fe)(c  — d)  = ac  — ad  — fee  + fed. 

First,  (a  - b)M =M  + M -V  M + ...  with  M written  a — b times, 
= {M  -\-M  + M + ...  with  M written  a times) 

— {M  + M + M+  ...  with  M written  fe  times), 
= aM  — bM. 

N ext,  let  M=e  — d. 

Then  aM  =a  (c  — d) 

= (c  - d)  a Art.  39. 

= ea-da.  Art.  49. 

Similarly,  bM=eb  — db. 

(a  — fe)  (c  - d)  = (ca  — da)  — (cfe  — dfe). 

Now  to  subtract  (cfe  — dfe)  from  (ea  — da),  if  we  take  away  cfe 
we  take  away  dfe  too  mucli,  and  we  must  therefore  add  dfe  to 
the  result, 

we  get  ca  — da  — eh db, 

M’lnch  is  the  same  as  ac  — ad  — fec  + bd. 


Art.  39. 
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So  it  appears  that  in  multiplying  (a~h)  (c  — d)  we  must 
multiply  each  term  in  one  factor  by  each  term  in  the  other 
and  prefix  the  sign  according  to  this  law  ; — 

lllien  the  factors  multiplied  have  like  signs  prefix  +,  ^vhen 
unlike  — to  the  product. 

This  is  the  Rule  of  Signs 


56.  We  shall  now  give  some  examples  in  illustration  of  the 
principles  laid  down  in  the  last  five  Articles. 


Examples  in  Multiplication  worked  out. 

(1)  Multiply  a:  + 5 by  a;  + 7.  (2)  Multiply  a;  — 5 by  x + 7. 


x+  5 
x+  7 


x^+  5x 
+ 7x  + 35 

x^  + 12x  + 35 


x — o 
x + 7 


x^  — 5x 
+ 7x  — 35 

x“  + 2x  — 35 


The  reason  for  shifting  the  second  result  one  place  to  the 
right  is  that  it  enables  us  generally  to  place  like  terms  under 
each  other. 


(3)  Multiply  X + 5 by  x - 7. 

x + 5 
x-7 

x^  + 5x 
- 7x  - 35 

x2-  2x^5 

(5)  Multiply  x^  + by  x^  — y^. 

x2  + ^2 

x^  — y^ 

X*  + x^y^ 

- x^y^  — ifi 


(4)  Multiply  X - 5 by  X - 7. 

X—  5 
X-  7 

x2-  5x 
- 7x  + 35 
XT  — 12x  + 35 

(6)  Multiply  3ax  - bbij  by  7 ax  - 2by 

3ax  — bby 
lax  - 2by 

2\a^x^  — 'ibabxy 

— (mbxy  + U)bhfi 

21a^x-  - 4\abxi  + lOo^y^ 
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57.  The  process  in  the  multiplication  of  factors,  one  or 
both  of  which  contains  more  than  two  terms,  is  similar  to  the 
processes  which  we  have  been  describing,  as  may  be  seen  from 


the  following  examples  : 
islnltiply 

(1)  + + by  x — y. 

+ xy  + y^ 
x — y 

x^  + x~y  + xif 
— x-y  - xy'^  — y^ 
x'’  - y^ 


(2)  ' bn  + 9 by  — 6a  + 9. 

(I ' I 6a  + 9 
a-  — 6a  + 9 

a'*  + 6a^  + 9a^ 

— 6a^  - 36a^  - 54a 

i 9a-  +54a  + 8l 

a^  - li^a-  + 81 


(3)  Multiply  3x^  + 4xy  - y^  liy  3x^  - 4xy  + yK 
3x'^  + 4xy  - y~ 

3x^  - 4xy  + y^ 

9x*  + l’2xhj  - Zxhf 

— 12a^y  - Wx^y^  + 4xy‘^ 

+ '3x^y^  + - y* 

9x‘*  - 1 bx^y-  + 8xy'^  - y^ 


(4)  To  find  the  continued  product  of  x + 3,  x + 4,  and 
x + 6. 


To  effect  this  we  must  multiply  x + 3 by  x + 4,  and  then 
multiply  the  result  by  x + 6. 


x+3 

x+4 


+ 3x 

+ 4x  4 12 

x^+  lx  +12 
x+  6 

a;3+  7a:^4ri2x 

+ 6x2  ^ 42a;  4-  72 

x^  + 13x2  + 54x  + 72 


Note.  The  numbers  13  and  54  are  called  the  coefficients  of 
X-  and  X in  the  expression  x^  4 13x2  4 54x4  72,  in  accordance 
with  Art.  44. 
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{p)  -Kind  the  continued  product  of  x + a,  x + b,  and  x 1-  c. 

x+  rt. 
x + b 

+ ax 

+ bx  + ah 

x^  + ax + bx  + ab 
x + c 

x^  + ax^  + bx^  + abx 
+ cx^  + acx  + bex  + ahe 

x^  + {a + b + c)x^  + {ab  + ac  + bc)x  + abc 

Note.  Tlie  coefficients  of  x^  and  x in  the  expression  just 
obtained  are  a + b + c and  ab  + ac  + be  respectively. 

When  a coefficient  is  expressed  in  letters,  as  in  this  example^ 
it  is  called  a literal  coefficient. 


Examples.— viii. 

Multiply 

I.  x + 3byx  + 9.  2.  x+15byx-7.  3.  x-12byx  + lG 

4.  X — 8byx— 7.  5.  a — 3 by  a -5.  6.  ^-6  by  y + 13. 

7.  x^  - 4 by  x^  + 5.  8.  x^  - 6x  + 9 by  x^  - 6x  + 5. 

9.  x^  + 5x  — 3 by  x^  — 5x  — 3.  10.  — 3a  + 2 by  — 3a^  + 2. 

II.  x^-x  + 1 by  x^  + x- 1.  12.  x^  + xy  + y^hy  x‘^-xy  + 'ifl. 

13.  x^  + x^  + ^‘'^  by  x-^.  14.  a' - x^  by  + a^x^  + x^. 

x^  — 3x'^  + 3x  — 1 by  x^  + 3x  + 1. 
x^  + Zxhj  + 9x7/2  ^ 27t/2  by  x - 2>y. 
a^  + 2a^b  4 4a¥  4-  86^  by  a - 2b. 

8a^  + 4a%  4-  2ab'^  4-  ¥ by  2a  - b. 
a?  - 2a^b  + 3a&2  + 4b^  by  a^  - 2ab  — 3&2, 
a^  + Za^b  - 2a&2  4-  36''’'  l)y  a^  4-  2ab  - Zb^. 
a^  - 2ax  + 4x2  by  a^  4-  2ax  4-  4x2. 

9a2  4-  3ax  4-  x^  by  9a2  - 3ax  4-  x2. 
x^  - 2ax2  4-  4a2  by  x^  4-  2ax2  4-  4a2, 
a-  4-  &2  + c^-ab-ac  — bc  by  a 4-  6 4-  c. 
x2  4-  4X7/  4-  5^2  l)y  - 3x27/  - 2x7/2  4-  Zl/. 
ab  + cd  + ac  + bd  by  ab  4-  cd  - ac  - bd. 

Kind  the  continued  product  ol  the  following  expression  ; 

27.  X — a,  X 4- a,  x2  4- a2,  x^  4- ah  28.  x-a,  x4- 1/.  x-c. 


15- 

16. 

17- 

18. 

19. 

20. 

21. 

22. 

2.3- 

24. 

25. 

26. 
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2Q.  1 — tZ-’,  1 + l-f-.X",  1+X^. 

30.  X - //,  X + //,  'X-  - xy if , X'  + x^ 4-  " • 

31.  a-x,  6«  + x,  a“+X",  a'*+x^,  a®+x^. 

Find  the  coefficient  of  x in  the  following  expansions  : 

32.  (x-5)  (x-G)  (x  + 7)  33.  (x  + 8)  (x  + 3)  (x-2). 

34.  (x-2)  (x-3)  (x  + 4)  35.  (x - rt)  (x - Z>)  (X - c). 

36.  (x^+3x-2)  (x^-3x  + 2)  (x'’-5). 

37.  (x“ -x  + 1)  (x^ +x- 1)  (x'* -X- + 1). 

38.  (x^-WX+1)  (x^-7MX-l)  (x'*  - ??«.-X  - 1). 

58.  Oui’  proof  of  the  Rule  of  Signs  in  Art.  55  is  founded 
on  the  supiDOsition  that  a is  greater  than  h and  c is  greater 
than  d. 

To  include  cases  in  which  the  ‘multiplier  is  an  isolated 
negative  quantity  we  must  extend  our  definition  of  INIulti- 
plication.  For  the  definition  given  in  Art.  3G  does  not 
cover  this  case,  since  we  cannot  say  that  c shall  he  taken 
— d times. 

We  give  then  the  following  definition  : '•  The  operation 
of  Multiplication  is  such  that  the  product  of  the  factors 
a-b  and  c-d  will  be  equivalent  to  ac-  ad  - be  + W, 
whatever  may  be  the  values  of  a,  b,  c,  d."’ 

Now  since 

{a  — b)  (c  — d)  — ac  - ad  — be  + bd. 
make  « = 0 and  tZ  = 0. 

Then  (0  — Zz)  (c  - 0)  = 0 x c — 0 x 0 — be  + /;  x 0. 

or  —by.c—  --  be. 

Similarly  it  may  he  shewn  that 

-by.  -d  — bd. 

i:XAMPLES.-IX. 

Multiply 

I.  a^  hy  —b,  2.  by  — a^  3.  rt'Zzhy  -ab^. 

4.  -4a'd)hy  -dab^.  5.  5x''_?/hy  -Gx^'h 

6.  a'^ab  + lThy  -a.  7.  3rr^ +4a"  - 5n  hy  — 2a^. 

8.  — — a hy  — a — 1. 

9.  3,x^  ?/  - 5x//“  + 4]f  by  2x  - oy. 

10.  -om^ -irnm  + ln^  hy  - ni  + n. 

11.  13r"  — 17?' — 45  by  — r — 3. 

12.  7x'’  - 8,x- z - by  - x - z. 

13.  - x"‘  + X ' y - x'^if  hy  - y - x. 

14.  - y^  - xif  - x'^ y - x^  hy  - x - y. 


III.  INVOI  UTION. 


59.  To  this  part  of  Algebra  belongs  the  process  called 
lil  V^OlutiOli.  This  is  the  operation  of  mnltiplying  a cpian- 
tity  hy  itself  any  number  of  times. 

The  power  to  which  the  quantity  is  raised  is  expressed  ov 
the  number  of  times  the  quantity  has  been  employed  as  u 
factor  in  the  operation. 

Tlras,  as  has  been  already  stated  in  Art.  45, 
is  called  the  second  power  of  a, 
a?  is  called  the  third  power  of  a. 

60.  When  we  have  to  raise  negative  quantities  to  certain 
powers  we  symbolize  the  operation  by  putting  the  quantity  m 
a bracket  with  the  number  denoting  the  mdex  (Art,  45)  placed 
over  the  bracket  on  the  right  hand. 

Thus  (-ay  denotes  the  third  power  of  -a, 

{ — 2xy  denotes  the  fourth  poiver  of  -2i., 

81.  The  signs  of  all  even  powers  of  a negative  quantixy 
will  be  pasitive,  and  the  signs  of  the  odd  powers  will  bd 
negative. 

Thus  (-a)2  = (-a)  X (-a)  = a2. 

(-ay  = (-a).(-a)  ( - a)  = a‘k(-  a)=  -a\ 

62.  To  raise  a simple  quantity  to  any  power  we  multiply 
the  index  of  the  quantity  by  the  number  denoting  the  powe» 

which  it  is  to  be  raised,  and  prefix  the  proper  sign. 

the  square  of  is  a^, 
the  cube  of  is  a^, 
the  cube  of  -x^yz^  is  -x^yhK 


Thus 
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63.  We  form  the  second,  third  and  fourth  powers  oi  a + h 
in  the  following  manner  : 

a + 6 
a + h 

aP‘  + ah 

ah  +h‘^ 

(a  + hY-  = a?  + 2ct0  + 

(Jb  "r  (/ 

/ - 

a^  + 20,%  + ah^ 

+ a%  + 2aW  + 

(a  + h)^  — a?  + ‘ia%  + 3a&^  + h^ 
a +h 

a'*  + Za%  + 2>a%^  + ah'^ 

+ a%  + + 3afe^  + 

(a  + hy  = + 4:0%  + 6a%'^  + 4ah''^  + 

Here  observe  the  following  laws  : 

I.  The  indices  of  a decrease  l»y  unity  in  each  term. 

71.  The  indices  of  h increase  by  unity  in  each  ternu 
III.  The  numerical  coefficient  of  the  second  term  is  always 
the  same  as  the  index  of  the  ])ower  to  which  the 
binomial  is  raised. 

64.  We  form  the  second,  third  and  fourth  powers  of  a- 6 
in  the  following  manner: 

a-h 

a-b 

a^  - ah 
-ah  + 

(a  - hy  — a^-  2ab  + b^ 

0 - 

a^  - 2a%  + ab'^ 

- a%  + 2ah'^  — ft* 

-Of-  — tt*  - 3a-ft  + 3aft2  - ft* 
a-h 

ft^-3a*ft  + 3a2ft2-flft3 

- a%  + '6a%‘^  - 3({ft*  + ft^ 

(a  - hy  = a^  - 4a*ft  + 6a*ft*  - -hr ft*  -i-  ft'*. 
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Now  observe  that  the  powers  of  do  not  dilfer  from  the 
powers  of  a + b except  tliat  the  terms,  in  which  the  odd  powers 
ol  b,  as  U,  6'*,  occur  liave  the  sign  - prelixed. 

Hence  if  any  power  of  a + b be  given  we  can  write  the 
corresponding  power  of  a - b : thus 

since  (fl  + by*  = al*  + ba'^b  + + lOa-6'^  + bab^  + 

(a  - by*  = cc’  - ba*b  + - lOct-6'*  + 5a/d  - b^. 

65.  Since  (a  + b)'*  = + b- + 2ab  and  (a-hy  = a^  + b--'2ai>, 

it  ap})ears  that  the  scpiare  of  a binomial  is  formed  by  tlie 
following  process  : 

“To  the  sum  of  the  squares  of  each  term  add  twice  tlie 
product  of  the  terms.” 

Thus  {x  + y)-  = + ly  + 2xy, 

(3^+  3)"  = X"  + 9 + 6x, 

(x  - by  = X-  f 2b  - 1 Ox, 

(2x  - ly)'^  = 4x^  + 49y-  - 28xy 

66.  To  form  the  square  of  a trinomial : 

a + b + c , 
a + b + c 

a^  + ab  + ac 
+ ab  + b‘^  + be 
+ ac  + be  + 

a^  + 2ab  + b''  + 2ac  + 2hc  + c-. 

Arranging  this  result  thus  a^  + b^  + + 2ab  + 2ac  + 2bc,  we  see 

that  it  is  composed  of  two  sets  of  quantities  : 

I.  The  squares  of  the  quantities  a,  b,  c. 

II.  The  double  products  of  a,  b,  c taken  two  and  two. 

Now,  if  we  form  the  square  of  a - 6 - c,  we  get 
a -h-c 
a-h-c 

a? -ah-  ac 
-ah  + h‘^  + bc 
- ac  + hc  + 

a^  - 2ab  + W - 2ac  + 2bc  + c^. 

The  law  of  formation  is  the  same  as  before,  for  we  have 
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I.  The  squares  of  the  quantities. 

II.  The  double  products  of  a,-h,  — c taken  two  by  two  : 
the  sign  of  each  result  being  + or  - , according  as 
the  signs  of  the  algebraical  quantities  composing  it 
are  like  or  unlike. 

67.  The  same  law  holds  good  for  expressions  containing 
more  than  three  terms,  thus 

{a  -\-h  -{■  c + df  — a^  vlP'  + + d? 

+ 2afc  + 2ac  + 2ad  + 26c  + 26d  4-  2cd, 
{a-h  + c-df=a^-\-h‘^  + d + (P' 

- 2ab  + 2ac  - 2ad  - 2hc  + 2bd  - 2cd. 

And  generally,  the  square  of  an  expression  containing  2,  3, 

4 or  more  terms  will  be  formed  by  tbe  following  process  : 

0 

“To  the  sum  of  the  squares  of  each  term  add  twice  the 
product  of  each  term  into  each  of  the  terms  that  follow  it.” 

Examplt:s.— X. 

Form  the  square  of  each  of  the  following  expressions  ; 

X.  x + a.  2.  X- a.  3-  £c  + 2.  4.  oc-3.  5.  x^+  y^. 

6.  x‘^-y‘^.  7.  a^  + 6b  8.  a^-¥.  9.  x + y + z.  10.  x-y  + z. 

ii.  m + n-p-r.  12.  x‘^  + 2x- 3.  13.  a;‘^-6x  + 7. 

1 4.  2x^  -7x4-9.  1 5 . 4-  - 2;^.  16.  x'^  - 4x^y^  4-  y*. 

17.  a^4-6^4-cl  18.  x^-y^-z^.  19.  x+2y-3z. 

20.  x^  - 2y^  + 5z^. 

Expand  the  following  expressions  : 

21.  (x  + af.  22.  {x-af.  23.  (x4-1)3.  24.  (x-l)b 

25.  (x4-2>1  26.  (ft2_62)b  27.  (rt4-64-c)b  28.  (a-b-cf. 

29.  (m  4- n)2.(m  - n)2.  30.  + 

68.  An  algebraical  product  is  said  to  be  of  2,  3 dimen- 

siom,  when  the  sum  of  the  indices  of  the  quantities  composin’'- 
the  product  is  2,  3 

Thus  iih  is  an  expression  of  2 dimensions, 
a%h  is  an  ex])ression  of  h dimensions. 
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69.  An  algebraical  expression  is  called  homogeneous  when 
each  of  its  terms  is  of  the  same  dimensions. 

Thus  x^  + xy  + is  liomogeneous,  for  each  term  is  of  2 dimen- 
sions. 

Also  3x^  + 4x-y  + is  homogeneous,  for  each  term  is  of  3 
dimensions,  the  numerical  coelticients  not  affecting  the  dimen- 
sions of  each  term. 

70.  An  expression  is  said  to  be  arranged  according  to 
powers  of  some  letter,  when  the  indices  of  that  letter  occur  in 
the  order  of  their  magnitudes,  either  increasing  or  decreasing. 

Thus  the  expression  a^  4-  a'^x  4-  ax^  4-  x^  is  arranged  according 
to  descending  powers  of  a,  and  ascending  powers  of  x. 

71.  One  expression  is  said  to  be  of  a higher  order  than 
another  when  the  former  contains  a higher  power  of  some  dis- 
tinguishing letter  than  the  other. 

Thus  a^  + a‘^x  4- ax^  4- x^  is  said  to  be  of  a higher  order  than 
ax  + X*-,  with  reference  to  the  index  of  a. 


XY.  DIVISION. 

72.  Division  is  the  process  by  which,  when  a product  is 
given  and  we  know  one  of  the  factors,  the  other  factor  is  deter- 
mined. 

The  product  is,  with  reference  to  this  process,  called  the 
Dividekd. 

The  given  factor  is  called  the  Divisor. 

The  factor  which  has  to  be  found  is  called  the  Quotient. 

73.  The  operation  of  Division  is  denoted  by  the  sign 
Thus  ah-^a  signifies  that  ab  is  to  be  divided  by  a. 

The  same  operation  is  denoted  by  writing  the  dividend 

over  the  divisor  with  a line  drawn  between  them,  thus—. 

(X 

In  this  chapter  we  shall  treat  only  of  cases  in  which  the 
dividend  contains  tin*  divisor  an  exact  number  of  times. 

[S.A.]  0 
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Case  I. 

74.  When  the  dividend  and  divisor  are  each  inchided  in 
a single  term,  we  can  usually  tell  hy  inspection  the  factors  of 
which  each  is  coni])Osed.  The  quotient  will  in  this  case  he 
represented  hy  the  factors  which  remain  in  the  dividend,  when 
those  factors  which  are  common  to  the  dividend  and  the  di- 
visor have  been  removed  from  the  dividend. 

a, 


aaaaa  „ 

= aa  = a^. 

aaa 


Thus 


ab 

T' 

a 


Thus,  when  one  power  of  a number  is  divided  by  a smaller 
power  of  the  same  number,  the  quotient  is  that  power  of  the 
number  whose  index  is  the  difference  between  the  indices  of  the 
dividend  and  the  divisor. 


Thus 


^ 19-, 


~^-r-=oa/‘b. 

Sab 


75.  The  quotient  is  unity  when  the  dividend  and  the 
divisor  are  equal. 


Thus 


X-IJ‘ 


=:  1 


and  this  will  hold  true  wnen  the  dividend  and  the  divisor  arc 
comjpound  (piantities. 


Thus 


a + b ’ 


Examples. — xi. 

Divide 

I.  x^>  h\-  2.  a;'®  by  a:^.  3.  xHf  by  xy. 

4.  X>yh*’ hy  XAjh.  5.  24a¥c  hy  4ab.  6.  1 2a%'’ hy 

7.  250frW-’ by  IGak^.  8.  1331?/dDt"]d2  by  lD7j,%:y. 

9.  hOa^xhf  by  bxy.  10.  dhaWc^  by  126c. 
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Case  II. 

76.  If  the  divisor  be  a single  term,  while  the  dividend 
contains  two  or  more  terms,  the  quotient  will  he  ibund  by- 
dividing  each  term  of  the  dividend  separately  by  the  divisor 
and  connecting  the  results  with  their  proper  signs. 

ax  + hx 

- = a + 0, 


Thus 


X 


+ a^x?  + ax 


9 9 


ax 


a'^x^  + ax-\- 1, 

4x1/2^ ■■  =3x2y2  + 4^y_2. 


Examples.— xii. 

Divide 

1 . x3  + 2x2  + X b}^  X.  4.  mpx^  + mY^x'^  + rnY  by  mp. 

2.  yo-  yi  + y3  _ y-2  y2^  5 _ J ^ 4^23.3  Py 

3.  8a2+ 16a26  + 24a&2  by  8a.  6.  72x’V-36xV- 18x2y2  by  9a;2y. 

7.  81m®/d  - 54m%®  + 27m2?i22j  by  Smhi^. 

8.  12x’’y2  — 8xY  ~ 4xY  4x^. 

9.  169a46  - 1 1 7a262  + 91a26  by  13a2. 

10.  3616^03  + 2286V -133&2c5  by  1962c. 


77.  Admitting  the  possibility  of  the  independent  existence 
of  a term  aftected  with  the  sign  we  can  extend  the  Exam- 
ples in  Arts.  74—76,  by  taking  the  first  term  of  the  dividend 
or  the  divisor,  or  both,  n6yat'iv6.  In  .such  cases  we  c^pj^ly  the 
Rule  of  Signs  in  Multiplication  to  form  a Rule^of  Signs  in 
Division, 


Thus  since  -axb=  -ab,  we  conclude  that  — — =-a 

6 ’ 

ax  -b=~ab,  

’ -b~^’ 

ab 


-b~ 


—ax  - b = ah,  

and  hence  the  rules 

1.  When  the  dividend  and  the  divisor  have  the  same 
sign  the  quotient  is  positive. 

II.  When  the  dividend  and  the  divisor  li.ave  different 
signs  the  quotient  is  negative. 
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78.  The  following  Examples  illustrate  the  conclusions  just 
obtained  : 

abx^ 


(1) 


= — abx. 


...  a¥  — d-!P  + a^b^  — a% 
“ ' -ah ' 


(4)  — =-a  + b. 
P + ab^  - a-h  + a^. 


(«)  - -ixy^  •'  =3xy-4r./  + 2. 


EXAMPLES. — xiii. 


Eivide 

I,  T2.ab  hy  —9ab. 

2-  - 60a®  by  — 4a®. 

3 - 84x®^®  by  4x®r/®. 

— 18m®?i^  by  8mn. 

5,  — 128a®6“C  by  — 86c. 


6.  — a®x®  — a-x^  — nx  by  — ax 

7 . — 34a®  4-  5 1 a^  — 1 7a.x‘^  by  17a. 

8.  — 8a®6^  — 24a-’6®  + 32a"6®  by  - 4a."/r. 

9.  — 144x®+  108x®?/  — 96,7;i/2  ],y 
10.  6^x®a^  - b^x’^z'^  — b^yh^  by  — bh'^. 


Case  III. 

79.  The  third  case  of  the  operation  of  Division  is  that  in 
which  the  divisor  and  the  dividend  contain  more  terms  tlian 
one.  The  operation  is  conducted  in  the  following  way  ; 

Arrange  the  divisor  and  dividmid  according  to  the 
powers  ol  some  one  symbol,  and  place  them  in  the 
same  line  as  in  the  process  of  Long  Division  in 
Arithmetic. 

Divide  the  first  term  of  the  dividend  by  the  first  term 
of  the  divisor. 

Set  down  the  result  as  the  first  term  of  the  quotient. 

Multiply  all  the  terms  of  the  divisor  by  the  first  term 
of  the  quotient. 

Subtract  the  resulting  product  from  the  divideiid.  If 
there  be  a remainder,  consider  it  us  a idiw  dividend, 
and  proceed  as  before. 
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T}je  process  will  best  be  understood  by  a careful  study  of 
the  following  .Examples: 

n ) 1)  i vide  a-  + 2a/>  + W-  by  a + 6.  (2)  Divide  — 2a6  + W-  by  a — h. 

a + b)d^-h  2ab  + b'^  {a  + b a-b)d^  — 2ab  + b^i^a  — b 

+ ab  — ab 


ab  + b“  —ab  + b^ 

ab  + b‘^  - ab  + W 

(3 ) Divide  x'^  — i/'  1 >y  x-  — ?/-. 

X-  — y^)  X*'  — if  i^x^  4-  x^y"^  + y* 

x^  - x^y^ 
x*y-  - y^ 


x^y^  - 

m - 1/ 

(4)  Divide  x®  - 4a^x‘^  + 4rt'*x^  - a^  by  x^  - a^. 
X?  — a^)  X®  — 4a^x^  + 4a*x^  - a®  (^x‘^  — 3a-x^  + 

X®  — a‘^x‘^ 


- Sa^x'*  + 4a%2  - a® 

- 3a^x^  + 3(t‘‘x^ 

a^x^  - a® 
a*x^  - a® 


(5)  Divide  3x^  + x®  + 2/®- 1 by  ^ + x- 1. 

Arranging  the  divisor  and  dividend  by  descending  'powers 
of  X, 

x + ^-  l^x®  + 2xy  + y^  - i {x^  - xy  + x + yr  + y + \ 

X®  + x-y  - X? 

- xhj  + x2  + 3xy  + 1/®  - 1 

- - xy^  4 xy 

X®  + xy"^  + 2xy  + - 1 

x^  + xy  -X 

xy^  + xy  + x + y^-l 
xy^  + y^-y^ 


xy  + x + y'^-1 
xy  + %f-y 


x + y -\ 
x + y-  1 
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80.  We  nuist  now  direct  tlie  attention  ol  the  student  lo 
two  points  of  great  importance  in  Division. 

I.  The  dividend  and  divisor  must  be  arranged  accord- 
ing to  the  order  ol  the  jiowers  ol  one  ol  the  symbols 
involved  in  them.  This  order  may  be  ascending  or 
descending.  In  the  Examples  given  alrove  we  have 
taken  the  descending  order,  and  in  the  Exam])les 
worked  out  in  the  next  Article  we  shall  take  an 
ascending  order  of  arrangement. 

II.  In  each  remainder  the  terms  must  be  arrange;!  in 
the  same  order,  a.scending  or  descending,  as  that  in 
which  the  dividend  is  arranged  at  first. 

81.  To  divide  (1)  1 by  cc^-f  1, 

arrange  the  dividend  and  divisor  ^ ascending  powers  of  x, 
thus  : 

\+x-\-x‘^  + x^)  1 -X 

\+x  + x^  + x^ 

-x-x^-x^-x* 

-x  — x^-x^-x* 

(2)  48x2  4-  6 - 35x®  + 58x^  - 70x^  - 23x  by  - 5x  + 2 - 7x^, 
arrange  the  dividend  and  divisor  by  ascending  powers  of  x, 
thus  : 

2-5x  -f  6x2  _ 6 _ 2.3.x  -f  48x2  - TOx^  -f  58x*  - 35x''’  (3  — 4x  + 5x^ 

6 - 15x-t-  18x2  _ 21x2 

- 8x  -I-  30x2  - 49x2  ^ 53 ,4 

- 8x  -8  20x2  _ 24x2  -t-  28x'* 

10.x2  - 25.x2  4-  30x‘^  - 35x2 
10x2  - 25x2  4-  30x"^  - 35x2 

Examples.— xiv. 

Divide 

f.  x2  4-  15x4-50  by  X 4- 10.  5.  X24- 13.x2-t-54x4- V2  by  x4- (>. 

2.  x2- 17x4-70  by  X- 7.  6.  x2  4-x2-x- 1 by  x4- 1. 

5.  x2  4-x  - 12  by  X - 3.  7.  x2  4-  2x^  + '2x+  1 by  x4-  1. 

4.  x2  4-  13x  4- 12  by  X 4- 1.  8.  x^  - 5x2  4-  7x2  + 6x  4- 1 by  x2  4-  3x  4- 1. 

9.  x^  - 4x2  2x2  ^ 4x  4. 1 by  x2  - 2x  - 1. 

10.  ./d  - 4x2  4-  6x2  _ 43. 4. 1 by  x2  - 2x  4- 1. 
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II.  x^  — x^  + 2x-l\)y  x^  + x-\.  12.  x“* -4a;^  + 8x+ 16  by  x+ 

13.  x^  + 4x-y  + 3xy2  + 12y^  by  x + 4y. 

1 4.  ff*  + 4a%  + + 4aP  + by  a + h. 

15.  a^-  5(t'*6  + 10a%-  - I0a%'-^  + 5ah*  - ¥’  hy  a- b. 

16.  x^  - 12x^  + 50, c“  - 84a;  + 45  bv  — 6.x  + 9. 

«/ 

1 7.  - 4ft‘*6  + 4i(?¥  + 4a%^  - I7a¥  — 12¥*  by  — 2ab  — 3h‘\ 

1 8.  4(i^a;'*  - 12a-‘^x^  + — (ja-‘x  + by  2ax^  - ‘Sa-x  + a^. 

19.  af'  - + 2x  - 1 by  + X - 1. 

20.  X^  + - 2a‘*  by  x^  + 2a^.  23.  x*^  - y®  by  x — y. 

21.  x^  - 13x^  - 30^^  by  x - 15y.  24.  a"  - ¥ + 2bc  — c^by  a -b  + c. 

22.  + y‘'‘ hy  x + y.  25.  b-^¥  + '4¥-¥  \>y  h-1. 

26.  a^-¥  -¥  + d-  - 2(ccd  - be)  by  a+b-c  - d. 

27.  x^  + ^^  + 2;^- 3xi/»  by  x + ^ + z.  28.  x^°  + y^^  hy  x^  + y^. 

29.  p^+pq  + ^pr  - 2q-  + 7qr-  by  2^  - 2 + 3r. 

30.  a*  + ¥'¥  + a*¥  + a^6'’  + ¥ by  + a%  + ar¥  + a¥  + ¥. 

31.  + x^y^  + X hj‘^  + xhf’  + y^  by  x*  — xhj  + xh/  - xy^  + y^. 

32.  4x^-x^  + 4x  by  2x^  + 3x  + 2.  33.  a^- 243  by  a -3. 

34.  ^ by /c^  - 1.  35.  x^  - 5x^  - 46x  — 40  by  X + 4. 

36.  48x^  - 76ax^  - 64a^x  + 105a^  by  2x  - 3a. 

37.  18x^  - 45x-‘^  + 82x^  — 67x  + 40  by  3x^  - 4x  + 5. 

38.  IGx"*  - 72a‘^x^  + 81a‘*  by  2x  - 3a. 

39.  81x*  - 256(1'*  by  3x  + 4a.  41.  x^  + 2ax^  - a?x  - 2a^  by  x^  - a^. 

40.  + 3a‘^b  - 2a¥  - 3¥hya^  - ¥.  42.  a'^  - a‘^¥  - 126*by  + 3¥. 

43.  x^  - 9x^  - 6xy  - y^  by  x^  + 3x  + y. 

44.  X'*  - 6x^y  + 9x^y^  - 4y‘^  by  x^  - 3xy  + 2y2 

45.  X*  - 81?/*  by  X - 3y.  47.  81(t'*- 166*  by  3ch-26. 

46.  a*  - 166*  by  a - 26.  48.  16x*  - 81?/*  by  2x  + 3y. 

49.  3a^  + Sab  + 46^  + lOac  + 86c  4-  3c^  by  a + 26  + 3c. 

50.  a*  + 4a^x^  + 16x*  by  a^  + 2ax  + 4x^. 

51.  X*  + xh/  + ?/*  by  x^  - xy  + y^. 

5 2.  256  c*  + 16xh/  + ?/*  by  16.x^  + 4xy  + y\ 

53.  X®  + X*?/ - x^y‘^  + x^  - 2xy^  + y^  by  x^4-x-y. 
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5 4.  ax^  + 3rt  V _ by  a:  - ft.  5 5 • by  a:  + «■ 

56.  2x^  + xy-  - 4^2:  - a:2!  - by  2a:  + 3^  + z. 

57.  9x  + 3x-*  + 14.C-'’  + 2 by  1 + 5x  + x^. 

58.  12  - 38x  + 82x2  - 112x2  + 106x'‘  - 70x^  by  7x‘2  - 5x  + 3. 

59.  X®  + by  x^  - xhj  + x^t/^  - xy^  + y^. 

60.  (a^x^  + hhf)  - {a%-  + x^y^)  by  ax  + hy  + ah  + xy. 

61.  ah  (x^  + y^)  + xy{a^  + 6^)  by  ax  + by. 

62.  x^  + (2&2  - a^)x2  + h*  by  x^  + ax  + b^. 

82.  The  process  may  in  some  cases  be  shortened  by  the  nse 
of  brackets,  as  in  the  following  Example. 

X + 6^  x2  + (a  + 6 + c)  x2  + (a6  + ac  + 6c)  X + abc  ( x^  + (a  + c)  x + ac 
x2  + 6x2 

(a  + c)  x2  + {ab  + ac  + 6c)  x 
(a  + c)  x2  + (a6  + 6c)  x 

acx  + abc 
acx  + abc 

x-1)  - mx*  + 71x2  _ .^^^2  ^ ,,,3;  _ 4 - (7??  - 1 ) a'2 

x^  - x'*  - (/a  - 7t  - 1)  x2  - (ni  - 1)  X 4- 1. 

— {vi  - 1)  X^  + 77x2 

— {m  - 1)  x'^  + (r)i  - 1)  x2 

— (777.  - 71  - 1)  x2  - 71x2 

- (77^  - 71  - 1)  x2  + (777.  -77.-1)  x2 

-(777-  1)  x2  + 777.x 
- (t77  - 1)  x2  + (t77  - 1)  X 

X - 1 
X - 1 


Examples. — xv. 

Divide 

1.  x‘*  - (a2  - 6 - c)  x'2  - (6  - c)  ax  + be  by  x2  - ox  4-  c. 

2.  ^2  _ (/  + + „)  ^2  ^ 4-  ^77  4-  77777)  7/  - 6/7777  by  y - 77. 

3.  X®  - (777  - C)  X'*  4-  (t7  - C777  4-  d)  X2  4- 

(r  4-  C77  — dra)  x^  + (cr  + da)  x + dr  by  x^  - nix^  4-  nx  4-  r. 

4.  x^  4-  (5  + a)  a;2  _ (^4  - 5a  4-  6)  x2  - (4a  4-  56)  x 4-  46  by  x^  4-  5.x  — 4. 
V .X'’  - (a  4-  6 4-  c 4-  d)  x2  4-  (a6  4-  ac  + ad  4-  6c  4-  bd  + c.d)  ,x2 

- (abc  + abd  + acd  4-  bed)  x + abed  by  x2  - (a  4-  c)  x 4-  ac. 


DIVISION. 


41 


83.  The  following  Examples 


importance. 

Divisor. 

Dividend. 

x + y 

x^  - y^ 

x-y 

3.2  _ y2 

x + y 

X^  + lf 

x-y 

x3  _ yS 

in  Eivisioii  are  of  great 

Quotient. 
x-y 
x + y 

x^-xy  + y^ 
x‘^  + xy  + y^ 


84.  Again,  if  we  arrange  two  series  of  hinoniials  consisting 
respectively  of  the  sum  and  the  dillereiice  ol  ascending  powers 
of  X and  y,  thus 

X 4-  y,  x^  + y^,  x^  + y^,  ^ + y^,  + y"',  on, 

x-y^  x^  - y“,  x^  - x'^  - y^,  x^  -if,  x^  — %f,  and  so  on, 

x + y will  divide  the  odd  terms  in  the  upper  line, 
aiul  the  even in  the  lower 

x-y  will  divide  all  the  terms  in  the  lower, 
hut  none in  the  upjier. 


Or  we  may  put  it  thus  ; 

If  n stand  for  anv  whole  number, 

x”  + y”  is  divisible  by  x + y when  n is  odd, 
by  x-y  never  ; 

X*  — y"  is  divisible  by  x + y when  n is  even, 
by  x-y  always. 


Also,  it  is  to  be  observed  that  when  the  divisor  is  x-y  all 
the  terms  of  the  quotient  are  positive,  and  when  the  divisor  is 
x + y,  the  terms  of  the  quotient  are  alternately  positive  and 
negative. 

Thus  — = 7^  + x^y  + cpy^+  y^, 
x-y 

— = X*’  — x^w  + x‘*y^  — 7?y^  + xhj^  - xy^  + 
x + y 


3^- if' 
x + y 


=x*  - x^  + 3^y^  - x^  + xy^  - \f. 
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85.  These  properties  may  he  easily  remembered  by  takincr 
the  four  simplest  cases,  thus,  x + y,  x-y,  x^  + y'^,  x^-y“,  o! 
which 

the  first  is  divisible  hy  x + y, 

second  x-y, 

third neither, 

fourth both. 


Again,  since  these  properties  are  true  for  all  values  of  x and 
y,  suppose  y=l,  then  we  shall  have 


x^-1 
x+1 
+ 1 
x-tl 


= x-  1, 

O , T 

= X-^-X+  1, 


- 1 
X - 1 


— X -h 


1, 


- 1 9 ,1 

, =X“  + X+  1. 

X - 1 


Also 

x^  + 1 . 0,0  ,1 

^ = x ' - X-  + X“  - X + 1, 

x+ 1 ’ 

~ — ^ = X^  + X^  + X^  + X“  + X + 1. 
X - 1 


Examples. — xvi. 

Without  going  through  the  process  of  Division  write  down 
the  quotients  in  the  I'ollowing  cases  ; 

1.  When  the  divisor  is  m + ?t,  and  the  dividends  are 
respectively 

- n^,  + n^,  + 'nP,  mP  - nP,  + n^. 

2.  When  the  divisor  is  m-n,  and  the  dividends  are 
respectively 

mP  — rp,  mP  — n^,  mP  — 7i'*,  mP  — n^\  w7  — 

3.  When  the  d ivisor  is  a+1,  and  the  dividends  are 
respectively 

- 1,  a'®+  1,  a®+  1,  o'  4- 1,  - 1. 

4.  AVhen  the  divisor  is  y-\,  and  the  dividends  ara 
respectively 

y^-l,  7/3-1,  7/3-1,  y^-l,  7y9~l. 


V.  ON  THE  RESOLUTION  OF  EXPRES- 
SIONS INTO  FACTORS. 


86.  We  shall  discuss  in  this  Chapter  an  operation  which 
is  the  opposite  of  that  which  we  call  ^lultiplication.  In  Mul- 
tiplication we  determine  the  product  ol  two  given  iactors  : in. 
the  operation  of  which  we  have  now  to  treat  the  'product  is 
given  and  the  factors  have  to  be  found, 

87.  For  the  resolution,  as  it  is  called,  of  a product  into  its 
component  factors  no  rule  can  he  given  which  shall  be  applic- 
able to  all  cases,  but  it  is  not  dithcult  to  explain  the  process 
in  certain  simple  cases.  We  shall  take  these  cases  separately. 

88.  Case  I.  The  simplest  case  for  resolution  is  that  in 
which  all  the  terms  of  an  expression  have  one  common  factor. 
This  factor  can  he  seen  by  inspection  in  most  cases,  and  there- 
fore the  other  factor  may  be  at  once  determined. 

Thus  + ab  = a {a  + b), 

4-  4ft2  + 8a  = 2a  (a^  -t-  2a  -t-  4) , 

9x^y  - I8x^y^  + b4xy  = 9xy  (x’  - 2xy  -1-6;. 


Examples. — xvii. 


Resolve  into  factors ; 

1.  5x^-15x. 

2.  3x^-t- 18x^  - 6x. 

3.  49y^-l4y  + 7. 

4.  4x^y  - 1 2x2/;2  + 8xy^. 


5.  x‘^  - ax^  + bx' + cx. 

6.  Sx'if  - 2 1 x'*?/’  + 27x^y h 

7.  54a^6'’>  + I08a%^  - 243a%\ 

8.  45x7 - 90xy  _ 30OJJ-1 
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89.  Case  II.  The  next  case  in  point  of  simplicity  is  that 
in  which,  four  terms  can  be  so  arranged,  that  the  first  two  have 
a common  factor  and  the  last  two  have  a common  factor. 

Thus 

x^  + ax  + hx  + ab=  (.r-  + ax)  + (bx  + ab) 

= X (./•■  + a)  + h (x  + a) 

— \^x  + u)  (x  + a). 

Again 

ac-  ad  — bc  + bd  = (ac  - ad)  — (be  - bd) 

— a.  (c  — d)  -h  (c  - d) 

= {a  -b)  (c  - d). 


Examples. — xviii. 

Resolve  into  factors  : 

1.  x^-ax-bx  + ab. 

2.  ab  + ax-bx-  x^. 

3.  be  + by  - cy  - y\ 

4 


bm  + mib  + ab  + an. 


5- 

6. 

7- 

8. 


ahx^  — ary  + hry  - y~. 
abx  - ahy  + cdx  — cdy. 
cdx^  + dmxy  — enry  — mny’. 
abex  - b^dx  - aedy  + bdhj. 


90.  Before  reading  the  Articles  tliat  follow  the  student  is 
advised  to  turn  back  to  Art.  50,  and  to  ol>serve  the  manner  in 
which  the  operation  of  multiidy-ing  a binomial  by  a binomial 
produces  a trinomial  in  the  Examples  there  given.  He  will 
then  be  prepared  to  expect  that  in  certain  cases  a trivomial 
can  be  resolved  into  two  binomial  factors,  examples  of  which  we 
shall  now  give. 


91.  Case  III.  To  find  the  factors  of 

x^  + 7x+  12. 

Our  object  is  to  find  two  numbers  whose  product  is  12, 

and  Avhose  sum  is  7. 

These  will  evidently  be  4 and  .3, 

a;2  + 7x  + 1 2 = (a:  + 4)  (.X  + 3). 

Again,  to  find  the  factors  of 

+ 7)bx  + Qdfl. 

Our  object  is  U find  two  numbers  whose  product  is  Qb^, 

and  M'hose  sum  is  56. 

'rht‘,.se  will  clearly  be  36  and  26, 

.-.  a;2  + + {)6^  = (x  4-  36)  (x  + 26). 


JiESOLUTlOISr  INTO  FACTORS. 


4^ 


Examples.— xix. 


Resolve  into  factors  : 


I. 

x2  4- 11x4- 30. 

9- 

7/2  4-  19i?i/ 4- 48a2. 

2. 

x2  4-l7x-f60. 

10. 

z~  -f  29pz  -f  IOO772, 

n 

a- 

a/-tl3ay4-12. 

1 1. 

X*  + 5x2  ^ 

4- 

y2  + 21ay4-110. 

12. 

X*'’  + 4x2  ^ 3_ 

5- 

771,2  ^ 35,^j,  + 300. 

13- 

x2t/2  + 18x1/4-32. 

6. 

77124- 23m  4- 102. 

14. 

xY  + 7xY+12. 

7- 

tt2  + 9ab  + 862. 

la- 

77!,^'’ 4-  10m“4-  16. 

8. 

x2  4-  13mx4-  36?7i2. 

id. 

71,2-1-  2 7w2+  140(/. 

93. 

Case  IV.  To  find 

the  factors  of 

x2  - 

9x  4-  20. 

Our  object  is  to  find  two  negative  terms  whose  product  is  ^10, 

and  whose  sum  is  ^ 9. 

These  will  clearly  be  - 5 and  - 4, 

x^  — 9x  + 20  = (x  - 5)  (u3  - 4), 


EXAMPLES.— XX. 


Resolve  into  factors  ; 

1.  — '7x+l0. 

2.  x2_  29x4-190. 

3.  ^2  _ 23a/ 4- 132. 

4.  ?/2  — 30y  4-  200. 

3 . 7i2  _ 43?r  4-  460. 


6.  ^2-  57)1 4- 56. 

7.  x<5-7x2  + 12. 

8.  a2&2  _ 27ah  + 26. 

9.  Z>V-ll52f2  + 30. 

10.  x^yh'^  — 13x^2;  4-22. 


92.  Case  Y.  To  find  the  factors  of 

x2  + 5x  - 84. 


Our  object  is  to  find  two  terms,  one  positive  and  one  negative, 
whose  product  is  - 84,  and  whose  sum  is  5. 

These  are  clearly  12  and  -7, 

X'2  + 5x  ~ 84  = (x  + 12)  (x  - 7). 
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Examples. — xxi. 


Resolve  into  factors ; 

1 . cc-  + 7®  - 60. 

2.  ®2+12x'-45. 

3.  «2+lla-12. 

4.  a^+13a.-140. 

5.  6*^+136-300. 


6.  62  + 256-150. 

7.  ®®  + 3.®-*-4. 

8.  + 2xy  ~ \bA. 

9.  m^®+15?rt,“-  100. 

10.  ?i2^_  i7^j,_39o. 


94.  Case  VI.  To  find  the  factors  of 

®2  _ 3®  - 28. 


Our  object  is  to  find  two  terms,  one  positive  and  one  negative, 
whose  iiroduct  is  — 28,  and  vvhose  sum  is  - 3. 

These  will  clearly  be  4 and  - 7, 

.-.  ®2  - 3®  - 28  = (®  + 4)  (®  - 7). 


Examples.— xxii. 


Ri*solve  into  factors  : 

1 . ®2  - 5®  - 66. 

2.  ®2-7®-18. 

3.  nm/’  - 9?a  - 36. 

4.  w2- 11)1-60. 

5.  2/2 -137/ -14. 


6.  22  - 15^  - 100. 

7.  - 9®5  - 10. 

8.  c2rf2_24aZ- 180. 

9.  - mhi  — 2. 

10.  - bjdt/- _ 34_ 


95.  The  results  of  the  four  jireceding  articles  may  be  thus 
stated  in  general  terms  : a trinomial  of  one  of  tlie  forms 

®2  + a®  + 6,  ®2  - a®  + 6,  ®2  + ax  - 6,  x-  -ax-  6, 

may  be  resolved  into  two  simple  factors,  when  6 can  be  re- 
solved into  two  factors,  such  that  their  sum,  in  the  first  two 
forms,  or  their  difference,  in  the  last  two  forms,  is  equal  to  a. 

96.  We  shall  now  give  a set  of  Miscellaneous  Examples  on 
the  resolution  into  factors  of  expressions  which  come  under 
one  or  other  of  the  cases  already  explained. 


resolution  into  factors. 

Examples.— xxiii. 

Resolve  into  factors ; 

I.  x^  - 15x  + 36. 

8.  x“  + mx  + nx  + mn. 

2.  x‘^  + 4x-45. 

9,  1/’  - 4^'*  + 3. 

3.  — \(iah  - 36. 

1 0.  x^y  - ahx  - cxy  + abc. 

4.  X*  — 3mx'  - 10 //t‘. 

II.  x^  + {a  — h)  X — ah. 

5-  y^+y^  — ^0. 

12.  x^-{c-d)x-cd. 

6.  x‘-x2-no. 

1 3.  ah^  — hd  + cd  — ahc. 

7.  X®  + 3rt.'c2  + 4rt2.r. 

1 4.  4x‘2  - 28xy  + 48^2. 

97.  We  have  said,  Art.  45,  that  when  a nnmher  is  mnlli- 
j.lied  by  itself  the  result  is  called  the  Square  of  the  ninnber, 
and  that  the  figure  2 placed  over  a number  on  the  right  hand 
indicates  that  the  nuinlier  is  multiplied  by  itself. 

Thus  is  called  the  square  of  a, 

(x  - Ilf  is  called  the  square  of  x-y. 

The  SquarG  Root  of  a given  number  is  that  number 
whose  square  is  equal  to  the  given  number. 

Thus  the  square  root  of  49  is  7,  because  the  square  of  7 
is  49. 

So  also  the  square  root  of  is  a,  because  the  square  of  a is 
ft2;  and  the  square  root  of  {x-yf  is  x-y,  because  the  square 
of  X - y is  (x  - yf. 

The  symbol  sj  placed  before  a number  denotes  that  the 
square  root  of  that  number  is  to  be  taken  . thus  ,^25  is  read 
“ the  square  root  of  25.” 

Note.  The  square  root  of  a positive  quantity  may  be  either 
positive  or  negative.  For 

since  a multiplied  by  a gives  as  a result  • 
and  - a multiplied  by  - a gives  as  a result 

it  follows,  from  our  definition  of  a Square  Root,  that  either  a 
or  - a may  be  regarded  as  the  square  root  of 

But  throughout  this  chapter  we  shall  take  only  the  positive 
value  of  the  square  root. 
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98.  We  may  now  take  tlie  case  of  Trinomials  wliicli  are 
im-fect  squares,  wbicli  are  really  included  in  the  cases  dis- 
cussed in  Arts.  91,  92,  but  which,  from  the  importance  they 
assume  in  a later  part  of  our  subject,  demand  a separate  con- 
sideration. 

99.  CaS6  VII.  To  find  the  factors  of 

X"  + 12.c-t-d6. 

Seeking  for  the  factors  according  to  tbe  hints  given  in  Art- 
91,  we  find  them  to  be  a; + 6 and  a: + 6. 

That  is  a;2  + \2x  -f  36  = (a:  + 6)^. 


Examples, — xxiv. 

Resolve  into  factors  : 


1.  a;2+ 18a: -1-81. 

2.  a;2  + 26x-M09. 

3.  a:^-l-34a:  + 28t). 

4. 

5.  3“ + 2002 +10000. 


6.  x^+lAx^  + 4Q, 

7.  a:“+ lOx^-f  25?/2. 

8.  ?7i‘‘  + \Qmhi~  + 64n‘‘. 

9.  .a:®  + 24x^+ 144. 

10.  a-y + 162x?/  + 656L 


100.  Case  VIII.  To  find  the  factors  of 

X-  - 12x  + 36. 


Seeking  for  the  factors  according  to  the  hints 
92,  we  find  them  to  be  x — 6 and  x — 6. 

That  is,  x2  - 1 2x  + 36  = (x  - 6)2. 


given  in  Ai-t 


Examples.— XXV. 


Resolve  into  factors  : 

I x2-8x+16.  2.  a;2-28x  + 196. 

l.  2/- - 40/y  + 400.  5.  2;2  _ i()()2^. 

7.  x2-.30x7/  + 225?/2.  8.  nd 

9.  xG- 38,);2  + 36]. 


3-  a;^-36x  + 324. 

6.  X*  - 22.x2  +12! 

+ 256n-*. 
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101.  Case  IX.  We  now  proceed  to  the  most  important 
case  of  Resolution  into  Factors,  namely,  that  in  'wliicli  tlie  ex- 
pression to  be  resolved  can  be  put  in  the  torm  ol  two  squares 
‘nth  a negative  sign  between  them. 


we  can  express  the  difference  betwecm  the  squares  of  two 
quantities  bv  the  product  of  two  tactors,  determined  by  the 
bllowing  method  : 

Take  the  square  root  of  the  first  quantity,  and  the  square 
root  of  the  second  quantity. 

The  sum  of  the  results  will  form  the  first  factor. 

The  difference  of  the  results  will  form  the  second  factor. 

For  example,  let  pe  the  given  expression. 

The  square  root  of  a-  is  a. 

The  square  root  of  is  h. 

The  sum  of  the  results  is  a + 6. 

The  difference  of  the  results  is  a - 6. 

The  factors  will  therefore  be  a + & and  a - h, 
that  is,  a‘^-h^  = {a  + h){a-h). 

102.  The  same  method  holds  good  with  respect  to  com- 
pound ([uantities. 

Thus,  let  a^-{h-  cf  be  the  given  expression. 

The  square  root  of  the  first  term  is  a. 

The  square  root  ol  the  second  term  is  h — c. 

The  sum  of  the  results  is  a-th  — c. 

The  difference  of  the  results  is  a- 6-1- c. 


Again,  let  {a-hf -{c  - be  the  given  expression. 
The  square  root  of  the  first  term  is  a - 6. 

The  square  root  of  the  second  term  is  c - oi. 

Tlie  sum  of  the  results  is  a - 6 -f  c - d. 

The  difference  of  the  results  h a -b-c  + d. 

(c_d)2  = (a-6-l-c-d)  (a-b-c  + d). 


Since 


= (m  + n)  (m  -n), 


. . a^  - {b  - cY  = (a  + b - c)  {a  - b + c). 


0 r 

V 


S.A.] 


D 
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103.  The  terms  ot  an  expression  may  often  be  arranged 
so  as  to  form  two  squares  with  the  negative  sign  between 
them,  and  then  tlie  expression  can  be  resolved  into  factors. 

Thus  a^  + b^-c^-cr-  + 2ab  + 2cd 

= a^  + 2ab  + b^--c^  + 2cd-d^ 


= («2  + 2ah  + 62)  _ (c2  _ 2cd  + d^ 
= {a  + bf~{c-df 
= (a  + 6 + c - c?)  (u  + 6 - c + d). 


Examples.— xxvi. 

Resolve  into  two  or  2uore  factors  : 

2.  a;2-9. 

5-  a;2-l. 

8.  ?a-*-  16. 

II.  (ce-6)2_c2 


I . a;2  - y\ 

4. 


7.  cifi  - 1, 

10.  81x22/2- I21a262. 

13-  {ct  + bf-{c  + df. 

14.  {x  + yf-{x-yf. 

15.  x^-2xy  + y^-z‘^. 

16.  (a  — 6)2  — (ttj,  p 7j)2_ 

17.  a2-2rtc  + c2-62-26(Z-(^2_ 

18.  26c  - 62  - c2  + a2. 


3.  4^2-25. 

6.  x^>  - 1. 

9. 

12. 

24.  2xy-x^-j/+i. 

25.  x‘^~2yz-i/-z^~. 

26.  462 -9, •2+ 126c. 

27.  ft-‘-  1662. 

28.  1-49c2. 

29.  a^  + b^-c‘^-d^~2ah-2c4 

30.  — h“  + — d^^  ~ 2ac  + 2bd 


19.  2xy  + x2  + ?/2  _ 2j2 

20.  2mn  - m2 i2  + a2  + 62 -2«6.  31.  3a-V-27ax, 

21.  (ax  + 6?/)2-l.  a-»6«-c8. 

22.  {ax  + hyf-{ax-hyf.  33.  (5x  - 2)2  - (a;  - 4)2. 

23.  l-a2-62  + 2«6.  34.  (7x  + 42/)2-(2x  + 3i/)2 

35.  (753)2- (247)2 
104.  Case  X.  Since 


_x2-ax  + a2,  and'^  -|i^'  = x2  + ax  + a2  (Art.  8.3). 

we  know  the  following  imj)ortant  f/-cts  : 


X?  - 
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(1)  The  sum  of  the  cubes  of  two  immbers  is  divisible  by 
the  sum  of  the  iiumljers  : 

(2)  The  difference  between  the  cubes  of  two  numbers  is 
divisible  by  the  difference  between  the  numbers. 

Hence  we  may  resolve  into  factors  expressions  in  the  form 
of  the  sum  or  difference  of  the  cubes  of  two  numbers. 

Thus  + 27  = + 3-^  - (x  + 3)  {x^  - 3x  + 9) 

= - 4^  = (y  -4)  {y-  + 4y+  16). 

Examples.— xxvii. 

Express  in  factors  the  following  expressions  : 

I.  a^  + b^.  2.  a^-P.  3-  - 8.  4.  x^  + 348. 

5.  6^-125.  6.  + 7.  u^-216.  8.  8x^  + 27y^. 

9.  64a^-1000R  10.  729x^  + 512y3. 

Express  in /our  factors  each  of  the  following  expressions  : 

II.  x^-y^\  12.  x®-l.  13.  u®-64.  14.  729-^®. 


105.  Before  we  proceed  to  describe  other  processes  in 
Algebra,  we  shall  give  a series  of  examples  in  illustration  of 
the  principles  already  laid  down. 

The  student  will  find  it  of  advantage  to  work  every  example 
in  the  following  series,  and  to  accustom  himself  to  read  and  to 
explain  with  facility  those  examples,  in  which  illustrations  are 
given  of  what  may  be  called  the  short-hand  method  of  expressing 
Arithmetical  calculations  by  the  symbols  of  Algebra. 

EXAMPLES.— xxviii. 

1 . Express  the  sum  of  a and  b. 

2.  Interpret  the  expression  a-b  + c. 

3.  How  do  you  express  the  double  of  x ? 

4.  By  how  much  is  a greater  than  5 ? 

5.  If  X be  a whole  number,  what  is  the  number,  next 
above  it  ? 

6.  Write  five  numbers  in  oi'der  of  magnitude,  so  that  x 
shall  be  tlie  third  of  the  five. 
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7.  If  ft  be  multiplied  into  zero,  what  is  the  result  ? 

* 

8.  If  zero  be  divided  by  x,  what  is  the  result  ? 

9.  What  is  the  sum  of  ft  + ft  + ft  . . . written  d times  '? 

10.  If  the  product  be  ftc  and  the  multiplier  a,  what  is  th<, 
multiplicand  1 

1 1.  AVhat  number  taken  from  x gives  ^ as  a remainder  ? 

12.  ^ is  a:  years  old,  and  B is  y years  old  ; how  old  Avas  A 
when  B was  born  1 

13.  A man  works  every  day  on  week-days  for  x weeks  in 
the  year,  and  during  the  remaining  Aveeks  in  the  year  he  does 
not  Avork  at  all.  During  hoAV  many  days  does  he  rest  ? 

14.  There  are  x boats  in  a race.  Five  are  bumped.  Hoav 
many  roAv  over  the  course  ? 

15.  A merchant  begins  trading  Avith  a capital  of  x pounds. 
He  gains  a pounds  each  year.  Hoav  much  capital  has  he  at 
the  end  of  5 years  ? 

16.  A and  B sit  doAvn  to  play  at  cards.  A has  x shillings 
and  B y shillings  at  first.  A Avins  5 shillings.  How  much  has 
each  wheii  they  cease  to  play  ? 

17.  There  are  5 brothers  in  a family.  The  age  of  the  eldest 
is  X years.  Each  brother  is  2 years  younger  tlian  the  one  ne.xt 
above  him  in  age.  How  old  is  the  youngest  ? 

18.  I traA^el  x hours  at  the  rate  of  y miles  an  hour.  How 
many  miles  do  I travel  ? 

19.  From  a rod  12  inches  long  I cut  off  x inches,  and  then 
I cut  oft  y inches  ol  the  remainder.  How  many  inches  are 
left  ? 

20.  If  n men  can  dig  a piece  of  ground  in  q hours,  how 
many  hours  Avill  one  man  take  to  dig  it  ? 

21.  By  how  niucli  does  25  exceed  xl 

22.  By  how  much  does  y exceed  25  ? 

23.  If  a ]iroduct  has  2ni  rejjeated  8 times  as  a factor,  how' 
do  you  express  the  product  ? 

24.  By  how  much  does  a + 2b  exceed  a-2h  I 
A girl  is  X years  of  age,  how  old  Avas  she  5 years  since  ? 


25. 
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26.  A boy  is  y yeara  of  age,  how  old  will  he  be  7 years 
hence  ? 

27.  Express  the  difl’erence  between  the  squares  of  two 
numbers. 

28.  Express  the  product  arising  from  the  multiydication  oi 
the  sum  of  two  numbers  into  the  difference  between  the  same 
numbers. 

29.  What  value  of  x will  make  8x  equal  to  16  ? 

30.  What  value  of  x will  luake  28a;  equal  to  56  ? 

cc 

31.  What  value  of  x will  make  ^ equal  to  4 ? 

32.  What  value  of  x will  make  a;  4-  2 equal  to  9 1 

33.  What  value  of  x will  make  a:  - 7 e(pial  to  16  1 

34.  What  value  of  x will  make  a;‘^  + 9 ecpud  to  34  i 

35.  What  value  of  x will  make  a;^  - 8 e(iual  to  92  ? 


Examples. — xxix. 

Explain  the  operations  symbolized  in  the  following  expres- 
sions : 

1.  a + b.  2.  3.  4a^  + b^.  4.  4{a‘^  + b''-). 

5.  a^-2b  + 8c.  6.  a + vixb-c.  7.  (a  + m)(b-c).  8. 

9.  + y‘^.  10.  a + 2(3  - c).  1 1 . (a  + 2)  (3  — c). 

^2  + 62 

4a&  * ^ ^-y  \^x  + y 


Exam  ples. — xxx. 


If  a stands  for  6,  b for  5,  a;  for  4,  and  y for  3,  find  the  value 
of  the  following  expressions  ; 


I.  a + x-b  ~y. 

4.  3(a  + b)  -2{x-y). 

7.  {2a  + 8)(x  + y). 


2.  a + y -b~x. 
5.  {a  + x)(b-y). 

8.  2a-f3a;  + ^. 


3- 

6. 

9- 


3a  + 4y  -b-  2a;. 

2a  -I-  3 y). 

b^  4- y 
a-x' 


!0.  abx. 


II.  ah{x  + y).  12.  ay{b  + x)^. 
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13.  ah{x-yf.  ' 

1 6.  ( 

19.  ^/^axy. 


14-  n/5&. 

17.  (^/x  + 6)2, 

+ ¥ + y 
20.  — - 

a; + 7/^ + 3' 


15- 

1 8.  ^/56x, 

21.  2a  + {2x-y)-. 


22.  }a-(6-^)|^a-(x-y)}.  24.  3(a  + &-7y)3  + 4(rt+x)‘. 

23.  (a-&-?j)2  + (a-x  + 7/)l  25.  3(«-&)2  + (4x-7/)2 


Examples. — xxxi. 

1.  Find  the  value  of 

3rtic  - + ^2  + c2,  when  a = 3,  6 = 2,  c=  1, 

2.  Find  the  value  of 

x2  + ^3  _ ^3  ^ 3x^2,  when  x = 3,  ^ = 2,  2 = 5. 

3.  Subtract  a2  4-  c2  from  {a  + c)2. 

4.  Subtract  (x  - y)-  from  x2  + y\ 

5.  Find  the  coefficient  of  x in  the  expression 

(a  + 6)2x-  (a  + 6x)2. 

6.  Find  the  continued  product  of 

2x  - m,  2x  + w,  X + 2m,  x - 2n.. 

7.  Divide 

«c?'2  4-  Q)c  4-  ad)  ?’2  4-  (6d  4-  ae)  r 4-  he  by  ar  + b: 
and  test  your  result  by  putting 

a = b = c = d = e=l,  and  r=10. 

8.  Obtain  the  product  of  the  four  factors 

(a  4-  6 4-  c),  (b  + c-  a),  b),  [a  + b-  c). 

What  does  this  become  when  c is  zero;  when  b4-c  = a; 
when  a = b = cl 

9.  Find  the  value  of 

(a  4-  b){b  + c)~  (c  + d){d  + a)  - (a  4-  c)  (6  - d), 
where  b is  equal  to  d. 

10.  Find  the  vnlue  of 

3a  4-  (26  - c2)  + { r;2  - (2a  4-  36) ! 4-  { 3c  - (2a  + 36^  1 2. 
when  a = 0,  6 = 2,  c = 4. 
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11.  If  6 = 2,  c = 3,  fZ  = 4,  slie\r  that  the  numerical 

valiies  arc  eij^ual  of 

I (Z  - (c  - 6 4-  a)  I { (il  + c)  - (6  + a)  I , 
and  0 f d'  - {d  + U-)  + cd  + 2 (be-  ad). 

1 2.  Bracket  together  tlie  dilferent  ^jowers  of  x in  the  follow- 
ing  expressions ; 

(a)  ax^  + + cx  + dx. 

(,8j  ax'*  - bx^  - ex'-  - (Zx^  + 2x^. 

(7)  4x^  - ax^  - 3x"  — hx^  - 5x  — cx. 

(5)  (a  4-  x)-  - (Z)  - x)^. 

(e)  (mx"^  4-  qx  4- 1 - (nx^  + qx+l  )^. 

13.  INIultiply  the  three  factors  x-a,  x-b,  x-c  together, 
and  arrange  the  product  according  to  descending  powers  oi  x. 

14.  Find  the  continued  product  of  (x4-a)  (x  + b)  (x  + c). 

i^.  Find  the  cuhe  of  aAb-{-c^  thence  without  tuither 
mukiplication  the  cuhi-'S  of  a4-6-c;  b + c-a;  c + a-b;  and 
subtract  the  sum  of  these  three  cubes  from  the  first. 

16.  Find  the  product  of  (3a  4-  26)  (3a  4-  2c  — 36).  and  test  the 
result  by  making  a=  1,  6 = c = 3. 

17.  Find  the  continued  product  of 

a - X,  a 4-  X,  a-  4-  x'-,  cd  + x'^,  a®_4-  x®. 

1 8.  Subtract  (6  - a)  (c  - d)  from  (a  - 6)  (c  - d). 

What  is  the  value  of  the  result  when  a = 26  and  d = 2cl 

19.  Add  together  (6  + y)  (a  4-  x),  x - y,  ax  - by,  and  a(x  + y). 

20.  What  value  of  x will  make  the  difference  between 
(x  4- 1)  (x  4-  2)  and  (x  - 1)  (x  - 2)  eciual  to  54  ? 

2 1 . Add  together  ax  - by,  x-y,x{x-  y),  and  (a  - x)  (6  - y). 

22.  What  value  of  x will  make  the  difference  between 
(2x  4-  4)  (3x  + 4)  and  (3x  - 2)  (2x  - 8)  equal  to  96  ? 

23.  Add  together 

2mx  - 2ny,  x + y,  4(m  4-  n)  (x  - y),  and  mx  4-  ny. 

24.  Prove  that 

(x  + y + zf  4-  x2  + ?/  + z^  = {x  + yY-  + (y  4-  z)^  + (x  4-  z)‘I 
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25,  Find  the  product  of  (2a  + 35)  (2a  + 3c  - 'zo),  and  test  the 
l esult  by  making  a = \,  5 = 4,  c = 2. 

26,  If  a,  h,  c,  d,  e ...  denote  9,  7,  5.  3,  1,  find  the  values  of 


ah~cd  7x /,  7 X 5--c‘^ 

cliT7  ’ 


c 


27.  Find  the  value  of 

3a5c - a^  + 5'^  + c^  when  a = 0,  5 = 2,  c=l. 

28.  Find  the  value  of 

„ 2a5^  1 A I -I  n 

3a^ H when  a = 4,  5=1,  c = 2. 

c ¥ ’ 


29.  Find  the  value  of 

(a  - 5 - c)2  + (5  - a — c)2  + (c  - a - 5)2  when  a = 1,  5 = 2,  c = 3. 

30.  Find  the  value  of 

(a  + 5 - c)2  + (a  - 5 + c)2  + (5  + c - a)2  when  a=l,  5 = 2,  c = 4. 

31.  Find  the  value  of 

(a  + 5)2  + (5  + c)2  + (c  + a)2  when  a=  - 1,  5 = 2,  c=  -3. 

32.  Shew  that  if  the  sum  of  any  two  numbers  divide  the 
difference  of  their  squares,  the  quotient  is  equal  to  the  differ- 
ence of  the  two  numbers. 

33.  Shew  that  the  product  of  the  sum  and  diflerence  of  any 
two  numbers  is  equal  to  the  difference  of  their  squares. 

34.  Shew  that  the  square  of  the  sum  of  any  two  consecu- 
tive integers  is  always  greater  by  one  than  four  times  their 
product. 

35.  Shew  that  the  square  of  the  sum  of  any  two  consecutive 
even  whole  numbers  is  four  times  the  square  of  the  odd  number 
between  them. 


36.  If  the  number  2 be  divided  into  any  two  parts,  the 
difference  of  their  squares  will  always  be  ecpial  to  twice  the 
difference  of  the  parts. 

37.  If  the  number  50  be  divided  into  any  two  parts,  the 
difference  of  their  .squares  wull  always  be  equal  to  50  times  the 
difference  of  the  parts. 

38.  If  a number  n be  divided  into  any  two  parts,  the 
diflerence  of  their  .squares  will  always  be  equal  to  n times  the 
difference  of  the  parts. 
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39.  If  two  numbers  differ  by  a unit,  their  product,  together 
with  the  sum  of  their  squares,  is  equal  to  the  difi'erence  of  the 
cubes  of  the  numbers. 

40.  Sliew  that  the  sum  of  the  cubes  of  any  three  consecu- 
tive wliole  numbers  is  divisible  by  three  times  the  middle 
nunil)er. 


VI.  ON  SIMPLE  EQUATIONS. 

106.  An  Equation  is  a statement  that  two  expressions 
are  equal. 

107.  An  Identical  Equation  is  a statement  that  two  ex- 
pressions are  equal  for  all  numerical  values  that  can  he  given 
to  the  letters  involved,  in  them,  provided  that  the  same  value 
be  given  to  the  same  letter  in  every  part  of  the  eo  nation. 

Thus,  {x  + a)^  = x^  + 2ax  + 

is  an  Identical  E<|uation. 

108.  An  Equation  of  Condition  is  a statement  that  two 
expressions  are  equal  for  some  particular  numerical  value  or 
values  that  can  be  given  to  the  letters  involved. 

Thus,  a:  -H  1 = 6 

is  an  Equation  of  Condition,  the  only  number  which  x can 
represent  consistently  with  this  equation  being  5. 

It  is  of  such  e(juations  that  we  have  to  treat. 

109.  The  Root  of  an  Equation  is  that  number  which,  when 
put  in  the  place  of  the  unknown  quantity,  makes  both  sides  of 
the  equation  identical. 

110.  The  Solution  of  an  Equation  is  the  process  of  find- 
ing what  number  an  unknown  letter  must  stand  for  that  the 
equation  may  be  true  : in  other  words,  it  is  the  method  of 
finding  the  Root. 

The  letters  that  stand  for  unknown  numbers  are  usually 
X,  y,  z,  but  the  student  must  observe  that  any  letter  may 
stand  for  an  unknown  number. 

111.  A Simple  Equation  is  one  which  contains  the 
first  power  only  of  an  unknown  quantity.  This  is  also  called 
an  Equation  of  the  First  JJeyree. 
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112.  The  following  Axioms  form  the  groundwork  of  the 
eolation  of  all  equations. 

Ax.  I.  If  equal  quantities  be  added  to  equal  quantities, 
the  sums  w ill  be  equal. 

Thus,  if  a = &, 

a + c = 6 + c. 

Ax.  II.  If  equal  quantities  be  taken  from  eaual  quantities, 
the  remainders  wdll  be  equal. 

Thus,  if  ^ = y, 

x-z  — y - z. 

Ax.  III.  If  equal  quantities  be  multiplied  b_;  equal  ([uan- 
tities,  the  products  will  be  equal. 

Thus,  if  a = t), 

ma=mh. 

Ax.  IV.  If  equal  quantities  be  divided  by  equal  quantities, 
the  quotients  will  be  equal. 

Thus,  if  xy  = xz, 

y = z. 

113.  On  Axioms  I.  and  II.  is  founded  a process  of  great 
utility  in  tlie  solution  of  ecpiations,  called  The  Transposition 
OF  Terms  from  one  side  of  the  ecpiatioii  fe  the  other,  which 
may  be  thus  stated  : 

“ Any  term  of  an  equation  may  be  tiansferred  from  one  side 
of  the  equation  to  the  other  if  its  sign  he  changed.” 

For  let  X-  a = b. 

Then,  by  Ax.  I.,  if  we  add  a to  both  udes,  the  sides  remain 
ec[ual ; 

therefore  x- a + a — b + a, 

that  is,  x = b + a. 

Again,  let  x + c = d. 

Then,  by  Ax.  II.,  if  we  subtract  c horn  ecch  side,  the  sides 
remain  eijual ; 

thendore  x + c-c  — d-c, 

that  is,  x=d-c. 
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ll-J.  We  may  cliaiige  all  the  signs  of  each  side  ot  an  e(iua- 
tiun  without  altering  the  equality. 

Thus,  if  a-x  = h-c, 

X — a = c - h. 

115.  We  may  change  the  position  ot  the  two  sides  ot  the 
e(|uation,  leaving  the  signs  unchanged. 

Thus  the  equation  a-h  = x-c,  may  he  written  thus, 

X — c = a -b. 

116.  We  may  now  proceed  to  our  first  rule  tor  the  solution 
of  a Simple  Equation. 

Rule  I.  Transpose  the  known  terms  to  the  right  hand  side 
of  the  equation  and  the  unknown  terms  to  the  other,  and  com- 
hine  all  the  terms  on  each  side  as  far  as  possible. 

Then  divide  both  sides  of  the  equation  by  the  coefficient  of 
the  unknown  quantity. 

This  rule  we  shall  now  illustrate  by  examples,  in  which  x 
stands  for  the  unknown  quantity. 

Ex.  1.  To  solve  the  equation, 

bx  - (5  = Sx  + 2. 

Transposing  the  terms,  we  get 

5x  - 3x  = 2 + 6. 

Combining  like  terms,  we  get 

2x  = 8. 

Dividing  both  sides  of  this  equation  by  2,  we  get 

x = 4, 

and  the  value  of  x is  determined. 

Ex.  2.  To  solve  the  equation, 

7x-i-  4 = 25x-32 

Transposing  the  terms,  we  get 

7x  - 25x  = - 32  - 4. 

Combining  like  terms,  we  get 

-18x=  -36. 

Changing  the  signs  on  each  side,  we  get 

18x  = 36. 

Dividing  both  sides  by  18.  we  get 

X = 2, 

and  the  value  of  x is  determi;ied. 
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Fx.  3. 

that  15, 
or, 

therefore, 


To  solve  the  equation, 

2x  - 3.r  + 1 20  = 4x  - 6a:  + 1 32. 
2a:  - 3a:  - 4a:  + 6x  = 13^  - ^ liv, 
8x  - 7r=I2, 

X—  12. 


Ex.  4. 

that  is, 

or, 

or, 

therefore, 


To  solve  the  equation, 

3a:  + 5 - 8 (13  - a:)  — 0, 
3a:  + 5 - 104  + 8x^--  0 
3a:  + 8a:  =104-5, 
lla:=99, 
a:=9. 


Ex.  5. 


that  is, 
or, 
or, 
or, 

therefore, 


To  solve  the  equation. 


6x  - 2 (4  - 3x)  = 7-3(17  - 
6x  - 8 + 6a:  = 7 - 5 i + 3a, 
6x  + 6x  - 3a;  = 7 - 51  8, 

12:c-3x=15-51, 
9x=  -36, 
x=  - 4. 


Examples.— xxxii. 


1.  7x “I” 5 — ox-T-ll. 

2.  12x  + 7 = 8x  4- 15. 

3.  236x  + 425  = 97x  + 564. 

4.  5x  - 7 = 3x  + 7. 

5.  12x-9  = 8x-l. 

6.  124x+ 19  = 112x  + 43. 

7.  18  - 2x  = 27  - 5x. 

8.  125-7x=145-  12x. 


9.  26  - 8x  = 80-1 4». 

10.  133-3x  = x-83. 

11.  l3-3x  = 5x-  .3. 

12.  127  + 9x=12x+ 100. 

13.  15-5x  = 6-4x. 

14.  3x-22  = 7x-^6. 

15.  8 + 4x=12x-16. 


1 6.  5x  - (3x  - 7)  = 4x  - (6x  - 35) 

17.  6x  - 2 (9  - 4.r)  + 3 (5x  - 7)  = lOx  - (4  + 1 6x)  + 35. 

18.  9x  - 3 (5x  - 6)  + 30  = 0 


19.  12x  - 5 (9x  + 3)  + 6(7  - 8x)  + 783  = 0. 

20.  X-  7(4  --  ll)  = l4(x-5)-  19(8-a.4-  i 

21.  ( X + 7)  (x  - 3)  = (x  - 5)  (x  - 15). 


PROBLEMS  LEADING  TO  SIMPLE  EQrATlONS.  6r 


22.  (x-8)(x+ 12)=(a;4- l)(a:-6). 

23.  (x  - 2)(7  - x)  + (x  - 5)(x  + 3)  - 2(x  - 1)  + 12  = 0. 

24.  (2x  - 7)(x  + 5)  = (9  - 2x)(4  - x)  4-  229. 

25.  (7-6x)(3-2x)  = (4x-3)(3x-2). 

26.  14  - X - 5 (x  - 3)(x  + 2)  4-  (5  - x) (4  - 5x)  = 45x  - 76. 

27.  (x4-r))‘^-(4-x)^  = 21x. 

28.  5 (x  - 2)2  4-  7 (x  - 3)2  = (3x  - 7)(4x  - 19)  4-  42. 

29.  (3x  - 1 7)2  4-  (4x  - 25)2  _ _ 29)2  = ] . 

30.  (x4-5)(x-9)4-(x4-  10)(x-8)  = (2x4-3)(x-  7)  - 113. 


VII.  PROBLEMS  LEADING  TO  SIMPLE 

EQUATIONS. 

117.  When  we  have  a question  to  resolve  by  means  of 
Algebra,  we  represent  the  number  sought  by  an  unknown 
svmbol,  and  then  consider  in  what  manner  the  conditions  of 
the  question  enable  us  to  assert  that  two  expressions  are  equal. 
Thus  we  obtain  an  equation,  and  by  resolving  it  we  determine 
the  value  of  the  number  sought. 

The  whole  dilhculty  connected  with  the  solution  of  Alge- 
braical Problems  lies  in  the  determination  from  the  conditions 
of  the  question  of  two  different  expressions  having  the  same 
numerical  value. 

To  explain  this  let  us  take  the  following  Problem  ; 

Find  a number  such  that  if  15  be  added  to  it,  twice  the  sum 
will  be  equal  to  44.  ^ 

Let  X represent  the  number. 

Then  x4- 15  will  represent  the  number  increased  by  15, 
and  2(x4-  15)  will  represent  twice  the  sum. 

But  44  will  represent  twice  the  sum, 
therefore  2 (x  4- 15)  = 44. 

Hence  2x4-30  = 44, 

that  is,  2x=14, 

or,  x=7, 

and  therefore  the  number  sought  is  7. 
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118.  We  shall  now  give  a series  of  Easy  Prohleins,  in 
wliich  the  conditions  hy  which  an  equality  hetween  two  expres- 
sions caii  he  asserted  may  he  readily  seen.  The  student  should 
he  thoroughly  familiar  with  the  Examples  in  set  xxviii,  the  use 
of  which  he  will  now  find. 

AVe  shall  insert  some  notes  to  explain  the  method  of  repre- 
senting quantities  hy  algebraic  symbols  in  cases  where  some 
difficulty  may  arise. 

Examples. — xxxiii. 

1.  To  the  double  of  a certain  number  I add  14  and  obtain 
as.^  result  154.  AVhat  is  the  number? 

2.  To  four  times  a certain  number  I add  16  and  obtain  as 
a result  188.  AA'hat  is  the  number  ? 

3.  By  adding  46  to  a certain  number  I obtain  as  a result  a 
number  three  times  as  large  as  the  original  number.  Find  the 
original  number. 

4.  One  number  is  three  times  as  large  as  another.  If  I 
take  the  smaller  from  16  and  the  greater  from  30,  tiie  remain- 
ders are  equal.  AVhat  are  the  numbers  ? 

5.  Divdde  the  number  92  into  four  parts,  such  that  the  first 
is  greater  than  the  second  by  10.  greater  than  the  third  by  18, 
and  ureater  than  the  fourth  bv  24. 

6.  The  sum  of  two  numbers  is  20,  and  if  three  times  the 
smaller  number  be  added  to  five  times  the  greater,  the  sum  is 
84.  AVhat  are  the  numbers  ? 

7.  The  joint  ages  of  a father  and  his  son  are  80  years.  If 
the  age  of  the  son  were  doubled  he  would  be  10  years  older 
than  his  father.  AVhat  is  the  age  of  each  1 

8.  A man  has  six  sons,  each  4 years  older  than  the  one 
next  to  him,  The  eldest  is  three  times  as  old  as  the  voumrest. 
What  is  the  age  of  each  ? 

9.  Add  ,£24  to  a certain  sum,  and  the  amount  will  be  as 
much  above  £80  as  the  sum  is  below  £80.  AVhat  is  the  sum  ? 

10.  Thirty  yards  of  cloth  and  forty  yards  of  silk  together 
cost  ,£66,  and  the  silk  is  twice  as  valuable  as  the  cloth.  Find 
the  cost  of  a yard  of  each 
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1 1.  Find  tlie  nninher,  the  doidde  of  wliidi  lieing  added  to 
24  the  result  is  as  luucli  above  80  as  the  mtinher  itself  is  below 

too. 

12.  The  sum  of  ^500  is  dividcMl  between  yl,  /’,  6' and  l>. 
.1  and  B have  together  £280,  -1  and  U £200,  ,1  and  J>  £220 
lloAv  much  does  each  receive  I 

13.  In  a company  of  200  persons,  composed  of  men,  women 
and  children,  there  are  twice  as  many  men  as  there  are  women, 
and  twice  as  many  women  as  there  are  children.  How  many 
are  there  of  each  1 

14.  Divide  £1520  between  A,  B and  (/,  so  that  A has  £100 
less  than  B,  and  B £270  less  than  0. 

15.  Find  two  numbers,  differing  by  8,  such  that  four  time? 
the  less  may  exceed  twice  the  greater  by  10. 

16.  A and  B began  to  play  with  e([ual  sums.  A won  £5. 
and  then  three  times  yFs  money  was  e<pial  to  eleven  times  B's 
money.  AVhat  had  each  at  first  ] 

17.  yf  is  58  years  older  than  B,  and  yl’s  age  is  as  much 
above  00  as  B'&  age  is  below  50.  Find  the  age  of  each. 

18.  y4  is  34  years  older  than  B,  and  A is  as  much  above  50 
as  B is  below  40.  Find  the  age  of  each. 

19.  A man  leaves  his  property,  amounting  to  £7500,  to  be 
divided  between  his  wife,  his  two  sons  and  his  three  daughters, 
as  follows  : a son  is  to  have  twice  as  much  as  a daughter,  and 
the  wife  £500  more  than  all  the  five  children  together.  How 
much  did  each  get  ? 

20.  A vessel  containing  some  water  was  filled  up  by  pour- 
ing in  42  gallons,  aiid  there  was  then  in  the  vessel  7 times  as 
]uuch  as  at  first.  How  many  gallons  did  the  vessel  hold  ? 

21.  'riiree  persons.  A,  B,  C,  have  £76.  B has  £10  more 
than  A,  and  0 has  as  much  as  A and  B together.  How  much 
lias  each  ? 

22.  What  two  numbers  are  those  whose  difference  is  14, 
and  their  sum  48  ? 

23.  A and  B play  at  cards.  A has  £72  and  B has  £52 
when  they  begin.  When  they  cease  playing,  A has  three  times 
a.s  much  as  B.  How  much  did  A win  ? 
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Note  I.  If  we  have  to  express  algebraically  two  ]>arts  into 
which  a given  number,  suppose  50,  is  divided,  and  we  repre- 
sent one  of  the  parts  by  x,  the  other  will  be  represented  by 
50  - X. 

Ex.  Divide  50  into  two  such  parts  that  the  double  of  one 
part  may  be  three  times  as  great  as  the  other  part. 

Let  X represent  one  of  the  parts. 

Then  50  -cc  will  represent  the  other  part. 

Now  the  double  of  the  first  jairt  will  be  represented  by 
2.r,  and  tliree  times  the  second  part  will  be  re^iresented  by 
3 (50  - a;). 

Hence  2a:  = 3 (50  - x), 

or,  2x=150-3a;, 

or,  5x=150; 

.'.  x = 30. 

Hence  the  parts  are  30  and  20. 

24.  Divide  84  into  two  such  parts  that  three  times  one  part 
may  be  equal  to  four  times  the  other. 

25.  Divide  90  into  two  such  parts  that  four  times  one  part 
may  be  equal  to  five  times  the  other. 

26.  Divide  60  into  two  such  jiarts  that  one  part  i»  greater 
than  the  other  by  24. 

27.  Divide  84  into  two  such  parts  that  one  part  is  less  than 
the  other  by  36. 

28.  Divide  20  into  two  such  parts  that  if  three  times  one 
part  be  added  to  five  times  the  other  part  the  sum  may  be  84. 

Note  II.  When  we  have  to  compare  the  ages  of  two  i)er- 
sons  at  one  time  and  also  some  years  alter  or  before,  we  must 
be  careful  to  remember  that  hath  will  be  so  many  years  older 
or  younger. 

Thus  if  X be  the  age  of  A at  the  present  time,  and  2x  be 
the.  age  of  B at  the  present  time. 

The  age  of  A 5 y(>urs  hence  will  be.  x + 5, 
and  the  age  of  B 5 years  hence  will  be  2x  + 5, 
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Ex.  ^ is  5 times  tis  old  as  B,  and  5 years  lienee  A will 
only  l>e  tliree  times  as  old  as  B.  Wliat  are  the  ages  of  A and 
B at  the  present  time  ? 

Let  X represent  the  age  of  B. 

Then  bx  will  represent  the  age  of  A. 

Now  x + 5 will  represent  B'fi  age  5 years  hence, 
and  5x  + 5 will  represent  d.’s  age  5 years  hence. 

Hence  5x  + 5 = 3 (x  + 5), 

or  5x  + 5 = 3x+15, 

or  2x=  10  ; 

/.  x = 5. 

Hence  A is  25  and  5 is  5 years  old. 

29.  A is  twice  as  old  as  B,  and  22  years  ago  he  was  three 
times  as  old  as  B.  What  is  yl’s  age  1 

30.  A father  is  30  ; his  son  is  6 years  old.  In  how  many 
years  will  the  age  of  the  father  lie  just  twice  that  of  the  son  ! 

31.  A is  twice  as  old  as  B,  and  20  years  since  he  was  three 
times  as  old.  What  is  B’s  age  ? 

32.  A is  three  times  as  old  as  B,  and  19  years  hence  he  will 
be  only  twice  as  old  as  B.  What  is  the  age  of  each  ? 

33.  A man  has  three  nephews.  His  age  is  50,  and  the 
joint  ages  of  the  nephews  are  42.  How  long  will  it  be  before 
the  joint  ages  of  the  nephews  will  be  equal  to  the  age  of  the 
uncle  ? 

Note  III.  In  problems  involving  weights  and  measures, 
after  assuming  a'' symbol  to  represent  one  of  the  unknown 
quantities,  we  must  be  careful  to  express  the  other  quantities 
in  the  same  terms.  Thus,  if  x represent  a number  of  'pence,  all 
the  sums  involved  in  the  problem  must  be  reduced  to  pence. 

Ex.  A sum  of  money  consists  of  fourpenny  pieces  and  six- 
pences, and  it  amounts  to  £l.  16.5.  8d.  The  number  of  coins 
is  78.  How  many  are  there  of  each  sort  ? 

[S.A.] 


E 
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Let  X be  the  number  of  fourjDenny  pieces. 

Then  4x  is  tlieir  value  in  pence. 

Also  78  — a:  is  the  number  of  sixpences. 

And  G (78  — ck)  is  their  value  in  j)ence. 

Also  £1.  16s,  8d.  is  equivalent  to  440  pe?ice. 

Hence  4^  + 6 (78  - x)  = 440, 

or  4x  + 468  - 6x  = 440, 
from  which  we  find  x— 14. 

Hence  there  are  14  fourpenny  pieces, 
and  64  sixpence.s. 

34.  A bill  of  £100  was  paid  with  guineas  and  half-crowns, 
and  48  more  half-crowns  than  guineas  were  used.  How  many 
of  each  were  paid  i 

35.  A person  paid  a bill  of  £4.  14.s.  with  shillings  and 
halt-crowns,  and  gave  41  ])ieces  of  money  altogether.  How 
many  of  each  were  paid  ? 

36.  A man  has  a sum  of  money  amounting  to  £11.  13s.  4d., 
consisting  only  of  shillings  and  I'ourpenny  pieces.  He  has  in 
all  300  pieces  of  money.  How  many  has  he  of  each  sort  ? 

37.  A bill  of  £50  is  paid  with  sovereigns  and  moidores  of 
27  shillings  each,  and  3 more  sovereigns  than  moidores  are 
given.  How  many  of  each  are  used  1 

38.  A sum  of  money  amounting  to  £42.  8s.  is  made  up  of 
shillings  and  half-crowns,  and  there  are  six  times  as  many 
lialf-crowns  as  there  are  shillings  How  many  are  there  of 
each  sort  ? 

39.  I have  £5.  11s.  3d.  in  sovereigns,  shillings  and  pence. 
I have  twice  as  many  shillings  and  three  times  as  many  pence 
as  I have  sovereigns.  How  many  have  I of  each  sort  i 


YIII.  ON  THE  METHOD  OF  FINDING 
THE  HIGHEST  COMMON  FACTOR. 


119.  An  expression  is  said  to  be  a Factor  of  another 
expression  wlien  the  latter  is  divisible  by  the  former. 

Thus  3a  is  a factor  of  12a, 
bxy of  Ibx^y^. 

120.  An  expression  is  said  to  be  a Common  Factor  iwo 
or  more  other  expressions,  when  each  of  the  latter  is  divisible 
by  the  I'ormer. 

Thus  3a  is  a common  factor  of  12a  and  15a, 


2>xy of  Ibx^y^  and  21x^t/^, 

Az  of  8z,  12x;2  and  16;s^ 


121.  The  Highest  Common  Factor  of  two  or  more  expres- 
sions is  the  expression  of  highest  dimensions  by  which  each  of 
the  former  is  divisible. 

Thus  6a^  is  the  Highest  Common  Factor  of  12a®  and  18a^, 

bxhj  of  \0xhj^  Ibx^y'^ 

and  2bx^y^. 

Note.  That  which  we  call  the  Highest  Common  Factor  is 
named  by  others  the  Greatest  Common  Measure  or  the  Highest 
Common  Divisor.  Our  reasons  I'or  rejecting  these  names  will 
be  given  at  the  end  of  the  chapter. 

122.  The  words  Highest  Common  Factor  are  abbreviated 
thus,  H.C.F. 

123.  To  take  a simple  example  in  Arithmetic,  it  will 
readily  be  admitted  that  the  highest  number  which  will 
divide  12,  18,  and  30  is  6. 

Now,  12  = 2x3x2, 

18  = 2x3x3, 

30  = 2 X 3 X 5. 


6S 
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Having  thus  reduced  the  numbers  to  tlieir  swiplcst  lactois, 
it  appears  that  we  may  determine  the  Highest  Common  Factoi 
in  the  following  way. 

Set  down  the  factors  of  one  of  the  numbers  in  any  order. 

Place  beneath  them  the  factors  of  the  second  number,  in 
such  ovtler  that  factors  khe  any  of  those  of  the  first  number  shall 
stand  under  those  factors. 

Do  the  same  for  the  third  imniber. 

Then  the  number  of  vertical  columns  in  which  the  numbers 
are  alike  will  be  the  numbei'  ol  factors  in  the  h.c.f.,  and  it 
we  multiply  the  figures  at  the  head  of  those  columns  together 
the  result  will  be  the  h.c.f.  required. 

Thus  in  the  example  given  above  two  vertical  columns  are 
alike,  and  therefore  there  are  two  factors  in  the  h.c.f. 

And  the  numbers  2 and  3 which  stand  at  the  heads  of 
those  columns  being  multiplied  together  will  give  the  h.c.f. 
of  12,  18,  ana  30. 

124.  Ex.  1.  To  find  the  h.c.f.  of  a%‘^x  and 

a%~x  = aaa  .bh  . x, 
a?b^x^  = aa  . bbb . xx  ; 

B.c.F.  =aabbx 
==aWx. 

Ex.  2.  To  find  the  h.c.f.  of  S4a^¥c*  and  bla%^c^. 

34u‘^6®c'^  = 2 X 1 7 X aa  . bbbbbb . cccc, 
bla%^c^  = ‘S  X 17  X aaa . bbbb  . cc  ; 

.•.  H.C.F.  = llaabbbbcc 

= l7a‘'^6V. 


Ex  A MPLES. — xxxi  V. 


Find  the  Highest  Common  Factor  of 

1.  a^b  and  a-?P.  3.  \<ix^y^  and  24.x3^. 

2.  x^yh  and  xh/zK  4.  45m‘n^^  and  mni^nf. 
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5.  \Hnb-c^d  and 

6.  a'dr,  a%^  and  a’6*. 

7.  4ab,  lOac  and  306c, 


8.  I7pq^,  ’^4p^q  and  5\p\^. 

9.  Sx^yh'^,  I2xhj-z^  and  20xh/tfi. 
10.  30.x‘*^^,  90x“y^  and  I20x^y*. 


125.  The  student  must  be  urged  to  commit -to  memory  the 
following  Table  of  forms  which  can  or  cannot  be  resolved  into 
factors.  Where  a blank  occurs  after  the  sign  = it  signifies 
that  the  form  on  the  left  hand  cannot  be  resolved  into  simplei 
factors. 


x^-y-  = {x  + y)  (x-y) 

+ y-  = 

x^  — y^  = (x  — y)  (x^  + xy  + y^) 
a^  + y^  = {x  + y)  (x^  — xy  + y^) 

x4  _ yi  = ^2;2  ^ y2'^  ^2-2  _ y2'^ 

x‘^  + y^  = 

x^  + 2xy  + y^  = {x  + yY 
x^  — 2xy  + y-  = {x  — yY 

+ 3x-y  + '^xif  + y'^  = {x  + yY 
— 2>xhj  + '^xif  — y^  = (x  — yY 

The  left-hand  side  of  the  tab 
right-hand  side  the  particular  cai 


x^  - l = (x-f-  l)(x  - 1) 
x^  + 1 = 

x^  — 1 = (x  - l)(x^  + x+  1) 

X®  -F  1 = (x  -f  1 ) (x^  — X + ] ) 
x‘‘  — 1 = (x^  -I-  1 ' (x^  — 1) 
x‘*  + 1 = 

x^ -I-  2x -f- 1 = (x -1- 1)^ 

X^  - 2x  -h  1 =:  (x  — 1)2 
x^  -f  3x2  + 3x  -f  1 = (a;  4- 1)^ 
x^  — 3x2  ^ 3,^  — 1 = (x  — 1)^ 

gives  the  general  forms,  the 
i in  which  y=l. 


126.  Ex.  To  find  the  h.c.f.  of  x2  — 1,  x2  — 2x+l.  and 
x2  4-  2x  — 3. 

x2  — 1 =(x  — 1)  (x+  1), 
x2  — 2x  4- 1 = (x  — 1)  (x  — 1), 
x2  4-  2x  — 3 = (x  — 1)  (x  4-  3), 

.•.  H.C.F.  =X-  1. 


Examples. — xxxv. 

1 . «2  _ 52  and  a^  - 6^.  4.  4-  x^  and  (a  4-  xY- 

2.  a2 - 62  and  a^ - 6b  5.  9x2  _ i ^nd  (3x  4-  l)b 

3.  a^-x^  and  (a  — x)2.  6.  1 -25^2  and  (1  -5a)2. 

7.  x2  — y^,  (x  4-  yY  and  x2  4-  3xy  4-  2y^. 

8.  x2  — 1/2,  x^  — y^  and  x^  — Ixy  4-  6i/2. 

9.  x2  — 1,  x2  — 1 and  x2  4-  x — 2, 

TO.  1 - a"^,  1 4- and  a-2 4-  5a  4- 4, 
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\Tl.  Til  large  muubers  the  factors  cannot  often  Ije  deter- 
niined  hy  inspection,  and  if  we  have  to  find  the  h.c.f.  of  two 
such  numbers  we  liave  recourse  to  the  following  Arithmetical 
Rule  : 

“ Divide  the  greater  of  the  two  numljers  by  the  less,  and  the 
divisor  by  the  remainder,  repeating  the  process  until  no  r( 
Diainder  is  left  : the  last  divisor  is  the  h.c.f.  required.” 

Thus,  to  find  the  h.c.f.  of  689  and  1573. 

689;  1573(2 
1378 

'T^;689(3 

585 

104;  195(1 
104 

"^91;  104(1 
91 

13 ; 91  (7 
91 

.-.  13  is  the  H.i  F.  of  689  and  1573. 


Examples.— xxxvi. 


Find  the  h.c.f.  of 

1. 

6906  and  10359.  4- 

126025  and  40115. 

2. 

1908  and  2736.  5* 

1581227  and  16758766. 

3- 

49608  and  169416.  6. 

35175  and  236845. 

128. 

The  Arithmetical  Rule  is 

founded  on  the  following 

iperation  in  Algebra,  which  is  called  the  Proof  of  the  Rule  for 
finding  the  Highest  Common  Factor  of  two  expressions. 

Let  a and  ft  be  two  expressions,  arranged  according  to  de- 
scending powers  of  some  common  letter,  of  which  a is  not  of 
lower  dimensions  than  h. 


Let  h divide  a with 

c b 

d 


p as  quotient  and  remainder  c, 

q d, 

with  no  remainder. 


c 


r 
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The  loviu  ot  the  operation  may  he  shewn  thus  : 

h)  a 

pb 

c)b{q 

d)  c {r 
rd 


Then  we  can  shew 

I.  That  d is  a common  factor  of  a and  h. 

II.  That  any  other  common  factor  of  a and  6 is  a factor  of 
d,  and  tliat  therefore  d is  the  Higliest  Common  Factor 
of  a and  b. 

For  (I.)  to  shew  that  d is  a factor  of  a and  b : 
b = qc  + d 
= qrd  + d 

= {qr  + 1)  d,  and  d is  a factor  of  b ; 

and  a=pb  + c 

=p  {qc  + d)  + c 
—pqc  +pd  + c 
=pqrd  +pd  + rd 

= {pqr+p  + r)  d,  and  d is  a factor  of  a. 

And  (II.)  to  shew  tliat  any  common  factor  of  a and  6 is  a 
factor  of  d. 

Let  5 be  any  common  factor  of  a and  6,  such  that 
a = i?i5  and  b = nS. 

Tlien  we  can  shew  that  8 is  a factor  of  d. 

For  d = b-qc 

= b-  q{a  -pb) 

= b-  qa  + pqb 
= ii5  - qmS  +pqnB 

= (n-qm+pqn)  8,  and  .’.  8 is  a factor  of  d. 

Now  no  expression  higher  than  d can  he  a factor  of  d ; 

.•.  d is  the  Highest  Common  Factor  of  a and  b. 
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METHOD  OF  FINDING  THE 


1£9.  Ex.  To  find  the  h.c.p.  of  x‘^  + 2x+  1 and 

x^  + 2a;2  + 2a;+  1. 

+ 2x  + 1^  + 2x^  + 2x  + 1 { X 

x^  + 2x‘‘^  + X 

x+l^x2  + 2x+l(^x+l 
x^  + x 

x+  1 
x+  1 

Hence  x + 1 being  the  last  divisor  is  the  h.c.f.  re(|uired. 

130.  In  the  algebraical  process  four  devices  are  frequently 
useful.  TTiese  we  shall  now  state,  and  exemplify  each  in  the 
next  Article. 

I.  It  the  sign  of  the  first  term  of  a remainder  be  negative, 
we  may  change  the  signs  of  all  the  terms. 

II.  If  a remainder  contain  a factor  which  is  clearly  not  a 
common  factor  of  the  given  expressions  it  may  be 
removed. 

HI.  We  may  muliiiily  or  divjde  either  of  the  given  expres- 
sions by  any  number  which  does  not  introduce  or 
remove  a common  factor. 

IV.  If  the  given  expressions  have  a common  factor  which 
can  be  seen  by  inspection,  we  may  remove  it  from 
botn,  and  find  the  Highest  Common  Factor  of  the 
parts  which  remain.  If  we  multiply  this  result  by 
the  ejected  factor,  we  shall  obtain  the  Highest  Com- 
mon Factor  of  the  given  expressions. 

131.  Ex.  I.  To  find  the  h.c.f.  of  2x^-x-  1 and 

6x2  _ 43.  _ 2. 

2x2  - X - 1)  6x2  - 4x  - 2 (^3 
6x‘“’  - 3x  - 3 

— X -p  1 
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(^han^e  tlie  signs  of  the  remainder,  and  it  becomes  x—l. 

x—l)  — X — 1 (2x 4- 1 
2x^  - 2x 

x—\ 

x-\ 

The  H.c.F.  required  is  x-  1. 

EX-  II.  To  find  the  H.c.F.  of  x2  + 3x  + 2 and  x2  + 5x  + 6. 

+ 3x  -4-  2)  + 5x  + 6 ( 1 

x^  + 3x  + 2 

2x  + 4 

Divide  the  remainder  by  2,  and  it  becomes  x + 2. 
x4-2)x^  + 3x  + 2(x+1 
x^  + 2x 

x + 2 
x + 2 

The  H.c.F.  required  is  x+2. 

^‘^X.  III.  To  find  the  H.c.F.  of  12x’^  + X— 1 and  15x"+ 8x  f 1. 
Multiply  1 5x^  + 8x  + 1 

by  

12x2  + x-i;60x2  + 32x  + 4(5 
60x^  + 5x  - 5 

27x  + 9 

Divide  the  remainder  by  9,  and  the  result  is  3x+  1. 

3x  + 1^  12x^  + X — 1 (^4x  — 1 
12x^  + 4x 

- 3x  - 1 
-3x-l 

The  H.c.F.  is  therefore  3x  + 1. 

Ex.  IV.  To  find  the  h.c  f.  of  x^  - Sx^  + 6x  and 

r'--  l()x^  + 2lx. 

Eemove  and  reserve  the  factor  x,  whicn  is  common  to  both 
(‘xpressionb. 
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METHOD  OF  FINDING  THE 


I'hen  we  liave  remaining  x^-5x  + 6 and  x^-  \0x  + 2i. 
The  H.c.F.  of  these  expressions  is  a:  — 3. 

The  H.c.F.  of  the  original  expressions  is  therefore  x^-^x 


Examples. — xxxvii. 

Find  the  h.c.f.  ot  the  following  expressions ; 

1.  x^  + 7x  + 12  and  x^  + 9x  + 20. 

2.  x^+12x  + 20  and  + 14x  + 40. 

3-  ~ 17x  + 70  and  a;^— 13a:  + 42. 

4.  a;2  + 5x-84  and  x2  + 21x+ 108. 

5.  x2  + x- 12  and  x2-2x-3. 

6.  .x2  + fjxtj  + 62/  and  + 6x?j  + 9y*. 

7-  - Gx7j  + 81/  and  x‘2  - 8xy  + 16//2 

8.  a;2  - 13x7j  - 30y2  and  x2  - 18x?/  + 4.5?y2 

9.  x2  - 2/  and  x2  - 2xy  + 1/. 

I o.  x'^  + 7/3  and  x^  + 8x‘^y  + + y^ 

11.  x*  — y^  and  x2  — 2xy  + y\ 

12.  x^  + If  and  x3  + t/3. 

13.  x‘*  - 1/  and  x2  + 2xy  t/2 

14.  a^~b^+  2bc  - c2  an d 0.2  2ab  + b--2ac-  2bc  + c\ 

15.  1 2.x2  + 7xy  + 772  an  d 28x2  + 3xy-  y\ 

1 6.  6x2  y2  39^2  _ 22xy  + 3^2 

1 7.  15x2  - 8x7/  -f  7/2  and  40x2  - 3x7/  - t/2. 

1 8.  x^  — 5x3  ^ 5^2  _ j ^4  ^3  _ 4^2  ^ ^ ^ 2 ^ 

19.  x^  + 4x2  + 1 6 and  x>  + x^  -2x3+1 7x2  - 1 Ox  + 20. 

20.  x-*  + xh/  + yi  and  x4  + 2x3t/  + 8xhf  + 2x7/3  + 7/. 

21.  x'^-ex^  ^ 9x2-4  and  a;8  + x^-2x‘‘  + 3x2-x--  2. 
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22.  15a^  + \0a%  f + 6aft^  — 3M  and  6a^+  19a-6  + 8ab^  — bP. 

23.  ] 5x^  — I4xhj  + 24xy^  — 7^^  and  27x^  + — 2()xy^  + 2i/. 

24.  21x“  — 83xy  — 27x  + 22y^  + 99?,'  and  12x^  - -Njxy  - 6x 

- 33?/  + 22?/. 

2 5 . 3a^  - 1 2(1^  — a^h  + lOah  — 26^  and  Ga^  — 1 7 a^b  + 8ab'^  — b^. 

26.  1 8a^  — 1 8a‘^x  + Gaxr  — 6x^  and  GOa^  — 7bax  + ISx^. 

27.  21a:^  — 26x^  + 8x  and  6x^  — X — 2. 

28.  Gx'*  + 29a^x^  + 9a*  and  3x^  — 15ax-  4 a^x  — ba?. 

29.  X®  + x*’?/^  + x'^y  + if  and  x*  — y*. 

30.  2x-^  + lOx^  + 14x  + 6 and  x^  + x^  + 7x  + 39. 

3 1 . dSft-'^x  + 3a^x2  — 9ax^  + Gx*  and  18a-x  — 8x^. 

132.  It  is  soinetinies  easier  to  find  the  h.c.f.  by  reversing 
the  order  in  wliich  the  expressions  are  given. 

Tims  to  find  the  h.c.f.  of  21x‘'^  + 38x  + 5 and  1 29.x-  + 221x  + 10 
the  easier  course  is  to  reverse  the  expressions,  .so  that  tlu'V 
stand  thus,  5 + 38x  + 21x'^  and  10  + 221x+  129x-,  and  then  to 
proceed  by  the  ordiiuiry  p>rocess.  The  h.c.f.  is  3x  + 5.  Other 
examples  are 

(1)  187x3- 84x2 + 31x- 6 and  253x3- 14x2  + 29x-  12, 

(2)  371?/  + 26/-  50?/  + 3 and  469./  + 75/  - 103?j  - 21, 
of  which  the  h.c.f.  are  respectively  llx  — 3 and  7?/ + 3. 

133.  If  the  Highest  Common  Fartor  of  Ihree  expressions 
a,  b,  c be  required,  find  first  the  h.c.f.  of  a and  b.  If  (Z  be  the 
H.C.F.  of  a and  b,  then  the  H.C.F.  of  cl  and  c will  be  the  h.c.f. 
of  a,  b,  c. 


Ex.  To  find  the  h.c.f.  of 

x3  + 7x2  _ 2;  _ 7^  3.3  ^ 5^2  _ a;  _ 5^  ^2  _ 2x  + 1. 

The  H.C.F.  ofx3  + 7x2  — X— 7 and  x3  + 5x2  — x — 5 will  be  found 
to  be  x2  — 1. 

The  h.c.f.  of  x2-l  and  x2-2x+l  will  be  found  to  be 
X-  1. 

1 lence  x — 1 is  the  h.C-F.  of  the  three  expressions. 
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FRACTIONS. 


Examples. — xxxviii. 

Find  the  Highest  Common  Factor  of 

1.  + bx  + ^,  + 1x+10,  ajidi 

2.  x^  + 4x^  — 5,  x^~3x  + 2,  and  x^  + 4x‘^  — Sx  + 3. 

3-  2a;2 4-a:— 1,  a:^  + 5x  + 4,  and  + 1. 

4-  y^~li^~y+l,  3y‘^-^-\,  and  y^-y^  + y-i, 

5.  x^~  4x^  + 9x—  10,  x^  + 2a:^  — 3x  + 20,  and 

X}’  + bx^  — yx  + c55. 

6.  a?-lx^+  16x-12,  3x3-  + 16x,  ami 

5x3  - lOx-^  + 7x  — 14. 

7.  y^-5y‘^+  lly-  15,  i/-i/  + Sy  + 5,  ann 

2-^-*-  7?/2+  Ib'r/-  15. 

Note.  We  use  the  name  Highest  Common  ac-toi  rrnnead 
of  Greatest  Common  Measure  or  Highest  Common  Divisor  ior  liie 
following  reasons  : 

(1)  AFe  have  used  the  word  ^‘Measure'-  in  hv?.  0.7  a 
different  sense,  that  is,  to  denote  the  niuuber  of  times  any 
quantity  contains  the  unit  of  measurement 

(2)  Divisor  does  not  necessarily  imply  a quaniTty  ^fimh 
is  contained  in  another  an  exact  number  ot'  times.  Thus  in 
performing  the  operation  of  dividing  333  by  la,  we  can  13 
divisor,  but  we  do  not  mean  that  333  contains  13  an  vxact 
number  of  times. 


IX.  FRACTIONl 

135.  A QUANTITY  a is  called  an  Exact  Pivisor  01  ft  c»x>nn- 
tity  h,  when  h contains  a an  exact  number  01  ume». 

A quantity  a is  called  a Multiple  of  a q^uantny  u,  tvncu  a. 
contains  b an  exact  number  of  times. 
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136.  HitHur^o  we  li;ive  treated  of  quantities  wliicli  contain 
the  \init  of  *«'^««urement  in  each  case  an  exact  nuniher  ot 
times. 

We  have  n«w  to  treat  of  quantities  which  contain  some  exact 
divisor  of  a j^%mary  unit  an  exact  number  of  times. 

137.  We  must  first  explain  what  we  mean  by  a primanj 
unit. 

We  said  in  Art.  33  that  to  measure  any  quantity  we  take  a 
known  standard  or  unit  of  the  same  kind.  Our  choice  as  to 
the  quantity  to  be  taken  as  the  unit  is  at  first  unrestricted,  but 
when  once  made  we  must  atlliere  to  it,  or  at  least  we  must 
give  distinct  notice  of  any  change  which  we  make  with  respect 
to  it.  To  such  a unit  we  give  the  name  of  Primary  Unit. 


138.  Next,  to  explain  what  we  mean  by  an  exact  divisor  of 
a primary  unit. 

Keeping  our  Primary  Unit  as  our  main  standard  of  mea- 
surement, we  may  conceive  it  to  be  divided  into  a number  of 
parts  of  equal  magnitude,  any  one  of  which  we  may  take  as  a 
Subordinate  Unit. 

Thus  we  may  take  a pound  as  the  unit  by  which  we  mea- 
sure sums  of  money,  and  retaining  this  steadily  as  the  primary 
unit,  we  may  still  conceive  it  to  be  subdivided  into  20  equal 
parts.  We  call  each  of  the  subordinate  units  in  this  case  a 
shilling,  and  we  say  that  one  of  these  equal  subordinate  units  is 
one-twentieth  jnirt  of  the  primary  unit,  that  is,  of  a pound. 

These  subordinate  units,  then,  are  exact  divisors  of  the 
primary  unit. 


139.  Keeping  the  primary  unit  still  clearly  in  view,  we 
represent  one  of  the  subordinate  units  by  the  following  nota- 
tion. 


We  agree  to  represent  the  words  one-third,  one-fifth,  and 
one-twentieth  by  the  symbols  and  we  say  that  if 

the  Primary  Unit  be  divided  into  three  equal  parts,  will 

O 

rejiresent  one  of  these  parts. 
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If  we  have  to  represent  two  of  these  subordinate  units,  we 

2 3 

do  so  by  the  symbol  - ; if  t/tree,  by  the  symbol  ; if  jowr,  by 
4 

the  symbol  and  so  on.  And,  generally,  if  the  Primary  Unit 

O 

be  divided  into  h equal  parts,  we  represent  a of  those  parts  by 
the  symbol 

140.  Tlie  SAunbcl  t "'ve  call  the  Fraction  Symbol,  or,  more 

briefly,  a F raction.  The  number  beloiv  the  line  is  called  the 
Denominator,  because  it  denominates  the  number  of  equal 
parts  into  vdiich  the  Primary  Unit  is  divided.  The  number 
above  the  line  is  called  the  Ku.merator,  because  it  enumerates 
how  many  of  these  equal  parts,  or  Subordinate  Units,  are 
taken. 


141.  The  term  number  may  be  correctly  applied  to  Frac- 
tions, since  they  are  measured  by  units,  but  we  must  be 
careful  to  observe  the  following  distinction  : 

An  Integer  or  'Whole  Number  is  a multiple  of  the  Primary 
Unit. 

A Fractional  Number  is  a multiple  of  the  Subordinate 
Unit. 


142.  The  Denominator  of  a Fraction  .shews  vdiat  multiple 

the  Primary  Unit  i.s  of  the  Sulxjrdinate  Unit. 

%! 

The  Numerator  of  a Fraction  shews  what  multiple  the 
Fraction  is  of  the  Subordinate  Unit. 


143.  The  Numerator  and  Denominator  of  a fraction  are 
called  the  Terms  of  the  Fraction. 


144.  Having  thus  explained  the  nature  of  Fractions,  we 
next  pi'oceed  to  treat  of  the  operations  to  which  they  are  sub- 
jected in  Algebra. 


145.  Dee.  If  the  quantity  x be  divided  into  b equal  parts, 
and  a of  those  parts  be  taken,  the  result  is  said  to  be  the 

fraction  ? of  x. 
b 


If  X be  the  unit,  this  is  called  the  fraction 


a 

h' 
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146.  If  the  unit  be  divided  into  6 equal  partd, 


^ will  represent  one  of  the  parts. 

two 

three  


And  generally, 


a 


will  represent  a of  the  parts. 


147.  Next  let  us  suppose  that  each  of  the  h parts  is  mh- 
divided  into  c exiual  parts  : then  the  unit  has  been  divided 
into  be  equal  parts,  and 

— will  represent  one  of  the  subdivisions. 

• be 


And  generally, 
a 
be 


a 


^ ae  a 

148.  To  shew  that  = 

Let  the  unit  l)e  divided  into  b equal  parts. 

Then  % will  represent  a of  these  parts (1). 

b 

Next  let  each  of  the  b jxirts  he  subdivided  into  c e(pial 
parts. 

Then  the  primary  unit  has  been  divided  into  be  equal  pai  ts, 

and  will  represent  ae  of  these  subdivisions (2). 

be 

Now  one  of  the  parts  in  (1)  is  equal  to  c of  tne  subdivisions 
in  (2), 

a parts  are  ecpial  to  ae  subdivisions  ; 

. a _ac 
b be 
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Cor.  We  draw  from  tliis  prool'  two  inf'erc'nces  : 

I.  If  tlie  nurnerator  and  deiioininator  of  a fraction  l)e 
'multijylied  by  Ibe  same  numbei’j  the  value  of  tlie  frac- 
tion is  not  altered. 

TI.  If  the  numerator  and  denominator  of  a fraction  be 
divided  by  the  same  number,  the  value  of  the  fraction 
is  not  altered. 


149.  To  make  the  important  Theorem  established  in  the 
preceding  Article  more  clear,  we  shall  give  the  following  proof 

that  g = by  taking  a straight  line  as  the  unit  of  length. 


1 1 1 

1 1 1 

1 i 1 

1 1 1 

Mil 

A E D F I 

1 c 

Let  the  line  AC  be  divided  into  5 e(jual  parts. 

Then,  if  B be  the  point  of  division  nearest  to  G, 

A A’ is  - of  AC.  

5 


Next,  let  each  of  the  ]>arts  be  subdi\  ided 

Then  AC  contains  20  of  these  subdiv 
and  AB  16 

AB  is  of  A.  ' 

20 

Comparing  (1)  and  (2),  we  conclude  tha 


into  4 equal  pans 
isions, 

(2). 


4_16 
5 ~ 20' 


150.  From  the  Theorem  established  in  Art.  148  we  derive 
the  following  rule  for  reducing  a fraction  to  its  lowest  terms  ; 

F-md  the  Highest  Common  Factor  of  the  nvmerator  and  denomi- 
nator and  divide  both  by  it.  The  resulting  fraction  mil  be 

one  equivalent  to  the  ornjmal  fraction  exqmessed  in  the  simplest 
terms.  ^ 
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151.  When  the  numerator  and  denominator  each  consist  of 
a single  term  the  h.c.f.  may  be  determined  by  inspection,  or 
we  may  proceed  as  in  the  following  Example : 


To  reduce  the  fraction 


lOa^fc-c^  X 4-  I 
— to  its  lowest  terms, 


10rt^?/-c‘^  2 X 5 X aaahhcccc 

1 2a-6'*c-  2 X 6 X aabbbcc  ’ 


We  may  then  remove  factors  common  to  tlie  numerator  and 

, . , , ,,  , . . 5 X acc 

denominator,  and  we  shall  have  remaining  — — ^ ; 

6x6 


the  required  result  will  be 


5ac^ 
66  ■ 


152.  Two  cases  are  especially  to  be  noticed. 

(1)  If  every  one  of  the  factors  of  the  numerator  be  removed, 
the  number  1 (being  always  a factor  of  every  algebraical 
expression)  will  still  remain  to  form  a numerator. 

3a^c  _ 3aac  _ 1 
12a^c^  3 X 4 X aaacc  4ac 


(2)  If  every  one  of  the  factors  of  the  denominator  be  removed, 
the  result  will  be  a whole  number. 


Thus 


12a^c- 

3a^c 


3 X 4 X aaacc 

— r =4ac. 

3 X aac 


This  is,  in  fact,  a case  of  exact  division,  such  as  we  have 
explained  in  Art.  74. 


Examples. — xxxix. 

Reduce  to  equivalent  fractions  in  their  simplest  tenns  the 
following  fractions : 


4a^ 

l2a^‘ 

2. 

^2* 

\OaW 

24a%‘^‘ 

I8x^yh^ 

4bx^y^z‘^' 

5- 

la^Vc^ 

2\a%’^c^’ 

^ 4axy 
3a6c’ 

blayh 

d4a-yz'^' 

8. 

T^"^6^c2' 

Qx^yh^' 

[s.A.] 
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fractions. 


lo. 


13- 
1 6, 
19. 


20. 


21. 


22, 


2l0m?n-p 

xy 

— 6x^yz 
4a^x  + 6ii^y 

8^  187/2  • 

Sx*  + 3x^(/^ 
5x*  + f\xhjX 


1 1. 

a2 

14?a2a: 

cO  4-  ah' 

21m''^p  - 7mx* 

14. 

4ax + 2x2 
8ax2  — 2x2' 

IS- 

abc  4-  bey' 

17- 

12a62-  Qah 
8b‘-c  - 2c 

18. 

c2  — 4a2 
c2  -r  4ac  4-  4a2 

^ lal?a?  - "lahhj- 
I4a%cx^  - I4d^bcyx 


lOx  -•  [Oy 

4x‘2  _ gjry  + 4^ 

ax  -I-  hy 

Qab  -I  8cd 
27aW-x  - 48c^' 


^ 5x^  + 45dx^ 

lOcx®  + 90cdxX 

26  — 

5a^  + 5a^ 
4jj--8»/  + 


2 


J- 


xy  - a:?/;* 
2a2  — 2ax;2’ 


3771X  + 577x2 
3 my  + 5?7X7/‘ 


lo3  e shall  now  give  a set  of  Examples,  some  of  which 
may  be  Avorkecl  by  Eesolution  into  Fiictors.  In  others  the 
H.C.F.  of  the  numerator  and  denominator  must  be  found  by 

the  usual  process.  As  an  example  of  the  latter  sort  let  us 
take  the  following; 


To  reduce  the  fraction  ~ 19x-  14 

2x=^- 9x2 -38x4- 21 


to  ita  loioest  terms. 


Proceeding  l)y  the  usual  rule  for  finding  the 
numerator  and  denominator  we  find  it  to  be  x - 7 


H.C.F.  of  the 


Now  if  we  divide  X‘‘^-4x2 
x2 4- 3x  4- 2,  and  if  we  divide 
result  is  2x2  4-5x-3. 


19x  14  by  X— 7,  the  result  is 

2x2-9x2-38x4-21  by  a: -7,  the 


Hence  the  fraction  3^4-^^:^ -^3  erpiivalent  to  the  proposed 
fraction  and  i.s  in  its  lowest  terms. 


I. 


a^_  + 7a  4-  bf 
a2  4-  5a  4-  6 ' 


Examples. — xl. 


- 9x  4-  20 
x2-7x4-12' 


3- 


x2  - 2x  - 3 

x2-  ToxTFr 
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^ x^~l8xy  + 45y^ 
x^ — S.cy  — \{)5y'^' 

rc^  + 2x'^  - 3x  4- 20' 


5. 


x'^  + x^  + I ^ + 2x^y^  + y^ 

x^  + x+V  ' - i/‘ 

m®  + 3m^  — 4m 
m^  — 7m  + (» 


g x^-5x“  + llx-15_ 
x^  - + 3x  + 5 

x3- 8x2  + 21x-18 
3x2- 16x2 + 2 la;  ' 
x2  — 7x2  + I6x  — 12 
3x^  — 14x2  + 16x 


«3  + 2a2+2a  i-l' 

, 3r«x2— 13ax-l  14a 

7x2— 17X’2h  (Jj, 

14x2  — 34x  I 12 
9ax2  — 39ax-l  42a' 


1 1. 


12. 


13 


24. 


x"*  + xhy  + xy2  _ 
X*  — ay^y  — xy2  _ 

g2  I-  4g2  - 5 
g2  — 3a  + 2 ‘ 

62  + 462-56 


62  — 66  + 5 
3x2  + 2x  — 1 


18. 


19. 


20. 


10a-24a2  + 14g3 


15  — 24a  + 3g2  + 6a2‘ 

2a62  + a62  — Hub  + 5g 
762-  1262  T56  ■ 

g2  — 3a2  + 3a  -2 
g2  — 4a2  + 6a-4‘ 


g2  — g — 

21.  22.  -TJ 

x2  + X-  — X — 1 g2  + g — 


20 

l2' 


23- 


x2  - 3x2  _|_  4a-  — £ 


x2  — x2  — 2x  + 2 


(x  + y + 2)2  + (|3  — 2/)2  + (x  - 2)2  +(y  — xy 


X’2  + ^2  + 


2x^  — x2  — 9x2  + 13x  — 5_ 
^5-  7x2-19x2+17x-5  ’ 

16x4-53x2  + 45x  + 6 
8x-‘-30x2  + 31x2-12' 
4x'2  - 12ax  + 9g2 
8x3-27g2“  • 


^ 6x2  - 23x2  + 1 6x  - 3 

6x3-  17x2+1  lx -2' 


35- 

36. 


15g2  + a6  — 262 
9g2  + 3tt6  - 262' 
x2  - 7x  + 10 
2x2  - X - 6 ’ 
x3  + 3x2  ^ 4a  i_  12 
x3  + 4x2  + 4x  1-  3 ’ 
x^  - x2  - 2x  + 2 
2x3  - X - 1 


x3  - 6x2  4 j la  — 6 
^9-  a3  - 2x2  _ a + 2 ‘ 
+ ??i-2  + 77J,  — 3 
??^3  + 3m2  + 5m  + 3' 
x3  + 5x‘*  — x2  — 5x 
' x^  + 3x3  _ a — 3 ' 
g2  - 62  - 26c  - c2 
g2  + 2a6  + 62  - c‘2‘ 


x3  - 2x2  - 15x  f 36 
3x2  _ 4^  15—  • 
3x3  + x2-5x  + 21 
^ ' 6x3  ^ 29x2  26x  — ^1  ■ 

x^  — x3  - 4x2  — X + 1 
4x3  — 3x2  — 8x  — 1 
g3—  7g2+  16a—  12 
3a3-14g2+16a 
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FRACTIONS. 


154.  The  fraction  | is  sa  >d  to  be  a proper  fraction,  when  a 
is  less  than  h. 

The  fraction  | is  said  to  be  an  improper  fraction,  when  a is 
greater  than  h. 

155.  A whole  number  x may  be  written  as  a fractional 

X 

number  by  writing  1 beneath  it  as  a denominator,  thus  y. 


^ a c ac 

156.  lo  prove  that  ot  ^ = 

Divide  the  unit  into  bd  parts. 

Then  j of-,-^  of 
h d b bd 

— of  be  of  these  parts 

(XC 

= of  be  of  these  part* 


But 


= ac  of  these  parts 

= ac  of  these  parts ; 

Oft 

a ,,  c _ae 
'•  b d^M' 


(Art.  148) 
(Art.  147) 

(Art.  148) 
(Art.  147). 


This  is  an  important  Theorem,  for  from  it  is  derived  tlie 
Rule  for  what  is  called  Multiplication  of  Fr.\ctions.  We 

CL  C 

extend  the  meaning  of  the  sign  x and  define  , x (which 
° b d ^ 


according  to  our  definition  in  Art.  36  has  no  meaning)  to  mean 

“ of  and  we  conclude  that  y x = which  in  words  "ives 
b d b d bd'  ” 

us  this  rule — “ Take  the  product  of  the  numerators  to  form 

the  numerator  of  the  resulting  fraction,  and  the  product  of  tlm 

denominators  to  form  the  denominator 


The  same  rule  holds  good  for  the  muttiplication  of  three  or 
more  fractions. 


FRACTIONS. 


8 


157.  To  fhew  that  = 

b a be 


The  ([uotient,  x,  of  ^ divided  by  ^ is  a number  that  x 
multiplied  by  the  divisor  will  give  as  a result  the  dividend 


xc  _a 
d~b’ 

d „ xc  d j.  a 
c d c b 
xed  _ ad 
" cd  be  ’ 
ad 


x = 


be' 


Hence  we  obtain  a rule  for  what  is  called  Division  of 
Fractions. 

a c ad 

a _ c _a  d 
b ' d c' 

Hence  we  reduce  the  process  of  division  to  that  of  multipli 
cation  by  inverting  the  divisor. 


158.  The  follov/ing  are  examples  of  the  Multiplication  an  1 
Division  of  Fractions. 

2x  ...  2x  3a  6ax  2x 

1 . 3^2  = 3«2  ^ T ^ 

3x  3x  3a _3x  1 _ 3x  _ x 

2b  ' I 26  ^ 3a  6ab~2ah' 

4a^  3c  _ 3 X 4 X a-c  _ 2a 
9c^  ^ 2a  2 X 9 X ac-  3c " 

I4x^^7x  14x‘^  9(/_9  X 14  X a;2y_2x 

27y-  ~ dy^  27y^^  7x~  7 X 27  X xy^  3y 

2a  9h  5c  _ 2a  x 96  x 5c  _ 3 
36  ^ lOc  ^ 4a  36  x 10c  x 4a  4‘ 


5- 
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FRACTIONS. 


x^  — Ax  + lx  _x{x  — A)  x(x  + 7) 
x^  + lx'^^  x — A x^ixA-l)^  x — A 
_x{x  — A)x{x  I-  7)_ 
x^{x  + 'J){x-A) 

a^  — b'^  , A{a-  — ab)_  a-  — b^  a^  + ab 

a“  + 2ab  + b‘^‘  a-  + ab  a- + 2nb  + b‘^^  A(a^  — ab) 

__  {a  + b)  (a  - b)  a(a  + b) 

(a  + b)  («  + b)  ^ Aa  (a  — b) 

_ (a  + b) (a  — b)a{a+b)  _ 1 
(a  + b)  {a  + b)~Aa  (a  — b)  A' 


Ex  A MPLES.  — Xli. 


Simplify  the  following  expressions  : 


I. 


4- 

7- 

9- 


3,c  '/x 

— X 2. 

Ay  9y 

8a^b^  15x?/^ 

45a;^^’  ^ 2Aa%‘^‘ 

2x-y  5|/%  I2xz 
Axz“  6xy  ^ 20.r.7/“‘ 

9mhv^  ^ bp\  2Ax}y‘^ 
gp3q3  ^ 2xy  ^ 90mn’ 


Ab  ^ 'Ha 


9xhjh  20a%\ 
lOa-^b'^c^  ISxij-z' 


8. 


bc^d?  "" 


3- 

6. 

20c^(^“ 

42^3 


^ 3,r 

9y^  ^ 2y- 

2(1  Ab  5c 
56  ^ 3c  ^ 6(t 

4ac 


2bPm^  lOn^q  3pm 
14, ^2^2  ^ 'Jop'm  ^ Ah'n 


Examples. — xlii. 

Rerlnce  to  simple  fractions  in  their  lowest  terms : 


(1-6  «2  _ })2 

4- 

x2  + x-2  X2-13.C  + 42 

«2  + ab  a-  — ab' 

x‘2  - 7x  X-  + 2x 

a;2  + 4a;  4x2 -12x 

5- 

x2  - 1 1 r + 30  ,7;2  - 3x 

x2~-3x'':W2+12x’ 

x2  - Ox  + y ' x2  — 5x’ 

x2  + 3x1-2  x2-7x  + 12 

6. 

x2  - 4 x2  - 25 

x2  - 5x  t-  6 x2  + X 

x‘2  + bx  x2  + 2x" 

- 4a  + 3 a?  - 9a  + 20  a-  - 7a 
a^  — ba  + 4 a-  - J Oa  + 21  ^ a,^  - ba’ 

^ 62_7/,4_6  62  + 106  + 24  ¥-Hb'^ 

Jj2  ;3/,  _ 4 ^ _ 1 4/,  43  ft2  + Ql  • 


ACTIONS. 


9. 


a;2-y2 


^ xy  - 2if-  ^x^-xy 


X“  — 'ixy  + 2?/2  a;2  + xy  (x  — y)^' 


JO 

(a  + by  - 

“ c-  c-  - 

{a- 

by 

(C  - {b  - 

cy ""  c2  - 

{a  + 

by' 

XI. 

{x  - 'III)- 

- 

X 

-{n 

- iicy 

(x  - ?i)2  - 

- x^ 

- {ni 

- ny 

I 2 

(a  + by  - 

- (c  + dy 

X 

- by  - . 

(a  + cy  - 

- [!)  + ay 

' («- 

C)2-| 

T '7 

x^  — 2xy 

+ y^-z^ 

X + 

y-z 

‘ j' 

x^  + 2xy 

+ y^  — 

X - 

y + z 

Examples.— xliii. 

Simplify  the  following  ex])ressions  ; 


2a 

I. 

X 

. 36 

■ 5c  ‘ 

2 

' Uz 

. 5?/- 
Iz  ’ 

8x‘hj 

2rc^ 

' 30a6^' 

4(1 

4.  i 

r3a6. 

3p 

5. 

2p 

6.  i-i“ 

nx 

2p- 

2 p - 1 

5x 

5x 

•-T  • 

-2.  8. 

1 

1 

1 

1 

'■  7 ■ 

a;2  - 3x  + 2 ' x 

_r  9- 

x^-  17«  + 30  ■ 

X - 15' 

158. 

We  are 

now  able  to 

justify  the 

use  of  the  Fraction 

Symbol  as  one  of  the  Division  Symbols  in  Art.  73,  that  is, 

we  can  shew  that  ^ a proper  representation  of  the  quotient 

resulting  from  the  division  of  a by  b. 

For  let  X be  this  quotient. 

Then,  by  the  definition  of  a quotient.  Art.  72, 

bxx  = a. 

But,  from  the  nature  of  fractions, 


a 

:.^  = x. 
0 


ss 
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159.  Here  we  may  state  an  important  theorem,  which 
we  shall  require  in  the  next  chapter. 

a c 

If  ad  = bc,  to  shew  that  — = — 

b d 

Since  ad  = be, 

ad  be 


bd  bd 
a c 

b d 


X.  THE  LOWEST  COMMOh  MULTIPLE. 

1(10.  An  expression  is  a Common  Multiple  of  two  or 
more  other  expressions  when  the  former  is  exactly  divisible 
by  each  of  the  latter. 

Thus  2-ix^  is  a common  multiple  of  (i,  8a;"  and 

Ibl.  The  Lowest  Cojimon  ^Multiple  of  two  or  more 
expressions  is  the  expression  of  lowe.^t  dimensions  which 
is  exactly  divisible  by  each  of  them. 

Thus  18x'*  is  the  Lowest  Common  Multiple  of  dx* , 9x‘^, 
and  ilx. 

The  words  Lowest  Common  ^Multiple  are  abbreviated 
into  L.c.M. 

Hi2.  Two  numbers  are  said  to  be  prime  to  each  other 
which  have  no  common  factor  but  \mity. 

Thus  2 and  3 are  prime  to  each  other. 

a 

168.  Tf  a and  J>  be  prime  to  each  other  the  fraction  — 
is  in  its  lowest  terms.  b 

a c 

Hence  if  a and  b be  prime  to  each  other,  and  — = — , 
and  if  m be  the  h.c.  f.  o-f  e and  d,,  b d 

c d 

a = — and  5 = — . 


m 


m 
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Ki4.  Ill  findin"  tlie  Lowest  Common  Multiple  of  two  or 
more  expressions,  each  consisting  of  a single  term,  we  may 
proceed  as  in  Arithmetic,  thus  : 

fl)  To  find  the  l.c.m.  of  4a^x  and  18ax^, 

2 


a 

X 


4a^x,  18ax^ 


a 

b 

c 


2a^x, 

9ax^ 

2a‘^x, 

9x^ 

2a^, 

9x^ 

XXX  X 

M.  of  ab, 

ac,  be 

ab,  ac, 

be 

b,  c. 

be 

1,  c,  c 

1,  i7  i 


L 

.C.M.  = a xbx  c 

= abc. 

the 

L.C.M. 

of  \2ah 

, 146c2 

2 

12«2c, 

14ftc2, 

36ab‘^ 

6 

Qa^e, 

7bc^, 

18ab^ 

a 

a^c. 

7bc^, 

Sab^ 

b 

ae. 

7bc\ 

362 

e 

ac. 

7c2, 

36 

a. 

7c, 

36 

6 X 

a xbx 

c X a X 7c  X 36: 

Examples.— xliv. 

Find  the  L.C.M.  of 


1 . 4a/^x  and  6a~x^. 

2.  Sx^y  and  l-2xy'^. 

3.  4a^b  and  8a-b“^. 
i.  ax,  a"x  and  a^x^ 
5.  2ax,  4ax-  and  x^. 


6.  ab,  a^c  and 

7.  a^x,  a^y  and  x'^y^. 

8.  34aa;^  and  ax*. 

9.  5p\  lOqh  and  20pqr. 

10.  I8a*2,  72a^2  and  12xy. 
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165.  The  method  of  finding  the  l.c.m.,  given  in  the  ]>re- 
ceding  article,  may  be  extended  to  the  case  of  compound 
expressions,  wlien  one  or  more  of  their  fiictojs  can  l>e  readily 
determined.  Thus  we  may  take  the  following  Examples  : 


(1)  To  find  the  l.c.m.  oi  a- x,  a--x-,  and  a^-\-ax, 


a — x 

a — x, 

0 9 

a-  — x-j 

o2  -f  ox 

a-\-x 

1, 

o + x. 

o2  -f  OX 

1, 

T 

a 

L.C.M.  = {a  — x)(a  + x)a  — — x^)a  — — ax^. 

(2)  To  find  the  l.c.m.  of  lc-  - 1,  — 1,  and  4a:^  — 4x^, 

x^  I — 1,  - 1 , 4x®  - 4x'* 

1 1,  a;2+l,  4X-* 

L.C.M.  = — 1)  (x^  + 1)  4x^  = (x"*  — 1)  4x^  = 4x®  - 4xy 


166.  The  student  wdio  is  familiar  -with  the  methods  of 
resolving  simple  expressions  into  factors,  especially  those  given 
ill  Art.  125,  may  obtain  the  l.c.m.  of  such  expressions  by  a 
process  which  may  be  best  explained  by  the  following  Ex- 
amples : 

Ex.  1.  To  find  the  l.c.m.  of  a^  — x^  and  a^-x^, 

0,2  - x"  = (o  - x)  {a  + x), 
o^  - = (o  — x)  {a}  ax  -f  x^) 

Now  the  L.C.M.  must  contain  in  itself  each  of  the  factors  in 
each  of  these  products,  and  no  others. 

.'.  L.C.M.  is  {a  -x){a  + x)  (a^  + ax  + x^), 

the  factor  o-x  occurring  once  in  each  product,  and  therefore 
once  only  in  the  l.c.m. 

Ex.  2.  To  find  the  l.c.m.  of 

a2  — o2  — 2a?)  -t  h'\  and  -t-  2o6  + b^. 

o2  — ?)2  = (o  + h)  (a  — h), 
o2  - 2a?)  + h~—  {a  — h)  (a,  - h), 
o2  + 2ab  + h-  = (a  -f  h)  (a  + b)  ; 

L.c.m.  is  (a+  b)  (o  -b)(a-  b)  {a  -t-  ?)), 
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the  factor  a — h occuiTiii^f  huice  in  one  of  the  products,  and  a ! /’< 
occurring  hoice  in  anotlier  of  tlie  products,  and  therefore  eacli 
of  these  factors  must  occur  ttoice  in  the  l.C.m. 


6.  1,  X— 1 and  1.  15.  (a  + h)'^  and  — 

7.  x+ 1,  1 and  x^  + a;+ 1.  16.  a + b,  a — h and  — 

8.  x+ 1,  x^H- 1 and  x^+ 1.  17.  4(1 + *),  4(1 -x)and  2(1 -x^). 

9.  X — 1,  x^  - 1 and  x^  — 1.  18.  x — 1,  x-  + x+  1 and  x^—  1. 

19.  (a  — b)  (a  — c)  and  (a  — c){b  — c). 

20.  (x  + 1)  (x  + 2),  (x  + 2)  (x  + 3)  and  (x  + 1)  (x  + 3). 

21.  -y'^,  (x  + y)^  and  (x-y)^. 

22.  {a  + 3)  {a  + 1),  (rt  + 3)  (a  — 1)  and  — 1, 

23.  x^(x  — y),  x(x^  — y2)  and  x + y. 

24.  (x  + 1)  (x  + 3),  (x  + 2)  (x  + 3)  (x  + 4)  and  (x  + 1)  (x  + 2) 

25.  x^  — y‘“,  3(x  — y)^  and  12  (x^  + y^). 

26.  o(x2  + xy),  8(xy  — y-)  and  10(x2  — y-). 

167.  Tlie  cl.'icf  use  of  the  rule  for  finding  the  l.c.m.  is  for 
tlie  reduction  of  fractions  to  common  denominators,  and  in  the 
simj)le  examples,  wiiich  we  shall  have  to  put  before  the  student 
in  a subse(pieut  chapter,  the  rules  which  we  have  already  given 
will  he  found  generally  sutticient.  But  as  we  may  have  to  find 
the  L.C.M.  of  two  or  more  expressions  in  which  the  eleinentarv 
factors  cannot  he  determined  hy  inspection,  we  must  now  pro- 
ceed to  discuss  a Buie  for  finding  the  l.c.m.  of  two  expressions 
which  is  applicable  to  every  case. 


Examples. — xlv. 


Find  the  l.c.m.  of  the  following  e.xpressions  : 


1 . x^  and  ax  -t-  x-. 

2.  X“  — 1 and  x’  — x. 

3.  a^  — b^  and  a^  + ab. 

4.  2x  — 1 and  4x^—  1. 

5 . a+b  and  a^  + 6^. 


10.  X-  — 1,  x^  + 1 and  x^  - 1. 

11.  x^  — X,  x^  — 1 and  x^  1. 

12.  x^- 1,  x^  — X and  x^  — 1. 


13.  2a  t-1,  4a-— 1 and  8a^-Ll. 

14.  x + y and  2x^  + 2xy. 
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]68.  The  rule  for  finding  the  l.c.m.  of  two  exj^ressions  a 
and  b is  this. 

Find  d tlie  highest  common  factor  of  a and  h. 


In  words,  the  l.c.m.  of  two  expressions  is  found  by  the  fol- 
lowing process  : 

Divide  one  of  the  expressions  by  the  h.c.f.  and  multiply  the 
quotient  by  the  other  expression.  The  result  is  the  l.c.m. 

The  proof  of  this  rule  we  shall  now  give. 

169.  To  find  the  l.c.m.  of  two  algebraical  expressions. 

Let  a and  b be  the  two  algebraical  expressions. 

Let  d be  their  h.c.f., 

X the  required  l.c.m. 

Now  since  cc  is  a multiple  of  a and  b,  M^e  may  say  that 


Now  since  x is  the  Lowest  Common  INIultiple  of  a and  o, 
m and  n can  have  no  common  factor  ; 


Then  the  l.c.m.  of  a and  b ^-,xb, 

d ’ 

b 

or,  = X a. 
d 


X = ma,  x = 7ib  ; 
.'.  ma  = nb  ; 
mb 


(Art.  159). 


n a 


7)X/ 

the  fraction  — must  be  in  its  lowest  terms  ; 

'W.  ^ 


Hence,  since  x = ma. 


X = ma, 


b 


x=jX  a. 
d 


Also,  since 


x = nb, 
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170.  Ex.  FindtheL.c.M.  ofa;2_i3x  + 42andx2-19x  + 84. 

First  we  find  tTie  h.c.f.  of  the  two  expressions  to  be  x — 7. 
Then  L.C.M.  = 

X-  7 

Now  each  of  the  factors  composing  the  numerator  is  divisible 
by  X - 7. 

Divide  x^  — i3x  + 42  by  x — 7,  and  the  quotient  is  x — 6. 
Hence  l.c.m.  = (x-6)(x2  - 19x  + 84)=x3- 25x2+  198x-504. 

Examples.— xlvi. 

Find  the  l.c.m.  of  the  following  expressions  : 

1 . x2  + 5x  + 6 and  x2  + 6x  + 8. 

2.  a2_^_20  and  j2, 

3.  x2+3x+2  and  x2  + 4x  + 3. 

4.  .x2+ llx  + 30  and  x2+ 12x  + 35. 

5.  x2  - 9x- 22  and  x2  - 13x  + 22. 

6.  2x2  + 3x  + 1 and  x2  - x - 2, 

7.  x2  + xhj  + xy  + y2  and  - yh 

8.  x2  — 8x+ 15  and  x2  + 2x- 15. 

9.  21x2-26x  + 8 and  7x'^-4x2- 21x+ 12. 

I o.  x-2  + x^y  + x^2  ^ yZ  and  x^  - xhj  + xy2  _ ^3 

II.  + 2a25  _ a&2  _ 262  and  - 2a%  - ab-  + 2b^. 

171.  To  find  the  l.c.m.  of  three  expressions,  denoted  by 
a,  b,  c,  we  find  m the  l.c.m.  of  a and  b,  and  then  find  M the 
n.c.M.  of  m and  c.  M is  the  l.c.m.  of  a,  b and  c. 

The  proof  of  this  rule  may  be  thus  stated  : 

Every  common  multiple  of  a and  6 is  a multiple  of  m 
and  every  multiple  of  m is  a multiple  of  a and  6, 

therefore  every  common  multiple  of  m and  c is  a common 
multiple  of  a,  b and  c, 

and  every  common  multiple  of  a,  b and  c is  a common 
multiple  of  m and  c, 

and  therefore  the  l.c.m.  of  m and  c is  the  l.c.m.  of  a,  b 
and  c. 
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Examples. — xlvii. 

Find  the  l.c.m.  of  the  folio-wing  expressions  : 

1 . - 3.r  + 2,  — 4x  + 3 and  x’  - 5x  + 4. 

2.  x‘^+5x  + 4,  x^  + 4x  + 3 and  + 7x  + 12. 

3.  x‘^-9x  + 20,  a:^  - 1 2x  + 35  and  x-  - 1 la;  + 28. 

4.  6x2  _ _ 2^  21a;2  - 17x  + 2 and  I4x^  + 5a;  - 1 . 

5.  a;2- 1,  a;2  + 2x-3  and  6a;2-a;.-2. 

6.  a;2  - 27,  - 15x  + 36  and  - 3x^  - 2x  + 6. 


XI.  ON  ADDITION  AND  SUBTRACTION 
OF  FRACTIONS. 

172.  Having  established  the  Rules  for  finding  the  Lowest 
Common  Multiple  of  given  expressions,  we  may  now  proceed 
to  treat  of  the  method  by  which  Fractions  are  combined  by 
the  processes  of  Addition  and  Subtraction. 

173.  Two  Fractions  may  be  replaced  by  two  equivalent 
fractions  with  a Common  Denominator  bv  the  followimi 
rule  : 

Find  the  l.c.m.  of  the  denominators  of  the  given  fractions. 

Divide  the  l.c.m.  by  the  Denominator  of  each  fraction. 

]\Iultiply  the  first  Numerator  by  the  fir.st  Quotient. 

Multiply  the  second  Numerator  by  the  second  Quotient. 

The  two  Products  Avill  be  the  Numerators  of  the.  eipiivalent 
fractions  Avhose  common  denominator  is  the  l.c.m.  of  the 
original  denominators. 

The  same  rule  holds  for  three,  four,  or  more  fractions. 

f 

174.  Ex.  1.  Reduce  to  ec|uivalent  fractions  with  the 
lowest  common  denominator, 
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Denominators  3,  4. 

Lowest  Common  Multiple  12. 
Cuotienta  4,  3. 

N e w N umerators  8x  + 20,  1 2x  - 2 1 . 
Eipiivalent  Fractions 

12  L 


21 


Ex,  2.  Reduce  to  e<iuivalent  fractions  with  tlie  lowest 
common  denominator, 

bh  + 4c  6a  - 2c  3a-  bh 
ab  ’ ac  ’ be  ’ 

Denominators  ab,  ac,  be. 

Lowest  Common  Multiple  abc. 

Quotients  c,  h,  a. 

New  Numerators  bbc  + 4c^,  6ab  - 2bc,  3a^  - bab. 

T.  • T , bbc  + 4c^  6ah-2bc  3a- - bab 

111  valent  I' ractions  — , , , , ^ . 

abc  abc  abc 


Examples. — xlviii. 


Reduce  to  erpiivailent  fractions  with  the  lowest  common 
denominator  : 


• >.c  1 4x 

I ~r  cind 


3x  — 7 1 4x  — 9 

-6-“"'*  18-- 

2,c  — 4w  3x  — 8y 

3-  ~.-^~and  ^ 

ox-  lOx 

4a  + bb  3a  — 4b 
4.  r-^  and  — . 

•la^  oa 

4a  — be  , 3a  — 2c 
bac  ^ 12o.^c  ' 


1 


^ a - b , a^  — ab 

7-  , ® and  ® 


1 + X 1 - X* 

c 2 ,2 

8.  - and  

I —y^  ^ +y^ 

b , 6 

9. 

a 1 b 

lo.  - and 


c c{h+x)’ 


1 1. 


12. 


and 


(a  - b)  {b  -c)  (a  — b)  (a  — c)' 

1 a 1 


and 


ab  {a  — b)  (a  — c)  ac  (a  — c)  (b  — c) 


oo 
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™ 1 i.  ® c acZ  + 6c 

175.  lo  sliew  that  T +-7  = — n— • 

b a bd 

Suppose  the  unit  to  be  divided  into  bd  equal  parts. 
ad 

Then  ^ will  represent  ad  of  these  parts, 
he 

and  ^ will  represent  be  of  these  parts. 

Now  T = ^,  by  Art.  148, 
b bd’  ’ 

, c be 
and  j = i-j. 
d bd 


a 


Hence  ^ ^ will  represent  ad  + be  of  the  parts. 
ad  + be  represent  aa  + be  of  the  parts. 


But 


bd 


„ a e ad  + be 
iheretore  t+  i = — t j — • 
b d bd 

By  a similar  process  it  may  be  shewn  that 
a c ad  — be 
b~d^~~bdT' 


ci-  a e ad + bc 

176.  Since  r+j=  , 
b d bd  ’ 

our  Rule  for  Addition  of  Fractions  will  run  thus  : 

“ Reduce  the  fractions  to  equivalent  fractions  l\^iving  the 
Lowest  Common  Denominator.  Then  add  the  Numerators  of 
the  equivalent  fractions  and  place  the  result  as  the  Numerator 
of  a fraction,  whose  Denominator  is  the  Coniinon  Denominator 
of  the  equivalent  fractions. 

The  fraction  will  be  equal  to  the  sum  of  the  original  frac- 
tions.’^ 


The  beginner  should,  however,  generally  take  two  fractions 
at  a time,  and  tlien  combine  a third  with  the  resulting  fraction 
as  will  be  shewn  in  subsequent  Examples. 


Ai  . a e 
Also,  since  r — j 
’ b d 


__ad  — be 
~ ~ bd~’ 


the  Rule  for  Subtraeting  one  fraction  from  another  will  be. 
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“ Reduce  the  fractious  to  equivalent  fractions  having  the 
Lowest  Coniinon  Denominator.  Then  subtract  the  Numerator 
ot  the  second  of  the  e([ui valent  fractions  from  the  Numerator 
of  the  first  of  the  equivalent  fractions,  and  place  the  result  as 
the  Numerator  of  a fraction,  whose  Denominator  is  the  Common 
Denominator  of  tlie  ecpiivalent  fractions.  This  fraction  will  be 
equal  to  the  difference  of  the  original  fractions.” 

These  rules  we  shall  illustrate  by  examples  of  various  degrees 
of  difficulty. 

Note.  When  a negative  sign  precedes  a fraction,  it  is  best 
to  place  the  numerator  of  that  fraction  in  a bracket,  before 
combining  it  with  the  numerators  of  other  fractions. 

177.  Ex.  1.  To  simplify 

4x  — ‘Sy  3x  + 7y  bx  — 2y  9x  + 2y 
7 “ ~I4  ^ ~42~' 

Lowest  Common  Multiple  of  denominators  is  42. 

Multiplying  the  numerators  by  6,  3,  2,  1 respectively, 

24x— 18i/  9x  + 21^  I0x  — 4y  9x+2y 
42  ■*'  “T2  42"^  ~42~ 

_24x-  I8y  + 9x  + 2ly  - (lOx  - 4y)  + 9x  + 2y 
- 42 

24x  — l8y  + 9x  + 2ly—l0x  + 4y  + 9x  + 2y 

_ 32.x  + 9y 
~ 42  * 

TT'  -ir  'O  rri  • 1 • r 2x  + 1 4x  -j-  2 1 

Ex.  To  simplify — ! — + 

^ 3x  5x  7 

Lowest  Common  IMiiltiple  of  denominators  is  105x. 

Multiplying  the  numerators  by  35,  21,  15x,  respectively. 

70X  + 35  84X  + 42  15x 

105x 

_ 70x  + 35  - (84x  + 42)  + 15x 
105x 

70.x 4- 35  - 84.x - 42 -H 5x  x-7 
~ 105x  ~10^‘ 


[B.A.l 


G 
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Examples. — xlix. 

4a: + 7 3x-4  3a -46  2a-6  + c 13a -4c 

“•  3 + 12 

Ax-'iij  3x+1y  5x~2y  9x  + 2y 

+~14  ‘42  ■ 


3a;  — 2y  5x  - 7y  8x  + 2y 
5x  ^ 10a:  ^ 25 


4a;2  - 7y^  3x  -8y  5 - 2y 

3a;2'  “"Ox  ^ ~~~\2  ~‘ 


4a^  4-  56^  3a  + 26  7 — 2a 

^ “56  “ ~9  ■ 

4x  + 5 3x  — 7 9 

3 5x  ^ 12x‘‘^‘ 

5a + 26  4c  — 36  ^ 6a6  — 76c 
3c  2a  ^ 14ac 


2a  + 5c  4ac  - 3c^  5ac  - 2c' 
9-  » 


a^c 


ac“ 


d-c^ 


^iilzA  _ i ^ 

xhj'^  xy^  xhj 


a - b 4a  - 56 
a^6  a‘“6c 


;^-76 
6'^c2  • 


178.  Ex.  To  simplify 

a - 6 a + 6 
a + 6 a - 6' 

L.c.M,  of  <1  (‘nominators  is  a-  - 6“’. 

Multiplying  the  numerators  hy  a- 6 and  a + 6 resjaecti vely, 

we  get 

a'“  - 2ah  + 6^  a-  + 2a6  -f  6^ 

_ //2  + — „-2  _ jf> 

a?  — 2ah  + 6-  + a‘^  + 2ab  + 6- 
_2a2  + 262 
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Examples. — 1. 


1 1 

1 ^ ^ 

1 

1 

X — 6 X 4 5' 



X - 7 

X - 3" 

4. 

x-y  x + y' 

1 

2 

l^x 

1-^’ 

7*  ■ — ~ 4"  " 

X 

8. 

x + y X 

-y 

2 

3(t 

9*  8 7 — 

X 4“  u ^x 



10. 

4" 

3-  , — + . • 

I +x  I —X 


c 0 ^c;  + c/x) 

1 X 

+ 


x-y  (x-yY 


1 1 
+ 


2a  {a  + x)  2a  (a  — x)' 


179.  Ex.  1.  To  simplify 
3 


■ *1“ 


5 


6 


1 + y 1-7/  1 + 7/^ 


Taking  the  first  two  fractions 

3 5 

1+y^l-y 

_ 3 - 3t/  5 + 5^ 

1 - 7y“  1 - y'^ 

8 + 2y 

we  can  now  combine  with  this  result  the  third  of  the  original 
fractions,  and  we  have 

_J3_  5 6 

1+^/' 

8 + 2y  6 

■ -.r  i + 

_8  + 2y  + 8y^  + 2y^  6 - 

l-y^  ~l-i/ 

_ 8 + 2y  + 87/  + 27/3  _ 6 4-  6?/2 
l-y^ 

__  2\f  + 1 47/2  4-27/4-2 
1 -■?  ' 
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Ex.  2.  To  simplify 

{a  -b)  (6  — c)  ”**  (a  - b)  {c  — a)'^  (b  - c)  (c  - a)* 

L.c.M.  of  first  two  denominators  being  (a  -b)  (b-  c)  (c  - a) 

2c  — 2a  21)  — 2c  2 

{a  — b)  (b  -c)  (c-  (a  - b)  {b  — c)  (c-a)'^(b-  c)  (c  — a) 

_ 2b-  2a  2 

(a  — b)  (b-  c)  (c  - a)  "*"(&-  c)  (c  - a)' 

L.c.M.  of  the  two  denominators  being  (a  - b)  (b  - c)  (c  - a) 

_ 2b- 2a  + 2a- 2b  _ 0 

{a  -b){b-  c)  (c  -a)  {a  - b)  (b  -c)  {c- a) 


Examples. — li. 


1 1 2a 

1 1 - a"*"  1 - a‘^‘ 

1_  2x 

1-a:  l + 

Of*  /y»2  /V* 

*K/  ftO  ^ 

I —X  1 —x^  ^ I + x^’ 

„ x-l  x-2  x-Z 

7. s + - + -. 

x-2  X- 6 cc-4 

„ 3 4a  5a^ 

x-a'^  {x-a)'^  {x^  ay 

1 1 3 

x-\  0:4-2  (x4- 1)  (x4- 2)‘ 


1_  2b  4/)3 

a -b  a + b + b'^  a^  + b^' 

XV  x^ 

— ^ — I . 

y x + y 4-  xy' 

x4-3  X — 4 X4-5 

x4-4’^x-3'^x4-7‘ 


lo. 


II. 


1 3 

(x4-1)(x4-2)  (x4- 1)  (x4-2)  (x4-3)* 

x*'*  X X 

/-T^^T'^xTl* 


12. . 

(a  4-  c)  (a  4-  d)  {a  4-  c)  (a  4-  e)’ 

a-b  b-c  Q~a 

.{b  4-  c)  (c  4-  a)  (c  4-  a)  (a  4-  ^ (a  -f 
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x-a  x-b  (a-b)^ 

^ x-b  ^ x-a  (x-a)  (x-b)’ 

x + y 2x  x^y  — x^ 
y ^ x + y '^y{x^-y^y 

1 6 a + b b + c c + a 

(b  -c)(c  — a)  (c  — a)  (a  -b)^  (a  — b)(b-  c)* 

X 2xy 

x^  + xy + y‘^^  x^  — y^‘ 

1 8.  2 ^(a-by+(b-cy+(c-ay 

a-b  b-c  c — a (a  — b)(b  — c)  (c-a) 

a + b 2a  a~b  - a^ 

* b a + b^  a'%  — b^  ’ 

20  ^ — i 1 

(n+l)(n  + 2)  (w+ l)(ri  + 2)(?i  + 3)  (w+1)(ti  + 3) 

a^  — be  IF  — ac  c^  — ab 

(a  + b)  (a  + c)'^  (b  + a)  (b  + c)^  (c  + b)  (c  + a)’ 


180.  Since 


1 -aft  A 

~^  = a,  and  — y = a,  Art.  V7, 
aft  _ — aft 

T~~^T' 


From  this  we  learn  that  we  may  change  the  sign  of  the 
denominator  of  a fraction  if  we  also  change  the  sign  of  the 
numerator. 

Hence  if  the  numerator  or  denominator,  or  both,  be  expres- 
sions with  more  than  one  term,  we  may  change  the  sign  of 
every  term  in  the  denominator  if  we  also  change  the  sign  of 
every  term  in  the  numerator 

For  ci  — b _ — (g  — ft) 

c-d~-{c-d) 

_—a  + b 

~ - r+rf  ’ 


or,  writing  the  terms  of  the  new  fraction 
terms  may  stand  first, 

_b  — a 

~T^' 


so  that  the  positive 


liy0645 
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181.  Ex. 


To  simplify 


x(a  + x) 
a -X 


5ax  — x'^ 

X — a 


Changing  the  signs  of  tlie  numerator  and  denominator  of  the 
second  fraction, 


X (a  + x)  — 5ax  + x^ 
a -X  a— X 


ax  + x^-(  — 5 ax  + x-) 
a — x 


ax  + + 5ax  - 

a — x a-x' 


182.  Again,  since  —ah=  the  product  of  - a and  h, 
and  ah=  the  product  of  +u  and  h, 

the  sign  of  a product  will  he  clianged  hy  changing  the  signs  of 
one  of  the  factors  comjiosing  the  product. 

Hence  (a  — h)(b  — c)  will  give  a set  of  terms, 

and  (b  - a)  {b-  c)  will  give  the  same  set  of  terms  with  <hf- 
ferent  signs 

This  may  be  seen  by  actual  multiplication  : 

(a  — b)  (1)  - c)  = ab  - ac  - Ifl  + be, 

(b-a)  {b-  c)=  — ab  + ac  + 6-  — be. 

Consequently  if  we,  have  a fraction 

1 _ 

(a  - h)  f - c)’ 

and  we  change  the  factor  a-b  into  b-a,  we  shall  in  efl’ect 
change  the  sign  of  every  term  of  the  expression  Avhich  would 
result  from  the  multiplication  of  (a  - b)  into  {b  - c). 

Now  we  may  change  the  signs  of  the  denominator  if  we  also 
change  the  signs  of  the  numerator  (Art.  180) ; 

1 -1 

' ' (a  - b)  {b  -e)  {b  - a)  {b  - c)' 

If  we  change  the  signs  of  two  factors  in  a denominator,  the 
sign  of  the  numerator  will  remain  unaltered,  thus 

\ ^ 1 

(a  -b){b-  c)  (b  - a)  (c  - bf 
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183.  lix.  Simplify 

\ 1 1 

{d  - 6)  (6  - c)  {b  -a)  {a-  c)  (c  - a)  (c  - h)' 

First  change  the  signs  of  the  factor  (h-a)  in  the  second 
fraction,  changing  also  the  sign  of  the  nmneratoi’ ; and  change 
the  signs  of  the  factor  (c-a)  in  the  third  fraction,  changing 
also  the  sign  of  the  immerator, 

, , . 1 -1  -i 

the  result  is  — —rr7i ^ ^ ^ “ 7 T.v 

{a  - h)  {h  - c)  {a-  b)  {a  -c)  {a-  c)  [c  - h) 

Next,  change  the  signs  of  the  factor  {c-h)  in  the  third, 
changing  also  the  sign  of  the  numerator, 

the  result  is  _ h)  (a  -d)  ^ (a-c)  (h-c)' 

L.C.M.  of  the  three  denominators  is  (a  - b)(b-  c)  (a  - c), 
a-c  -b+c  a-b 

~ (a- b)  {b-  c)  (a-c)'^  (a  - b)  (a  -c)  (b-  c)  (a  -b)  {a-  c)  {b  - c) 

a-c-b  + c- {a -b)_ q 

” {a-b)  {b-  c)  (a  - c)  {a  -b)  {b-  c)  {a  - c) 


X x-y 

+ 

x-y  y-x 

X X 


Examples. — lii. 

3 + 2a:  2-3x  16x  — 

2 — x 2-tx'^  x^  — 4' 


2. 


+ -T7 


x^ 


1 


1 


x+1  \—x  x^—\ 


*"  6y  + 6 — 2 3 — 3y 


2' 


1 2 1 

(m  - 2)  (m  - 3)  (m  - 1)  (3  - m)  (m  - 1)  (m  - 2)' 


6. 


8. 


+ 


a^  + b^  2ab^  2a% 


(a-b){x  + b)  {b  — a){x  + ay 


7*  ^2  7 


a^  — b^  a?  — b^  a^  + 


1 


1 


+ : 


1 


4(l+x)  4(x-l)  ' 2(1+032)' 

■h- ^-7 ^ + 


1 1 


-y){y- (y i^-yY 


10. 


+ 


1 


+ 


a(a  — b)(a  — c)  b{b-  a)  {b  — c)  c{c  — a)  (c  — b) 
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184.  Ex.  To  simplify 
1 


a2-llx  + 30  i‘^-12a:  + 35* 

Here  the  denominators  may  be  expressed  in  factors,  and  wo 
have 

1 1 

(x  - 5)  (x  - 6)  (x  - 5)”(x  - 7)' 

The  L.C.M..  of  the  denominators  is  (x  - 5)  (x  - 6>  (x 7),  and 
we  have 


X—  / 


+ X — 6 


(x  - 5)  (x  - 6)  (x  - 7)  (x  - 5)  (x  - (>)  (x  - 7) 

_ 2x-13 

(x-5)  (x-6)  (x-7)‘ 


Examples.— liii. 

x^ + 9x  + 20  x2  + 12x'+^’ 

2 1 _ , 1 

x2-13x  + 42  x2^15x  + 54‘ 

S — 1— +—J— 

x2  + 7x-44  x2-2x-143‘ 

1 2x  1 

x2  + 3x  + 2 ’’’  x2  + 4x  + 3 x^  + 5x  + 6' 

m ^ 2?/i  2mn 

n m + n (m  + w)^' 

^ ^ j.  ^ * 2 

l+x  + x^'^’l-x  + x^  1 + x^  + x^* 

. 5 2_.  _j7x_  7x 

3(1 -x)  1+x  3x‘-^  + 3 

8 ^ 4.  ^ j.  ^ I 1 

8 (x  - 1 ) 4 (3  - x)  8 (x  - 5)  (1-x)  (x^8)~(x^y 

Q.  1— X + X^  — X^  + . 

^ 1+x 


XII.  ON  FRACTIONAL  EQUATIONS. 


185.  IVe  shall  explain  in  this  Chapter  the  method  of 
solviiif(,  first,  E([iiations  in  which  fractional  terms  occur,  and 
secondly,  Prohlems  leading  to  such  E(puitions. 

186.  An  E(|uation  involving  fractional  terms  may  he 
reduced  to  an  c(|uivalent  Ecpuition  without  fiactions  hij  mul- 
tiplying every  term  of  the  equation  by  the  Loivest  Comvwn 
Multiple  of  the  denominators  of  the  fractional  terms. 

This  process  is  in  accordance  with  the  principle  laid  down 
in  Ax.  III.  page  58  ; for  if  Loth  sides  of  an  equation  he  multi- 
plied hy  the  same  expression,  the  resulting  products  will,  hy 
that  Axiom,  he  equal  to  each  other. 

187.  The  following  examples  will  illustrate  the  pi-ocess  of 
clearing  an  Equation  of  Fractions. 


The  L.c.M.  of  the  denominators  is  6. 
Multiplying  both  sides  by  6,  we  get 


or. 


2x  + x = 48, 


or, 


4x  = 48  ; 

X = 1 2. 


The  L.c.M.  of  tlm  denominators  is  14. 
Multiplying  both  sides  by  14,  we  get 


— = 14x-28, 


2 
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or, 


or, 


or, 


7a;  + 2x  + 2 = 14x  - 28, 
7x  + 2x  - 14x  = - 28  - 2, 
-5x=  -30. 


Changing  Uie  signs  of  both  sides,  we  get 

5x-30  ; 


188,  Tlie  process  may  be  shortened  from  the  following 
considerations.  If  we  have  to  multiply  a fraction  by  a multijile 
of  its  denominator,  we  may  ilrst  divide  the  madtvplier  by  the 
denominator,  and  then  multiply  the  numerator  by  the  quotient. 
The  result  will  be  a Avhole  number. 

Thus,  12=’xx4  = 4x, 

O 


The  L.c.M.  of  the  denominators  being  12,  if  Ave  multiply  the 
numerators  of  the  fractions  by  G,  4,  and  3 respectively,  and  the 
other  side  of  the  equation  by  12,  we  get 


The  L.c.M.  of  the  denominators  is  12.r.  Hence,  if  we  mul- 
tiply the  numerators  by  12,  6,  4,  and  x resnectively,  Ave  get 

96-90-f-28=l7x, 


X 56  = (x  - 1)  X 8 = 8x  - 8. 


6x  + 4x  -I-  3x  = 4G8, 


or, 


13.x  = 468 ; 

.•.  x = 36. 


or, 

or, 
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Examples.— liv. 


X 

2 

= 8. 

3.  = 

3- 

X 

3“^ 

X 

4 

I 

H 

II 

5.  8G-|5  = 8. 

6. 

II 

7. 


2X 


. i ^ - V 

+-t=Jg+». 


X + 12  X - 1 X - 2 

.7. 


2 X 4x 

8.  ::  + i2=t  +(>. 


10. 


3 

3x 

4 

7x 

8 


5 ==-^-  + 2. 


9x 

10 


-8. 


2 + 3'-^4  4- 

X + f)  2./;  3x  - 0 
i9-  V + 7 + 


17 -3x  29-1  lx  28x4  14 

20.  — ^ - 3 + ,21  ’ 


1 1. 


9 

X 


8 = 74 


IX 

12' 


X 


2.C-  10 

21.  — ^ - = (). 

3X-I-4  4x-51 

“■  -7-  + ”47-  = '’' 


5x 


13.  56--^  =48  g 


23  — 3 = — 1. 

X X 


3x  180 -5x 
14.  -|-4—  — = 29. 


6 


124X  , 6 

’4.  — 5 = -. 


X 


Ln 

I 

II 

X — 8 
'”2* 

25. 

1 1 1 
4^^l0^  + 20^ 

jl 

^ X X .X 

2 + 3-^4 

13 

A 

^1  3 - X , 

9_'r  -1 — 

~12‘ 

4 2 

^3  3 1 325 

"4  X X 100' 

„ „1  18 -X  1 1 3-2x  2 

28.  22  + -3— =lgX  + 3 + ^,^--+g. 


X X 5x  ^2 

29-  o + T~^.-— 12  = It^x  — 58. 


30- 


'■3  4 6 
7x4  2 


io  3x_3x4l3  \7x 


10 


io8 
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189.  It  must  next  "be  observed  that  in  clearing  an  equation 
of  fractions,  whenever  a fraction  is  preceded  by  a negative  sign, 
we  must  place  the  result  obtained  by  multiplying  that  nume- 
rator in  a bracket,  after  the  removal  of  the  denominator. 

For  example,  we  ought  to  proceed  thus : — 

T-.„  1 x + 2 a:-2  x-1 

Ex.  1.  T- 

Multiply  by  70,  the  l.c.m.  of  the  denominators,  and  we  get 
14x  + 28-=35j;-70-(10.t;-  10), 
or  14x-t-28  = 35a;  — 70- lOx-f  10, 
from  which  we  shall  find  x — S. 


Ex.  2. 

5x  3a; 

Multiplying  by  15a;,  the  l.c.m.  of  the  denominators,  we  get 
5 1 — 6.<;  — i,'20.y  + 1 0)  = 1 5x, 


or 


5 1 — 6.r  — 20a’  — 10  — 15x, 


from  which  we  shall  find  a;=  1. 


Note.  It  is  from  want  of  attention  to  this  way  of  treating 
fractions  preceded  by  a negative  sign  that  beginners  make  so 
many  mistakes  in  the  solution  of  equations. 


Examples. — Iv. 


_ X4-2 

= 71. 

4* 

5x  5x  9 3 — X 
T“T'"4“^2“* 

3 — X 

nr. — 

.6? 

5- 

5x-4  ^ l-2x 

3 

3’ 

6 ' 5 ' 

6x-8 

= X . 

6. 

x + 2 14  3 + 5x 

5X-I-3  3-4.X  _ a;  31  9-5.i; 

' 8 3 


8. 


x-l-5  X — 2 x + 9 
x+l  x-4_X4-4 

^*3  7 '~fT 


lo.  x-3- 


x-i-2  X 


8 3 

x+5  x+2  x-2 


II. 


4 
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12. 

X X - 1 

-9. 

15- 

x+ 1 X - ; 

3 11  * 

2 3 

13- 

X + 2 X — 2 

X-  1 
--y-. 

16. 

2x  X + 3 

14. 

X 4-  9 3x  - ( 

3 „ 2x 

-.3  y. 

17- 

2x  4-  7 9x 

4 5 

7 1 

13  ■ 


11  2 


^^31  15x_7x-8 


8*- If)  11.'k-1_7x  + 2 
7 “ “13'^' 


19.  -3  — 


20. 


7a: + 9 3a; +1  9x-13  249 -9a: 


8 


14 


X XX  X 10 -a:  ^^3 

2..  -+lCte=2  + 5 + 4T,---r 


190.  Literal  equations  are  those  in  which  known  quantities 
are  represented  hy  letters,  usually  the  first  in  the  alphabet. 
The  following  are  examples  : — 


Ex.  1. 

that  is, 
or, 

therefore. 


To  solve  the  equation 

ax-\-hc  = hxA  ac, 
ax-bx  = ac-hc, 
(a-b)x=(a  — h)c, 
x = c. 


Ex.  2. 

that  is, 
or, 

therefore, 


To  solve  the  equation 

a^x  + bx  - c = b‘^x  + cx  - d, 
a^x  Abx-  b'^x  - cx  = c -d, 
(a‘^  + b-b‘^-c)x  = c — d, 
_ c — d 
^'a^  + b-b^^G 


Examples.— ivi. 


1.  ax-\-hx  = c. 

2.  2a—cx  — Sc—5bx. 

3.  bc  + ax  — d — a%  - fx. 


4.  dm  -bx  = bc-  ax. 

5.  abc  — a‘^x  — (tx  — a^b. 

6.  3acx  — 6bcd=l2cdx  + abc, 


no 
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7.  A:“  + dackx  + 3/c  = kx  + 2abk  — — ackx. 

8.  _ ac^  + ¥c  + ahcx  = ahc  + cmx  - ac-x  + IFc  - me. 


9- 

(a  + 

x + b)(a  + b-x)  — {a  + 

x)  (b 

— x) 

— ab. 

10. 

(a- 

x)  (a  + x)  = 2a^  4 2ax  - 

x^. 

1 1. 

(a‘^  + xf  = x‘^  + 4a‘^Aa\ 

12. 

(a2- 

-x)  (a2  + x)  = a‘‘  + 2ax- 

-x^. 

n.x  — 

h x + ac 

m (■ 

p”x  + x^) 

: mq^x  + 

mx^ 

13- 

c 

-|-  il 

c 

17- 

px 

V ' 

14. 

ax- 

3a  -bx  1 
2 ^^2' 

18. 

X 

a 

h = -,  — x. 
d 

4ax  - 2b 

x}  - 

-a  a - X 

a 

'5- 

6a  - 

3 

19. 

ni:. 

c iT 

X 

ax- 

6x  + 1 a (x^  - 1) 

20. 

3 

ah  - x^  4x  — ac 

ID. 

X ~ X ‘ 

c 

bx 

cx 

ab  + x b^-x  x-b  ab-x 

~P  M ~aT  ■ 


3ax  -2b  ax-a  _ax_2 
36  b 3' 


, ax  X ^ 

2'\.  am  — b — ^-\ = 0. 

^ h nm. 


24, 


2a%^ 


b m 
b^x 


(a  + b)  a{a  + b)  a + b b 


^ 3a‘^c  _ 3acx  ¥ - 2a6^x 


(a  + b)  ' 


ax“ 


ax 

+ a + — = 0. 
c 


25*  r 
0 — ex 

a (d‘^  + X?)  ax 

^ = ac-t  — r. 

a 


ab  , ,1 

27.  — = oc  + a + -. 


X 


X 


dx 


„ m{a-x) 

28.  c = a + -:r A 

3a + x 


a^c 


29.  (a  + x)  (6  + x)  - a (6  + c)  = ^-  + x“ 


ace  (a  + hy.x  , 

Qo.  — r — ox  = ae  — 3bx. 

a a 


191.  Ill  the  examples  already  given  the  L.c.M.  of  the 
denominators  can  generally  he  determined  hy  inspection. 
When  compound  expressions  appear  in  the  denominators,  it 
is  sometimes  desirable  to  collect  the  fractions  into  two,  one 
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on  each  side  of  the  equation.  When  tliis  lias  been  done,  we 
can  clear  the  e(|uation  of  fractions  by  inulliplying  the  nu- 
merator on  the  left  by  the  denominator  on  the  right,  and  tlie 
numerator  on  the  right  by  the  denoiiiiiiator  on  the  left,  and 
making  the  produ  ts  equal. 


, . (t  c 


it  is  evident  that  ad  = hc. 


Ex. 


4x  + 5 13:c  — 0 _ 2x  — 3 _ 

" 10  ~'fx  + 4 5 ’ 

4.x  + 5 2x  - 3 13.x  - (5 

‘ 10  5“""7x+T’ 


4.x  + 5 - (4x  - 6)  __  13x  — 6 _ 
10  ~~7x  + 4' 

11_13^J). 

Io~  7x+l  ’ 

.-.  11  (7x-t-4)=10(13x-6); 


whence  we  find 


104 


Examples.— Ivii. 


3x  + 7 

3x4-5 

6. 

2 -0 

4x4-5 

"4x4- 3‘ 

1 - 5x  1 - 2x 

x4-  6 

X 

1 1 _ 3 

2x4-5 

"2x-5* 

/• 

x-1  'x4-l  X^-l' 

2x  4"  7 

4x-l 

8. 

4x  4-  3 8x  4- 1 9 7x  - 29 

X4-2 

2x  - r 

9 18  5x  - 12 

5x  - 1 

5x  - 3 

X X-  - 5x  2 

2x4-3 

2x  - 3’ 

9- 

3 Sjj  / 3 

1 

4-  ? -0 

10. 

3x  -1-  2 2x  — 4 

4-  — .5 

3x  — 2 

+ 4x-3““- 

x-1  X4-2 

n.  l(x  + 3)-i(ll-*)  = ?(x-4)-i(x-3). 


{*+n  (2*  + 2)_2  = o. 

(x  — 3)  (x  + 6) 

(2x-l-3)x  , 1 , 

13.  — -^+--  = ic  + l. 

^ 2x  +'  1 3x 


14. 

i5- 


3 X 4- 1 _ x^ 
x + 1 x-1  l-x^’ 

2 8 45 


1 — X 1 -t-  X 1 - X'^’ 
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1 6. 

17- 

i8. 

(9- 


20. 


+ 


X — 8 2x— 16 

X*  - (4x-‘^  - 20x  + 24)  _ ^2 
x^  —2x  + A 

2a:‘‘  + 2x^-23a;2+3l£c 


24  3a: -24' 
— x^  + 2x  — 4. 


X“t-3a;  — 4 


= 2x^-4a;-a 


lo:-l=-lY4x2-3x-lf). 

4 16xV  8/ 


•X 


(4-!)4 


X- 


3x  — (4  - 5x) 


192.  Equation.s  into  Avhich  Decimal  Fractions  enter  do  not 
present  any  serious  ditliculty,  as  may  be  seen  from  the  follow- 
ing Examples : — 

Ex.  1.  To  solve  the  equation 

■•5x=-03x-t- 1-41. 


Turning  the  decimals  into  the  form  of  Vulgar  Fractions, 
we  get  * 

5x_  3x  141 

10  “ 100  Too’ 

Then  multiplying  both  sides  by  100,  we  get 

50x  = 3x+  141  ; 

therefore  47x=141; 

therefore  x = 3. 


Ex.  2. 


l-2x- 


T8X--05 


•4x  + 8-9. 


First  clear  the  fraction  of  decimals  by  multiplying  its 
numerator  and  denominator  by  100,  and  we  get 

, n 18x  — 5 . ^ ^ 

l-2x — = -4x  + 8-9  ; 

50 


therefore 

therefore 

therefore 

therefore 


^2x_18x-5_4x  89 
Uf  5()~“l0'^10’ 
60x  - 18x  + 5 = 20x  + 44.5  ; 
22x  = 440  ; 
x = 20. 
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Examples. — Iviii. 

1.  *5x  — 2 = ‘25x  + '2x— 1. 

2.  3'25x  — 5‘1 +x  — •75x  = 3‘9  + ‘5x. 

3.  •125x  + -01x=13--2x+-4. 

4.  •3x  + 1’305x4-’5x  = 22!)5  — -195x. 

5.  -2x  — •()lx+ •005x=  11'7. 

6.  2"4x = "8x  + 8"9. 

•5 


7.  2 •4c—  10" 75  = "25x. 
4-05 


8.  '5x  + 2 — •75x  = '4x— 1 1. 


9x 


+ 3-875  = 4-025. 


,0.  2-5x-^+"(i-2)  = ' 

8-5  -2  ,1  l-'lx 

II.  -7i =4 • 

2x4  X 


5x+3 


8 


12. 


*48x  3 — 4x  _ QfiQ 

-6 


13- 

14. 

15- 

16. 


2 — 3x  5x  2x  — 3_x  — 2 ^^7 

9 ^ "9‘ 

?£2?4.1.  -04  (x  + -9)  = 241-2. 

XX 


•5x 


•45x--75_l-2  -3s 

“ -2' 


•6 


•6 


3-5x  24 -3x 

8— = 


17.  -15x  + 


•135X--225  -36  '09x--18 


•6 


•9 


193.  To  sheiv  that  a simple  equation  can  only  have  one  root. 

Let  x = a be  the  equation,  a form  to  which  all  equations  of 
the  first  degree  may  be  reduced. 

Now  suppose  a and  /3  to  be  two  roots  of  the  equation. 
Then,  by  Art.  109, 

a = a, 

and  ^ 

therefore  ; 

in  other  words,  the  two  supposed  roots  are  identical. 

rs.A.i  ^ 


XIII.  PROBLEMS  IN  FRACTIONAL 
EQUATIONS. 


194.  We  shall  uow  give  a series  of  Easy  Problems  resulting 
for  the  most  part  in  Fractional  Equations. 

Take  tlie  following  as  an  exam])le  of  the  form  in  which  such 
Problems  should  be  set  out  by  a beginner. 

■“  Find  a number  such  that  the  sum  of  its  third  and  fourth 
parts  shall  be  etpial  to  7.” 

Suppose  X to  lepreseiit  the  number. 

Then  ^ will  represent  the  third  part  of  the  number, 


and  - will  represent  the  fourth  part  of  the  number. 

X X 

Hence  - + will  represent  the  sum  of  the  two  parts. 


But  7 will  represent  the  sum  of  the  two  parts. 
Therefore 


Hence 
that  is, 
that  is, 

and  therefore  the  number  sought  is  12. 


X X ^ 

4x  + 3;):  = 84, 
7x  = 84, 
a:=  12, 


Examples.— lix. 

1.  What  is  the  number  of  which  the  half,  the  fourth  and 
the  fifth  parts  added  together  give  as  a result  95  ? 

2.  AVhat  is  the  number  of  which  the  twelfth,  twentieth, 

and  fortieth  parts  added  together  give  as  a result  38  ? ^ 

3.  What  is  the  number  of  which  the  fourth  paid  exceeds 
the  fifth  part  by  4 ? 
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4.  Wliiit  is  the  number  of  which  the  twenty-fifth  part 
exceeds  the  thirty-fifth  part  by  8 I 

5.  Divide  60  into  two  such  parts  that  a seventh  part  of  one 
may  be  ecpial  to  an  eighth  part  of  the  other. 

6.  Divide  50  into  two  sucli  parts  that  one-fourth  of  one 
part  being  added  to  five-sixths  of  the  other  part  the  sum  may 
be  40. 

7.  Divide  100  into  two  such  parts  tliat  if  a third  ])art  of  the 
one  be  suljtracted  from  a fourth  part  of  the  other  the  remainder 
may  be  11. 

8.  What  is  the  number  which  is  greater  than  the  sum  of  its 
third,  tenth,  and  twelfth  j)arts  by  58  I 

9.  When  I have  taken  away  from  33  the  fourth,  fifth,  and 
tenth  parts  of  a certain  number,  the  remainder  is  xero.  What 
is  the  number  1 

10.  What  is  the  number  of  which  the  fourth,  fifth,  and 
sixth  parts  added  together  exceed  the  half  of  the  number 
by  112? 

11.  If  to  the  sum  of  the  half,  the  third,  the  fourth,  and  the 
twelfth  parts  of  a certain  number  I add  30,  the  sum  is  twice  as 
large  as  the  original  number.  Find  the  number. 

12.  The  difference  between  two  numbers  is  8,  and  the 
quotient  resulting  from  the  division  of  the  greater  by  the  less 
is  3.  What  are  the  numbers  ? 

13.  The  seventh  ]»art  of  a man’s  y>roperty  is  equal  to  his 
whole  property  diminished  by  .£1626.  What  is  his  ywoperty  ? 

14.  The  difference  between  two  numbers  is  504,  and  the 
([uotient  resulting  from  the  division  of  the  greater  by  the  less 
is  15.  What  are  the  numbers  ? 

15.  The  sum  of  two  numbers  is  5760,  and  their  difference 
is  equal  to  one- third  of  the  greater.  What  are  the  numbers  ? 

16.  To  a certain  number  I add  its  half,  and  the  result  is  as 
much  al)Ove  60  as  the  number  itself  is  below  65.  Find  the 
mindjer. 
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17.  The  ditierence  between  two  numbers  is  20,  and  one- 
seventh  of  the  one  is  equal  to  one-third  of  the  other.  What 
are  the  numbers  ? 

18.  The  sum  of  two  numbers  is  31207.  On  dividin^f  one 
by  the  other  the  quotient  is  found  to  be  15  and  the  remainder 
1335.  What  are  tlie  numbers  ? 

19.  Tlie  ages  of  two  brothers  amount  to  27  years.  On 
dividing  the  age  of  the  elder  by  that  of  the  younger  the  quo- 
tient is  3^.  What  is  the  age  of  each  \ 

20.  Divide  237  into  two  such  jjarts  that  one  is  four-fifths  of 
the  other. 

21.  Divide  .£1800  between  A and  I>,  so  that  i>’s  share  may 
be  two-sevenths  of  ^4’s  share. 

22.  Divide  46  into  two  such  parts  that  the  sum  of  the 
quotients  obtained  by  dividing  one  part  Ijy  7 and  the  other  by 

3 may  be  equal  to  10. 

23.  Divide  the  number  a into  two  such  parts  that  the  sum 
of  the  quotients  obtained  by  dividing  one  part  by  m and  the 
other  by  n may  be  equal  to  h. 

24.  The  sum  of  two  numbers  is  a,  and  their  difference  is  h. 
Find  the  numbers. 

25.  On  multiplying  a certain  number  by  4 and  dividing 
tlie  product  by  3,  1 obtain  24.  Wliat  is  the  number  ? 

26.  Divide  .£864  between  A,  B,  and  C,  so  that  A gets 

of  what  B gets,  and  C’s  share  is  equal  to  the  sum  of  the  shares 
of  A and  B. 

27.  A man  leaves  the  half  of  his  property  to  his  wife,  a 
sixth  part  to  each  of  his  two  children,  a twelfth  part  to  his 
brother,  and  the  rest,  amounting  to  i:600,  to  charitable  uses. 
What  was  the  amount  of  his  property  ? 

28.  Find  two  numbers,  of  which  the  sum  is  70,  such  that 
the  first  divided  by  the  second  gives  2 as  a quotient  and  1 as 
a remainder. 

29.  Find  two  numbers  of  which  the  dilference  is  25,  such 
that  the  secoml  divided  by  the  first  gives  4 as  a quotient  and 

4 as  a remainder. 
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30.  Divide  the  mimher  208  into  two  parts  such  that  the 
sum  of  tlie  fourtli  of  the  greater  and  the  tliird  of  the  less  is 
less  by  4 than  four  times  the  difference  between  the  two  parts, 

31.  Tliere  are  thirteen  days  between  division  of  term  and 
the  end  of  the  first  two-thirds  of  the  term.  How  many  days 
are  there  in  the  term  ? 

32.  Out  of  a cask  of  wine  of  which  a fifth  part  had  leaked 
away  10  gallons  were  drawn,  and  then  the  cask  was  two-thirds 
full.  How  much  did  it  hold  ? 

33.  The  sum  of  the  ages  of  a father  and  son  is  half  what  it 
will  be  in  25  years  : the  difference  is  one-third  what  the  sum 
will  be  in  20  years.  Find  the  respective  ages. 

34.  A mother  is  70  years  old,  her  daughter  is  exactly  half 
that  age.  How  many  years  have  passed  since  the  mother  was 

times  the  age  of  the  daughter  ? 

35.  A is  72,  and  B is  two-thirds  of  that  age.  How  long  is 
it  since  A was  5 times  as  old  as  B 1 

Note  I.  If  a man  can  do  a piece  of  work  in  x hours,  the 
part  of  the  work  which  he  can  do  in  one  hour  will  be  repre- 
sented by  -. 

cc 

Thus  if  A can  reap  a field  in  12  hours,  he  will  reap  in  one 
hour  ^ of  the  field. 

Ex.  A can  do  a piece  of  work  in  5 days,  and  B can  do  it 
in  12  days.  How  long  will  A and  B working  together  take  to 
do  the  work  ? 

Let  X represent  the  number  of  days  A and  B will  take. 

Then  - will  represent  the  part  of  the  work  they  do  daily 

JC 

Now  i represents  the  part  A does  daily, 

and  Y2  represents  the  juirt  B does  daily. 


ii8  PROBLEMS  IN  FRACTIONAL  EQUATIONS. 


Hence  - + — will  represent  the  part  A and  B do  daily. 
5 12 

^ 1 1 1 
Consequently  v = -• 

0 1.^  oc> 


Hence 


or 


12x  + 5x=60, 
17x  = 60 ; 

17' 


X— 


9 


That  is,  they  will  do  the  Avork  in  3^;^  days. 

36.  A can  do  a piece  of  work  in  2 ilays.  B can  do  it  in  3 
days.  In  what  time  will  they  do  it  if  they  work  together  ? 

37.  A can  do  a piece  of  work  in  50  days,  B in  60  days, 
and  G in  75  days.  In  Avhat  time  will  they  do  it  all  working 
together  1 

38.  A and  B together  finish  a work  in  12  days  ; A and  G 
in  15  days  ; B and  G in  20  days.  In  what  time  will  they 
finish  it  all  working  together  ? 

39.  A and  B can  do  a piece  of  work  in  4 hours  ; A and  0 

O J 

in  3-  hours  ; B and  G in  5=  hours.  In  what  time  can  A do 
5 7 

it  alone  ? 

40.  A can  do  a piece  of  work  in  2^  days,  B in  3-  days, 

3 

and  G in  3'-  days.  In  what  time  will  they  do  it  all  working 

4 

together  I 

41.  A does  p of  a piece  of  Avork  in  10  days.  He  then  calls 

o 

in  B,  and  they  finish  the  Avork  in  3 days.  Hoav  long  Avould  B 
take  to  do  one-third  of  the  work  l>y  himself? 

Note  II.  If  a tap  can  fill  a A^essel  in  x hours,  the  ]>art  of 

the  A'essel  filled  hy  it  in  one  hour  Avill  he  represented  by 

Ex.  Three  taps  running  separately  Avill  fill  a A^essel  in  20, 
30,  and  40  minutes  resjiectively.  In  Avhat  time  will  they  fill  it 
when  they  all  run  at  the  same  time  1 
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Let  X re})reseiit  the  numher  of  iiiiuutes  they  will  take. 

Then  i will  represent  the  part  of  the  vessel  filled  in  } 

oc 

minute. 

Now  represents  the  part  tilled  by  the  first  tap  in  1 minute, 

second 

oU 

third 

40 

or,  multiplying  both  sides  by  120x, 

6x  + 4x  + 3x  = 1 20, 
that  is,  13x=120; 

120 

3 

Hence  they  will  take  9 -;r  minutes  to  fill  the  vessel. 

i tJ 


42.  A vessel  can  be  filled  by  two  pipes,  running  separately, 
in  3 hours  and  4 hours  respectively.  In  what  time  ’«^'ill  it  be 
filled  when  both  run  at  the  same  time  ? 


43.  A vessel  may  be  filled  by  three  different  pipes;  by  the 

first  in  li  hours,  by  the  second  in  3^  hours,  and  by  the  third 
o o 

in  5 hours.  In  what  time  will  the  vessel  be  filled  when  all 
three  pipes  are  opened  at  once  ? 

. 44.  A bath  is  filled  by  a pipe  in  40  minutes.  It  is  emptied 
by  a waste-pipe  in  an  hour.  In  what  time  vdll  the  bath  be 
full  if  both  pipes  are  opened  at  once  ? 

45.  If  three  pipes  fill  a vessel  in  a,  h.  c minutes  running 
separately,  in  wliat  time  will  the  vwe^  tilled  when  all  three 
are  opened  at  once  ? 


120 
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46.  A vessel  containing  755  ^ gallons  can  be  filled  by  three 
pipes.  The  first  lets  in  12  gallons  in  3|  minutes,  the  second 

15-  gallons  in  2^  minutes,  the  third  17  gallons  in  3 minutes  : 

in  what  time  will  the  vessel  be  filled  by  the  three  pipes  all 
running  together? 

47.  A vessel  can  be  filled  in  15  minutes  by  three  pipes, 
one  of  which  lets  in  10  gallons  more  and  the  other  4 gallons 
less  than  the  third  each  minute.  The  cistern  holds  2400  gallons. 
How  much  comes  through  each  pipe  in  a minute  ? 


Note  III.  In  questions  involving  distance  travelled  over  in 
a certain  time  at  a certain  rate,  it  is  to  be  observed  that 

Distance 


Rate 


- = Time. 


That  is,  if  I travel  20  miles  at  the  rate  of  5 miles  an  hour, 

20 

number  of  hours  I take  = -=• . 


Ex.  A and  B set  out,  one  from  Newmarket  and  the  other 
from  Cambridge,  at  the  same  time.  The  distance  between  the 
towns  is  13  miles.  A walks  4 miles  an  hour,  and  B 3 miles  an 
hour.  Where  will  they  meet  ? 

Let  X represent  their  distance  from  Cambridge  when  they 
meet. 

Then  13 -x  will  represent  their  distance  from  Newmarket. 

Then  |=time  in  hours  that  B has  been  walking, 

f5 

A 

4 

And  since  both  have  been  walking  the  same  timej 

x_13-x 
3”~4^~’ 
or  4x  = 39  - 3x. 
or  7x=39; 

39 
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That  is,  tliey  meet  at  a distance  of  5^  miles  from  Cam- 
bridge. 

48.  A person  starts  from  Ely  to  walk  to  Cambridge  (which 

is  distant  16  miles)  at  the  rate  of  4^  miles  an  hour,  at  the 

same  time  that  aTiother  person  leaves  Cambridge  for  Ely 
walking  at  the  rate  ol  a mile  in  18  minutes.  Where  wdll  they 
meet  ? 

49-  -A.  person  walked  to  the  top  of  a mountain  at  the  rate 

^3  hour,  and  down  the  same  way  at  the  rate  of 

3—  miles  an  hour,  and  was  out  5 hours.  How  far  did  he  walk 
altogether  % 

50.  A man  w^alks  a miles  in  h hours.  Write  down 

(1)  Tlie  number  of  miles  he  will  walk  in  c hours. 

(2)  The  number  of  hours  he  wull  be  walking  d miles. 

51.  A steamer  which  started  from  a certain  place  is  fol- 
lowed after  2 days  by  another  steamer  on  the  same  line.  The 
first  goes  244  miles  a day,  and  the  second  286  miles  a day.  In 
how  many  days  will  the  second  overtake  the  first  ? 

52.  A messenger  who  goes  3l|  miles  in  5 hours  is  followed 

after  8 hours  by  another  who  goes  22^  miles  in  3 hours.  When 
will  the  second  overtake  the  first  ? 

53.  Two  men  set  out  to  walk,  one  from  Cambridge  to 
London,  the  other  from  London  to  Cambridge,  a distance  of 
60  miles.  The  former  walks  at  the  rate  of  4 miles,  the  latter 

at  the  rate  of  3^  miles  an  hour.  At  what  distance  from  Cam- 

bridge  will  they  meet  ? 

54.  A sets  out  and  travels  at  the  rate  of  7 miles  in  5 hours. 
Eight  hours  afterwards  B sets  out  from  the  same  place,  and 
travels  along  the  same  road  at  the  rate  of  5 miles  in  3 hours 
After  wliat  time  will  B overtake  A ? 
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Note  IY.  In  problems  relating  to  clocks  tlie  chief  point  to 
be  noticed  is  that  the  minute-hand  moves  12  times  as  fast  as 
the  hour-hand. 

The  following  examples  should  be  carefully  studied. 

Find  the  time  between  3 and  4 o’clock  when  the  hands  of  a 
clock  are 

(1)  Opposite  to  each  other. 

(2)  At  right  angles  to  each  other. 

(3)  Coincident. 


(1)  Let  ON  represent  the  position  of  the  minate-hand  in 

Fig.  I. 

OD  represents  the  position  of  the  hour-hand  in  Fig.  I. 

M marks  the  12  o’clock  point. 

T 3 o’clock 

# 

The  lines  OM,  OT  represent  the  position  of  the  hands  at 
3 o’clock. 

Now  su])pose  tlu!  time  to  be  x minutes,  past  3. 

Then  the  minute-hand  has  since  3 (/clock  moved  over  the 
arc  MDN. 

And  the  hour-hand  has  since  3 o’clock  moved  over  the 
arc  Tl). 

Hence  arc  M DN  = twelve  times  a^-c  TJX 
If  then  we  represent  MDN  by  x, 

7* 

we  shall  represent  TD  by  A. 

Also  we  shall  re]»r(^seiit  MThy  1.5, 

;ui(l  VN  i)y  30. 
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Now 

MDN  = M7'  + TD  + DN, 

that  is, 

a;=154-^  + 30. 

or  12x=  180  + X + 360 
or  lla;  = 540; 

540 

11  • 

Hence  the  time  is  49—  minutes  past  3. 

(2)  In  Fig.  II.  the  description  given  of  the  state  of  the 
clock  in  Fig.  I.  applies,  except  that  J)N  will  be  represented  by 
15  instead  of  30. 

Now  suppose  the  time  to  be  x minutes  past  3. 

Then  since 

MJ)N=  MT+  TD  + DN, 
from  which  we  get 

360 

g 

that  is,  the  time  is  32—  minutes  past  3. 


(3)  In  Fig.  III.  the  hands  are  both  in  the  positioiv  ON^ 
Now  suppose  the  time  to  be  x minutes  past  3. 

Then  since 


MN=MT+TN, 

or  12x=180  + ic, 

180 

or 

.4 


that  is,  the  time  is  - minutes  past  3, 


55.  At  what  time  are  the  hands  of  a watch  opposite  to 
each  other, 

(1)  Between  1 and  2, 

(2)  Between  4 and  5, 

(3)  Between  8 and  9 ? 
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56.  At  wliat  time  are  the  hands  of  a watch  at  riglit  augles 
to  each  other, 

(1)  Between  2 and  3. 

(2)  Between  4 and  5, 

(3)  Between  7 and  8 ? 

57.  At  what  time  are  the  hands  of  a watch  together, 

(1)  Between  3 and  4, 

(2)  Betw'een  6 and  7, 

(3)  Between  9 and  10  ? 


58.  A person  buys  a certain  nimber  of  apples  at  the  rate 
of  five  for  twopence.  He  sells  half  of  them  at  two  a ])enny, 
and  the  remaining  half  at  three  a penny,  and  clears  a penny 
by  the  transaction.  How  many  does  he  buy  ? 

59.  A man  gives  away  half  a sovereign  more  than  half  as 
many  sovereigns  as  he  has : and  again  half  a sovereign  more 
than  half  the  sovereigns  then  remaining  to  him,  and  now  has 
nothing  left.  How  much  had  he  at  first  ] 


60.  What  must  be  the  value  of  n in  order  that 

may  be  equal  to  when  a is  i ? 

33  3 


2a + H 
3ti  + 69a 


61.  A body  of  troops  retreating  before  the  enemy,  from 
which  it  is  at  a certain  time  25  miles  distant,  marches  18  miles 
a day.  The  enemy  lairsues  it  at  the  rate  of  23  miles  a day, 
but  is  first  a day  later  in  starting,  then  after  2 days  is  forced 
tu  halt  for  one  day  to  repair  a bridge,  and  this  they  have  to  do 
again  aftei  two  da\s  more  marching.  After  how^  many  days 
from  the  beginning  of  the  retreat  wall  the  retreating  force  be 
overtaken  ? 


62.  A person,  after  paying  an  income-tax  of  sixpence  in  the 
pound,  gave  away  one-thirteenth  of  his  remaining  income,  and 
had  £540  left.  What  W’as  his  original  income  ? 

63.  From  a sum  of  money  I take  away  £50  more  than  the 
half,  then  from  the  remainder  i:30  more  than  the  fiilh,  then 
fiom  the  second  remainder  £20  more  than  the  fourth ’part : 
and  at  last  only  £10  nnnains.  What  was  the  original  sum? 
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64.  I bought  a certain  number  of  eggs  at  2 a penny,  and 
the  same  nunil)er  at  3 a penny.  T sold  tliem  at  5 for  twopence, 
and  lost  a penny.  How  many  eggs  did  1 buy  1 

65.  A cistern,  holding  1200  gallons,  is  filled  by  3 ]>ipes 
A,  B,  C in  24  minutes.  The  pipe  A recpiires  30  minutes  more 
than  C to  till  the  cistern,  and  10  gallons  less  run  tlirough  0 per 
minute  than  through  A and  B together.  What  time  would 
each  pipe  take  to  till  the  cistern  by  itself  ? 

66.  A,  B,  and  C drink  a barrel  of  beer  in  24  days.  A and 

4 

B drink  .^rds  of  what  C does,  and  B drinks  twice  as  much  as  A. 

O 

In  what  time  would  each  separately  drink  the  cask  1 

67.  A and  B shoot  by  turns  at  a target.  A puts  7 bullets 
out  of  12  into  the  centre,  and  B puts  in  9 out  of  12.  Between 
them  they  put  in  32  bullets.  How  many  shots  did  each  tire? 

68.  A farmer  sold  at  market  100  head  of  stock,  horses, 
oxen,  and  sheep,  selling  two  oxen  for  every  horse.  He  oljtained 
on  the  sale  £2,  7s.  a head.  . If  he  sold  the  horses,  oxen,  and 
sheep  at  the  respective  prices  .£22,  £12,  10s.,  and  £1,  10s.,  how 
many  horses,  oxen,  and  sheep  respectively  did  he  sell  ? 

69.  In  a Euclid  paper  A gets  160  marks,  and  B just  passes. 
A gets  full  marks  for  book-work,  and  twice  as  many  marks 
for  riders  as  B gets  altogether.  Also  B,  sending  answers 
to  all  the  questions,  gets  no  marks  for  riders  and  half  marks 

for  book- work.  Supposing  it  necessary  to  get  - of  full  marks 

in  order  to  pass,  find  the  number  of  marks  which  the  paper 
carries. 

70.  It  is  between  2 and  3 o’clock,  but  a person  looking  at 
the  clock  and  mistaking  the  hour-hand  for  the  minute-hand, 
fancies  that  the  time  of  day  is  55  minutes  earlier  than  the 
reality.  What  is  the  true  time  ? 

71.  An  army  in  a defeat  loses  one-sixth  of  its  number  in 
killed  and  wounded,  and  4000  prisoners.  It  is  reinforced  by 
3000  men,  but  retreats,  losing  a fourth  of  its  number  in  doing 
so.  There  remain  18000  men.  What  was  the  original  force  ? 

72.  The  national  debt  of  a country  was  increased  by  one- 
fonrth  in  a time  of  war.  During  twenty  years  of  peace  whic'^ 
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followed  ^25,000,000  was  paid  off,  and  at  the  end  of  that  time 
the  interest  was  reduced  from  4|  to  4 per  cent.  It  was  then 
found  that  the  interest  was  the  same  in  amount  as  before  the 
war.  What  was  the  amount  of  the  debt  before  the  war  ] 

73.  An  artesian  well  supplies  a brewery.  The  consunij  ^ 
tion  of  water  goes  on  each  week-day  from  3 a.m.  to  6 p.m.  at 
double  the  rate  at  which  the  water  flows  into  the  well.  If 
the  well  contained  2250  gallons  Avhen  the  consumption  began 
on  Monday  morning,  and  it  Avas  just  emptied  A\dien  the  con- 
sumption ceased  in  the  eA^eniiig  of  the  next  Thursday  but  one, 
Avhat  is  the  rate  of  the  influx  of  water  into  the  well  in  gallons 
per  hour  ? 


XIV.  ON  MISCELLANEOUS  FRACTIONS. 

195.  In  this  Chapter  Ave  shall  treat  of  various  matters  con- 
nected Avith  Fractions,  so  as  to  exhibit  the  mode  of  applying 
the  elementary  rules  to  the  simplification  of  expressions  of  a 
more  complicated  kind  than  those  Avhich  have  hitherto  been 
discussed. 

196.  The  attention  of  tlie  student  must  first  be  directed 
to  a point  in  Avhich  the  notation  of  Algebra  differs  from  that  of 
Aritlimetic,  namely  when  a xohole  number  and  a fraction  stand 
side  by  side  with  no  sign  between  them. 

Thus  in  Arithmetic  2^  stands  for  the  sum  of  2 and 

^ 7 

But  in  Algebra  x-  stands  for  the  product  of  x and 
^ z 

So  in  Algebra  3——  stands  for  the  product  of  3 and  — — • 
^ c * 
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Examples. — lx. 

Simplify  the  following  fractions : 


1 . ft  + X + <J— . 

X 


ft-  + ax 

— ^ ' 


x“ 


X 


x-y  ^ y 

3.  ^ + 2—^—. 

X 'J^-y 

,a  + b a^  — h^ 

4.  ^ - 2 - -TT,. 

^ a-h  ft-  + U 


197.  A fraction  of  which  the  Numerat<n- or  Denominator 
is  itself  a fraction,  is  called  a Complex  Fraction. 

y * 

Oj  c *?/ 

Tims  -%  and  — are  complex  fractions, 

ft  ft  m 

b n 


A Fraction  whose  terms  are  whole  numbers  is  called  a 

Simple  Fraction. 

All  Complex  Fractions  may  be  rediiced  to  Simple  PTactions 
by  the  processes  already  described.  We  may  take  the  follow- 
ing Examj)les  : 

ft 

b a ^ m __a  n _ an 
^ m~~h  ' n~b  m bm 
n 


(2) 


ft  c 

b d_/a  c\  /m  p\_ad -be  ^ mq-np 
m p>  \b  cl/  \n  q/  bd  ' nq 
n q 

_ ad -be  nq  _nq  (ad  - be) 

bd  mq  - np  bd  (mq  — np)' 


(3) 


1 -\-x 


1+X  X _x(\+x) 

1 X’  + I 1 + X ^ 
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1 _ _1 
1 -X  1 +x 


X 


1 1 +a; 




1 \l— X 1+x/  \1— X 1+x/ 


1 + x-  l + x x + x^+l-x 


1 — x^ 


1 — x^ 


2x  1 — x^  2x 

X 


(5) 


1 — x^ 1 4-  x^  1 + x^' 
3 3 


1 + 


1 + , 


3 


3(1 -x) 


1 + 


1-x 


l-x  + 3 ^l-x  + 3 '^4'-x 

1-x 


3(4-x)  _12-3x 


'4-X  + 3-3X  4-X  + 3-3X  7-4x' 


4 — X 


Examples. — Ixi. 
Simplify  the  following  expressions : 


I. 


^4 

5 X 

2. 

y ^ 

1 -x^ 

x-y 

3* 

1 + - 
X 

y(^N) 

5- 

^ 1 
5 + X H — 2 

6. 

1 

x + -„ 
x-^ 

1 ■ 

2 - X f -o 
X'* 

1 + - 
X 

a — 


2 


lo. 


a- 
a 


X , 1 

, +1 pr . 

1 X+  1 

1 

X 


8. 


X X 

x+a  x-a 

^‘L_  ’ 


2x 


x^  + 


1 


1 4-x^ 


II. 


^ ^ y 

X + ;//  x-y 

gjl!/  _ x + y 

x+y  x-y 
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2m  - 3 -f-  — 

1 + X + X* 

14. 

m 

1+’  '■ 

2m—  1 

X 

m 

a + b b 

1 1 1 

b a + b 

15- 

ab  ac  be 

1 1 * 

a2-(6  + c)2' 

a b 

ab 

1 98.  Any  fraction  may  be  split  np  into  a number  of  trac- 
tions equal  to  the  number  of  terms  in  its  numerator.  Thus 

+ + x+\  x^  X \ 

x^  x'^^  x^^  x^  ^ x'^ 

-1  -i  JL  Jl 

x^  x^^  x‘^’ 


Examples.— Ixii. 


Split  up  into  four  fractions,  each  in  its  lowest  terms,  the 
following  fractions  ; 


+ 3a^  + + 5a 

2^4  • 


9a3-  l2ft2  + 6a  -3 
108  ' 


d^hc  + dbM  + ahc^  + hcd^ 
abed 

X?  - Sx^y  + 3a:^2  _ yS 

^2y2 


18p2+i2g2-36r2  + 72g2 
Spqrs 

lOx^  - 25x2  + 75x  - 125 
1000  • 


199.  The  quotient  obtained  by  dividing  the  unit  by  any 
fraction  of  that  unit  is  called  The  Reciprocal  of  that  fraction. 

Thus  that  is,  is  the  Reciprocal  of  r- 
a a ^ h 

h 


a 

b 


200.  We  have  shewn  in  Art.  158,  that  the  fraction  symbol 
is  a proper  representative  of  the  Division  of  a by  b.  In 


Cs.A.l 


1 
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Chapter  IV.  we  treated  of  cases  of  division  in  which  the  divisor 
is  contained  an  exact  number  of  times  in  the  dividend.  We 
now  proceed  to  treat  of  cases  in  which  the  divisor  is  not  con- 
tained exactly  in  tlie  dividend,  and  to  shew  the  proper  method 
of  representing  the  Quotient  in  such  cases. 

Suppose  we  have  to  divide  1 by  \ —a.  We  may  at  once 

represent  the  result  by  the  fraction  , — . But  we  mav 

1—a 

actually  perform  the  operation  of  division  in  the  following 
way. 

1 1 + Ct -4- £1^  + ,,, 

1 -a 


a 

a-a^ 


a^  — a^ 


a* 

The  Quotient  in  this  case  is  interminable.  We  may  carry 
on  the  operation  to  any  extent,  but  an  exact  and  terminable 
Quotient  we  shall  never  find.  It  is-  clear,  however,  that  the 
terms  of  the  Quotient  are  formed  by  a certain  law,  and  such 
a succession  of  terms  is  called  a Series.  If,  as  in  the  case 
before  us,  the  series  may  be  indefinitely  extended,  it  is  called 
an  Infinite  Series. 


If  we  wish  to  express  in  a concise  iofiii  the  result  of  tljo 
operation,  we  may  stop  at  any  term  of  the  quotient  and  write 
the  result  in  the  following  way. 

1 _ , a 
i-rt~ 


1 , a2 

1 - a I - a’ 

1 - , 

- «■  1 - a’ 


1-a 


r — — 1 + a -r 


a- 


1 - u 


I - a 
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always  being  careful  to  attach  to  that  term  of  the  quotient,  at 
wliich  we  iuteiul  to  stop,  the  remainder  at  that  point  of  the 
division,  idaced  as  tlie  numerator  of  a fraction  of  which  the 
divisor  is  the  denominator. 


Examples.— ixiii. 


Carry  on  each  of  the  following  divisions  to  5 terms  in  the 
quotient. 


1.  2 by  l+a. 

2.  m by  m + 2. 

3.  a-h  by  a + b. 

4.  ^ y.2  py  ^2  _ ^2^ 

5.  ax  hy  a- X. 

6.  bhv  a + x. 


7- 

8. 

9- 

10. 

1 1. 
12. 


1 by  1 + 2x  - 2k^. 

1 + a;  by  \ —x  + x^. 
1 by  1 - 2b. 
x^  — by  x + b. 
a^  by  x-b. 
by  (ci  + xy. 


13.  If  tlie  divisor  be  a; -a,  the  quotient  x‘^-2ax.  and  the 
remainder  ^a^,  what  is  the  dividend  ? 

14-  If  the  div'isor  be  ni  — 5,  the  quotient  m^  + + 15m  + 34 

and  the  remainder  75,  what  is  the  dividend  ? ’ 


201.  If  we  are  required  to  multiply  such  an  expression  as 


x^  X 1 

V+5  + 4 


1 X 1 

2-3’ 


we  may  multiply  each  term  of  the  I'ormer  by  each  term  of  the 
latter,  and  condhne  the  results  by  tlie  ordinary  methods  of 
addition  and  subtraction  of  fractions,  thus 

a;2  a:  1 

~cT  "I"  o T 


X 1 

2"3 


X^  X^  X 


x^ 


X 

9 


72 


12 

i 
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Or  we  may  first  reduce  the  multiplicand  and  the  multiplier 
to  single  fractions  and  proceed  in  the  following  way  : 


This  latter  process  will  be  found  the  simpler  by  a beginner. 


202.  If  we  have  to  divide  such  an  expression  as 
al+  lx + - + —^ 

X 

by  CC  + -,  we  may  proceed  as  in  the  division  of  whole  numbers 

carefully  observing  that  the  order  of  descend i.ng  powers  of  x 
is 


6x^  + 4x  + 3 3a;  - 2 1 8a;‘*  + a:  — 6 


12  ^6  72 

18x^  X 6 __  x^  X 1 
'7^  ^72  ■'72'"  4 ■^72~l2' 


Examples. — ixiv 


Multiply 


3.  X^  + XH h ^ by  cc . 

J rr.  rr-l  •'  T. 


XX'*  X 


^37^  1_1 
2x2 ■’’x"  3 x2  "x  2‘ 


2x2  ^ X 3 


1 
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Any  isolated  digits,  ao  1,  2,  3 ...  will  stand  between  x 
and 

X 

Thus  the  expression 

4 + + — , -f  + 5cc  + -, 

x^  x^  X 

arranged  according  to  descending  powers  of  x,  will  stand  thus, 
+ 3a;2  + 5x  + 4 -f  - 4-  4 

X x^  x^ 

The  reason  for  this  arrangement  will  be  given  in  the  Chapter 
on  the  Theory  of  Indices. 

Ex.  a:  + - )a;3  + 3a;  + - + ^(  a;2  + 2 + i 

x/  X x^ 

X^+  X 

2x  + - 

X 

2x  + - 
X 

1 1 

— + — 3 

X X^ 

1 1_ 

x^  x^ 


Or  we  may  proceed  in  the  follov/ing  way,  which  will  be 
found  simpler  by  the  beginner. 

x^  + 3a:'*  + Sa:^  +1  a:^  + 1 


a:-’ 


a:6  + 3a;4  + 3a;2  + 1 


X 

X 


+ 1 


+ 2x^  + 1 X*  2x^  1 „ _ 1 

- = + -^  = a:2  + 2 + -s. 


X‘ 


X?  X? 


X“ 
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EXAMPLES.— IXV. 


Divide  : 


2 It.  1 

2.  a-^. 


3.  — 5 by  m + -. 

/W  O M 


X 


ml  n 


203.  In  dealing  with  expressions  involving  Decimal  Frac- 
tions two  methods  may  be  adopted,  as  will  be  seen  from  the 
following  example. 

Multiply  ‘lx  — '2y  by  •OSx-t-  ’4y. 

We  may  proceed  thus,  applying  the  Rules  for  Multiplication, 
Addition,  and  Subtraction  of  Decimals. 


_x  — 2y  3x  + 40y 

_3x2  + 34xy-80y2 
1000 

= •003x2 + -034x1/ --081/2. 


The  latter  method  will  be  found  the  simpler  for  a beginner 


-lx  — -2y 
-03x  H ‘4y 


-003x2 --006x1/ 

+ -04  xy  — -08i/2 

-003x2  ^ .();j  _ -08i/2 


Or  thus. 
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Examples.— Ixvi. 


Multiply  : 

{.  ’lx  - -3  by  ‘5x+  '07,  2.  •05x  + 7 by  ’2x  -3, 

3.  -3x  - -2?/  by  *4x  + ‘7y,  4.  4‘3x  + b'2y  by  -04x  - *06^. 

5.  Find  the  value  of 

a^-h^  + c^  + 2abc  when  a = '03,  h=‘l,  and  c = *07. 

6.  Find  the  value  of 

x^  — 3ax^  + 3a^x  — when  x = *7  and  a = *03. 


204.  When  any  expression  E is  put  in  a form  of  which  / is 


E 

a factor,  then  y is  the  other  factor. 


Thus 


So 


and 


, T.  /a  + b\ 
a + b = ai ) 

a6  + ac  + be 


db  ■\-ac  + bc  = abc 


abc 

= ak.(i  + i + l), 

x2  + 2xy  + y^  = x^. 


EXAMPLES.— IXVii. 

1.  Write  in  factors,  one  of  which  is  a^x,  the  series 

ttiX  + a^x^  + + a4X‘*  + . . . 

2.  Write  in  factors,  one  of  which  is  xyz,  the  expression 

xy-xz  + yz. 

3.  Write  in  factors,  one  of  which  is  x^,  the  expression 

x^  + xy  + y^. 

4.  Write  in  factors,  one  of  which  is  a + 6,  the  expression 

(a  -i-  b)^  - c (oH-  bY  - d (a  + &)  + e. 
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205.  We  shall  now  give  two  examples  of  a process  by 
which,  when  certain  fractions  are  known  to  be  equal,  other 
relations  between  the  quantities  involved  in  them  may  be 
determined. 

This  process  will  be  found  of  great  use  in  a later  part  of 
the  subject,  and  the  student  is  advised  to  pay  particular 
attention  to  it. 


(1)  If  “ = shew  that 

a + h _c-\-d 
a — b o — d’ 


Let 


Then 


Now 

and 


.'.  a = \h, 
and  c = \d. 

a + b _Xb  + b 6(\  + l)  X-)  1 
a-b~ldr-^~b(\^  1)""X-  r 
c-\-d  \d  A d d (X  A \+l 
c-d“Xd'^“d(X- 


aAb  T cAd 

Hence and ^ 

a- b c-d 

one  another. 


being  each  equal  to 


A+l 

X-1 


are  equal  to 


(2)  If 
Let 


m n 


then 


a — b h — c c- a 
m 


, shew  that  mAnAr=\). 


a-b 


= \ 


— — -X 


= x, 

c — a ’ 
m=Xa-Xb, 
n = Xb-Xc, 
r=Xc  - Xa  ; 

m A n A T = Xci  ~ Xh  A Xb  — Xc  A Xc  ~ Xtt  = U. 
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Examples. — Ixviii. 


a c 


I.  It  - = - prove  the  following  relations: 

8a  + h 8c  + d 


..  a- b c—d 

<■)  b-’^-d- 


(5) 


4a  + 7b  4c  + 7d' 


(2) 

(3) 

(4) 

2.  If 


a c 
a + h c + d‘ 

»3a  3c 
4a  — 56  4c  — bd' 

+ h^  _c^  + d'^ 

- h'^  - S' 


S-  6"  ah 


lla  + 6_13a  + 6 
llc  + 6^  ”l3c  + cr 


a 


(8) 


2 - a6  + 6‘^  c^  - cc?  + 


I 


m 


n 


a -b  b-c  c- a' 


S + ab  + b^  c^  + cd  + d^' 
then  l + m4-n=0. 


TO  a c e ^ a,  la  + rtic  + m 

1™™  Trib+vxd+nf 

ToCb  + h b + c c + a , 

11  — i — = — -- = , prove  that  a = b = c. 

b c a 


If  r = r = P,  slie'v  tliat  p = 


h K h 

o a c e 


b^  2bi  + 3&2  + 463 


6.  If  ^ he  in  descending  order  of  magnitude,  shew 


that 


is  less  than  ^ and  greater  than  j. 


T r ^21  ^ 4iCi  4-  by.  4x-2  + by^ 

7.  II  - = - , shew  that  , - ^ -=^ — 

2/1  V2  7xi  + 9?/i  /X2  + 9?/2 


a c 


O T+-  - 1 4.-U  4.  ~ 

8.  I(j=3,8hewthat^^=^_^, 


a c 


r o '-4'  ^ 1 , 7 Cl  4~  h 7 c 4~  d 

g.  If  T = -7,  shew  that  _ ~ v,  = .=;^ 

^ 6 d ?,a-^bb  Sc  + bd 
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a 


lo.  If  r be  a 


a + c 


proper  fraction,  shew  that  is  greater 

^ h + c 


than  c being  a positive  quantity. 


II.  If  ^ be  an  improper  fraction,  shew  that  is  less 

tlian  c being  a positive  quantity. 


206.  We  shall  now  give  a series  of  examples  in  the  working 
of  which  most  of  the  processes  connected  wdth  fractions  will 
be  introduced. 


Examples.— Ixix. 


3- 

4- 


Find  the  value  of  3a‘-^  + when 

c 0^ 

® = ^ = c=l. 

a,- + x2 - 8x  + 5 _ ^ a3  - 39a  4-  70 

Tx^-12x  + 5-  “"■1 

Simplify 

\a-p  a + p/  \a-v  a + v/ 


Add  together 


4 6"^  8’  4 6^8  4‘^6  '^8» 

y2 

and  subtract  + ^ from  the  result. 

5.  Find  the  value 

a=4,  c=l. 

6.  Multiply  ^2  + 3ax  - by  2x2  - ax  - - . 

z 3 2 

7.  Shew  that  = a + 26  -t-  — — . 

{a -by  a-b 
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8.  Simplify 


X 


X 


y 2y  y^-  xy^ 

-j- 


x-y  a^  — xy^‘ 


()0x^- 17x2-4x4-1  49 

9.  Shew  that ^ = 12x-25  4- 


5x‘2  4-  9x  - 2 


X4-2' 


c,.  x4-9x3  4-7x2  4-9x-8 

,0. 


1 1.  Simplify 


x"* 


1 


x^-l  ' 1 ‘ 

1 - X 


1 + X — 

1 -X 


12.  Simplify  a + ((/>  + 62 4- ((6  4- 

1 3.  Multiply  together  (^  + 7 ) (^^  + ]ii)  (^  - 7)- 


14.  Add  together 


1 


a+1’  64-1’  C4-1- 
8um  be  equal  to  1,  then  a6c  — a 4- 6 4- c 4- 2. 

T^.  . , X , 6 62  6 62  - 

I?.  Divide  — 1 o-^ 1-— ijbyx-a. 

a a x x^ 


, and  shew  that  if  their 


16.  Simj)lify  ^ 


a 6 c . 

r4-c-1 '-a-\ rh 

...  b c a 


^ c a 7 

— ^-C4-r-^-a-l rO 

a b c 

s(s-a)-Ks-b)(s-^  if  27 = a + 6 + c. 
be 


and  shew  that  it  is  equal 


17.  Shew  that ^-r^4- 


+ 


4a^ 


1 


i+--“  1--!- 


a"*  - x^  ’ 


a-rX 


a4-x 


^ a + b a - b _«2 _ 

18.  S.mpI,ly--^  + --j-2^,. 

6 a 4- 6 a-  + b‘^ 

.9.  Simplify -2- + 

a^-ab  + b'^  a^-b'^ 

20.  Simplify  p 
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21.  Simplify  2x2-4x  + 2T-b^- 

o?  + 6®  + 2a&  — a + 6 + c 


22.  Simplify 


c^-d^  — h‘^  + 2ah  ' h + c — d 


^ X 3:  ^ 


X 1 

- -X- 
1 X- 

X 


a + b 


24.  Fi,ul  tlie  value  of  p:r = 

\x  — 0 / X + a — 2/1  2 

25.  Simplify  Z^)‘^  + U-(a-  c)^  c^a  - hf 

\a  + c)-^-  52  + /,)2  _ ^2  ^ (6  + cj2  - a2* 

26.  Simplify  (5^4.r)^:^;;^:i4)_2 

^ (x2-2x)2  • 


X-  1 


27.  Simplify 

^ ■'  (a  + l)2(»2-a)*' 

28.  Simplify  + L 

‘ x3  X-  X (x2+l)2^a;2+i  x2(x2+l)2- 

29.  Divide  + by 

a X a X 

30.  Simplify!  — a~h  2b’^  ] a ~h 

(2(a-6)  2(a  + 6)  + a2_ft2|-2^- 

^r.  SimDlifv^-^^±l±f)!±(^‘^)'  + (c^ 

-• 

3^'  T«ke  |Vo,„  l±3x»_+2af 

(3 -2x- 7x2)3  (3_2x-7x2)4‘ 

33-  Simplify  ( ' ' ^ ^±1  _ ^~y\ 

34-  Simplify  + + , 

Vt/  /\x-y  J + \y3  VW2  + X1/  + 1/2-1 

35.  Simplify 

^ ~ f<'2  + d6  + 52  / 2(i3  \ / 

- 63  ^ aT+l)~  ^ w+-p  ~ V V 1 ~ ^ 


+ xy  + y 

2ab 
~^+ab  + b^ 


)■ 
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36.  Simplify 

1 1__  1 

2(x-l)^  4(x— 1)  ^ 4 (x+ 1)  (x— l)^(x+l)' 

37.  Prove  that 


ah. 


- + - 
c a 


(a  -h)(x-  a)  ^ b (b  - a)  (x-b)  x (x  - a)  (a;  - h)’ 


38.  Tfs  = a-fft  + c+  ...to  71  terms,  shew  that 

1 1 1 


s — a s — b s — 
a b c 


-c  /111  \ 

h ...  =sl  — l”'rH •••  )“W. 

c \a  b c ' 

/ 3.2  'tf  \ - v'T 

39.  Multiply  ( - ^—-2)  (^^•/)2T'(x‘''  + 7y2)2* 


, a — x ^ 

1 + 1 + 


a^  — x^ 


40.  Simplify 


a + x 


4 x^ 


^ a-x  ^ a-  — X- 
a + x a^  + x^ 


41 . Divide  x'^  + ^3  - ^(^3  ~ 

42.  If  s = a 4-  & 4-  c 4-  ...  to  n terms,  shew  that 


s — a s — b -s-c,  T 

4- H 4-. ..=71-1. 

s s s 


43.  Divide  ( ~ ) hy  ( -y^-2  + — 

\x-y  x + yl  •’  \x^  + 'if  x“-7/V 


44.  Simplify 


1 + 


-y  x+y^ 

2xy 

jx  + yf  . 
2xy 

(x  - t/)2 


a + b c + d ,a  + b + c + d , 7 

45-  If  =^I’  1™™  rT-T-T=" 


— + 7"  4 1"  ^7 

abed 


46.  Simplify 

+ Afq  + Qfq^  +^n^  4-  f + Zfq  + ?>]iq^  + q^ 

^C-Afq  + 6pY  - 4p(Z^  + q"^  ‘ P^~  ^p\  + ~ <f 

^ ^ 1 - 2x  X 4 1 ^ 1 

47.  Muce  ^ ^ + ^np[)  + (j-(-+Ty 
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48.  Simplify  ■ ^ ; ^ 

a;  , 1 a:  + - 2/(a;2/2  + ^ + 2!) 

1 y 

y + - ^ 

^ z 


1 1 ^ ® y 


49.  Simplify 


.f  a-x  a-y  (a-xY  {a-yY 


1 


1 


{a-y){a-xf  {a-yf{a-x) 


r*  O'  1 * (the  3 — cb  ~‘h  — c 

50.  Simplify  ^ , . 

11  1 a-\  h-c 


he  ca  ah 


cH 

1 +T 

51.  Simplify 


a- 


XV.  SIMULTANEOUS  EQUATIONS  OF 
THE  FIRST  DEGREE. 


207.  To  determine  several  unknown  quantities  we  must 
have  as  many  independent  equations  as  there  are  unknown 
quantities. 


Thus  if  we  had  this  equation  given, 


x-t-?/  = 6, 

we  could  determine  no  definite  values  of  x and  y,  for 


x=2| 

y=^y 


or 


x = 4| 
2/  = 2|’ 


or 


x = 3) 
2/  = 3|’ 


or  other  values  might  he  given  to  x and  y,  consistently  with 
the  equation.  In  lact  we  can  find  as  many  pairs  of  values  of 
X and  y as  we  please,  which  will  satisfy  the  equation. 
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We  must  have  a second  equation  independent  ot  the  first, 
and  then  we  may  find  a pair  of  values  of  x and  y which  will 
satisfy  both  equations. 

Thus,  if  besides  the  equation  x + y — Q,  we  had  anotlier 
iquation  x — y = 2,  it  is  evident  that  the  values  ol  x and  y 
which  will  satisfy  both  equations  are 

x = 4 ) 

?/=2r 

since  4 + 2 = 6,  and  4 — 2 = 2. 

Also,  of  all  the  pairs  of  values  of  x and  y which  will  satisfy 
one  of  the  equations,  there  is  but  one  pair  which  will  satisly 
the  other  equation. 

We  proceed  to  shew  how  this  pair  of  values  may  be  found. 

208.  Let  the  proposed  equations  be 

2a: + 7^  = 34 
5x  + 9i/  = 51. 

Multiply  the  first  equation  by  5 and  the  second  equation  by 
2,  we  then  get 

10o:  + 35i/  = 170 
10x+18y=102. 

The  coefficients  of  x are  thus  made  alike  in  both  equations. 

If  we  now  subtract  each  member  of  the  second  equation 
from  the  corresponding  member  of  the  first  equation,  we  shall 
get  (Ax.  II.  page  58) 

35i/-  18i/  = 170-102, 
or  17i/  = 68; 

^ = 4. 

We  have  thus  obtained  the  value  of  one  of  the  unknown 
symbols.  The  value  of  the  other  may  be  found  thus  : 

Take  one  of  the  original  equations,  thus 
2x  + 7^  = 34. 

Now,  since  2/  = 4,  7y  = 28; 

.-.  2x  + 28  = 34; 

x = 3. 

Hence  the  pair  of  values  of  x and  y which  satisfy  the 
equations  is  3 and  4. 


144  SIMUL 1 ANEOUS  EQUA  TIONS 


Note.  The  process  of  thus  obtaining  from  two  or  more 
equations  an  equation,  from  whicii  one  of  the  unknown  quanti- 
ties has  disappeared,  is  called  Elimination. 

209.  We  worked  out  the  steps  fully  in  the  example  given 
in  the  last  article.  We  shall  now  work  an  example  in  the  form 
in  which  the  process  is  usually  given. 

Ex.  To  solve  the  equations 

3x+7y  = 67 
5x  + 4y  = 58. 

Multiplying  the  first  equation  by  5 and  the  second  by  3, 

15a: + 357/ = .335 
15a:  + 12y=  174. 

Subtracting,  2.3^=161, 

and  therefore  y = 7. 

Now,  since  3a:  + 7y  = 67, 

3a: + 49  = 67, 

.*.  3x=  18, 

.'.  a:  = 6. 

Hence  a: =6  and  y=7  are  the  values  required. 

210.  la  tlie  examples  given  in  the  two  preceding  articles 
we  made  the  coefficients  of  a:  alike.  Sometimes  it  is  more  con- 
venient to  make  the  coefficients  of  y alike.  Thus  if  we  have 
to  solve  the  equations 

29a: + 2?/ = 64 
13;c+  7/ = 20, 

we  leave  the  first  equation  as  it  stands,  and  multiply  the 
second  equation  by  2,  thus 

29x  + 2y  = 64 
26a:  + 2t/  = 58. 

Subtracting,  .3a:  = 6, 

and  therefore  a:  = 2. 

N ow,  since  , 13x  + y = 29, 

26  + y = 29,’ 
l/  = 3. 

Hence  x = 2 and  y = 3 are  the  values  required. 
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EXAMPLES  ~ -IXX. 


I.  2cc  + 7^  = 41 
3x  + — 42. 

4.  14x  + 9|/  = 15() 
7x  + 2y  = 58. 

7.  6x+  4^  = 236 
3x+  15^  = 573. 


2.  5x4-8^  = 101 
9x4-  2(/  = 95. 

5,  X 4- 15^  = 49 
3x  4"  7'^  = / 1 . 

8.  39x4-27iy=105 
52x4-  29?/  = 133. 


3.  13x4- 17?J=  189 
2x4-  ^J  = 21. 

6.  15x-f-19?/  = 132 
35x4- 17?/ = 220. 

9.  72x  4- 14'?/  = 330 
03x4-  7'?/ = 273. 


211.  We  shall  now  give  some  examples  in  which  negative 
signs  occur  attached  to  the  coefficient  of  y in  one  or  both  of 
the  equations. 


Ex.  To  solve  the  equations: 

0x-h35?j  = l77 
8x  — 21^=  33. 

Multiply  the  first  equation  by  4 and  the  second  by  3. 

24x-f  140y  = 708 
. 24x-  03?/=  99, 

Subtracting,  203^  = 609, 

and  therefore  2/  = ^* 

The  value  of  x may  then  be  found. 


Examples.— Ixxi. 


I.  2x4- 7^  = 52 
3x-5?/=16, 

4.  4x4-  9?/ = 79 
7a;-l7y  = 40. 

7.  171x-213?/  = 642 
114x-326y  = 244. 
fS-A.! 


2.  7x-  4^  = 55 

15x-  13?/=109. 

5.  x4-19?/  = 97 

7x  — 53?/=  121. 

8.  43x4-  2?y  = 266 
12x  - 17y  = 4. 


3.  x4-^  = 96 
x-y  = 2. 

6.  29x-14?/=175 
87x-56?,'  = 497. 

5x4-  9^  = 188 
13x-  2y  = 57. 

K 


9- 
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212.  We  have  liitherto  taken  examines  in  whicli  tlie 
coefficients  of  a;  are  both  'positive.  Let  us  now  take  the  lollaw- 
ing  equations  ; 

bz-1'y  = Q 
%-2a:=10. 

Change  all  the  signs  of  the  second  equation,  so  that  we  get 

5x  —7y  = 6 
2x-9y=-10. 

Multiplying  by  2 and  5, 

10a:-  14^  = 12 
10a;  - 45y=  —50. 

Subtracting, 

- 14?,  f 45?/ = 12 + 50, 
or,  31?/ = 62, 
or,  y = 2. 

The  value  of  x may  then  be  i'ound. 


Examples.— ixxii. 


I.  4a:  — 7^  = 22 
7y  ~3x=l. 

4.  7?/  + 3x=78 
19y-7a:=136. 


2.  9a: -5?/ = 52 
8y-3x  = 8. 

5.  5x~3y  = 4 

12?/-7a:=10. 


3.^  I7x  + 3y  = b7 
16?y-3a:  = 23. 

6.  3a:  + 2y  = 39 

3y~2x=13. 


7.  5y-2x  = 2l 
13x- 4^=120. 


8.  9y-7a;=13 
15a:-  7?/ = 9. 


12a:  + 7^=176 
3?/- 19a;  = 3. 


213.  In  the  preceding  examples  the  values  of  x and  v have 
Hten  positive  We  shall  now  give  some  equations  in  which  x 
or  y or  both  have  negative  values. 


Ex,  To  solve  the  equations : 

2x-9?/=ll 
3x-4y  = 7. 

Multiplying  the  equations  by  3 and  2 respectively,  we  get 
6x-27?/  = 33 

6x-  8?/=14. 
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Subtracting, 

-19^=19, 
or,  19y=— 19, 
or,  y=- 1. 

Now  since  9y  = - 9, 

2x  -9ij  will  be  equivalent  to  2x-(-9)  or,  2x  + 9. 


Hence,  from  the  first  equation, 

2x  + 9 = ll, 
x=l. 


Examples. — Ixxiii 


I.  2a; + 3^  = 8 
3x  + 7^  = 7. 

4.  7^-3x=139 
2x  + 5^  = 91. 

7.  17x+ 12^  = 59 
19x—  4^=153. 


2.  5x-2ij  = k)1 
19x  — 3y  = 180. 

5.  4x+  9^  = 106 
8x+l7aj=198, 

8.  8x  + 3y  = 3 
12x  + 9y  = 3. 


3.  3x-5y  = 5l 
2x  + 7a/  = 3. 

6.  2x-7y  = 8 
4y  - 9x=  19. 

9.  69ty-l7x  = 103 
14x-13?/=  -41. 


214.  We  shall  now  take  the  case  of  Fractional  Equations 
involving  two  unknown  quantities. 


Ex. 


To  solve  the  equations, 


Sy  = 9 


X — 2 

”3“* 


First,  clearing  the  equations  of  fractions,  we  get 

lOx  — ^ + 3 = 20 
9^  = 27  — x + 2, 

from  which  we  obtain, 

lOx  17 
x + 9y  = 29, 

and  hence  we  may  lind  x = 2,  y = 8. 
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SIMULTANEOUS  EQUATIONS 


Examples. — Ixxiv. 


^ y 

I.  - + -=7 
2^3 

^ y c 

3 + 2 = ®- 
4.  -J^+6  = 10 

-o-  + 7 = 9i 


V - 2 

7.  = 5 

£C+10 

4;,— --=3. 


8.  ^ + 8=1-12 

4 2 

a:  + y y_2x-y 
5 3 4 


2.  10x  + | = 210  3.  ^+7y  = 251 


X 


X 


10y-^  = 290.  |+7*=299. 

5.  7*+S'=413  6. 

o 

39x=142/-1609  = 


10.  ^^  + 8i/  = 31 


II. 


3 

y + 5 

4 

2x  — y 


+ 10x=192. 

+ 3x  = 2y  — 6 


+ 35. 


3x  - 5w  2x  + -y 
9.  --Jh.3  = _J 

x-2j/_x  j/ 

4 2 3‘ 


12. 


+ 

= 2x-8. 

D 

X — 2 

10  — X ?/  — 10 

5 

3 4 

2y  + 4 

4x  + ?/+  13 

3 

8 

13- 


5x  — 6y 
~r3~ 


+ 3x  = 4y-2 


5x  + 61/  Zx  — 2y  ^ 

5x-3  3x-19  . 3-J/-X 

,4.  

2x  + ^ 9x-7_3i/  + 9 4x  + 5i/ 
2 8 ” 4 16~ 


4x  + 5-y 

*5-  — In— = a:-y 


40 
2x  — y 


+ 2’-' = 2- 
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215.  We  have  now  to  explain  the  method  of  solving  Literal 
E(piations  involving  two  unknown  quantities. 

Ex.  To  solve  the  equations, 

ax  + by  = c 
px  + qy  = r. 

Multiplying  the  first  equation  hy  p and  the  second  hy  a,  we 
get 

. apx  + bpy  = cp 

apx  + aqy  = ar. 

S ubtracting,  bpy  — aqy  = cp-  ar, 

or,  (bp  — aq)y  = cp-ar; 

cv  - ar 
^ bp  — aq 

We  might  then  find  x hy  substituting  this  value  of  y in  one 
of  the  original  equations,  but  usually  the  safest  course  is  to 
begin  afresh  and  make  the  coefficients  of  y alike  in  the  original 
equations,  multiplying  the  first  by  ^''and  the  second  by  b, 
which  gives 

aqx  + bqy  = cq 
bpx  + bqy  = br. 

Subtracting,  aqx  - bpx  = cq-  br, 

or,  (aq  -bp)x  = cq-br; 

cq  — br 
x = — — j— . 

aq  - bp 


Examples.— Ixxv. 


mx  + ny  = e, 
px  + qy=f. 

2. 

ax  + by  = c 
dx-ey^f. 

3- 

ax-by  = m 
cx  + ey  = n. 

cx  =dy 
x+y  = e. 

5- 

mx  — ny  = r 
mfx  + n'y  — r 

6. 

x + y = a 
x-y  = b. 

ax  + by  = c 
dx-^fy  = c^. 

8. 

abx  + cdy  = 2 
d-b 

br 

9- 

a b 

b + y Sa  + x 

ax  + 2by  — d. 
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10.  bcx  + 2b-cy  = 0 11.  (b  + c)(x  + c — b)  + a(y  + a)=2a^ 

. z ^ (b  + cy 

be  c . * (b-c)x 

{8b  - 2m)  bm 


¥y  + ^- 


12.  Zx  + by- 


b'^-m^ 


bem^ 


b^x  - + (6  + c + m)  my  = m^x  + {b  + 2m)bm. 


216.  We  now  proceed  to  the  solution  of  a particular  class 
of  Simultaneous  Equations  in  Avhich  the  unknown  symbols 
appear  as  the  denominators  of  fractions,  of  which  the  following 
are  examples. 

Ex.  1.  To  solve  the  equations, 

a b 

— I — = c 

X y 

m 

X y~ 


Multiplying  the  first  by  m and  the  second  by  a,  we  get 

am  bm 
— H — =cm 
os  y 

am  an 

= ad. 

X y 


Subtracting,  1 — cm  — ad. 

y y 

bm  H-  an  . 

or,  =cm,-  ad, 

y 

or,  bm  + an  = {cm~ad)y, 
bm  + an 


cm  - ad' 


Then  the  value  of  x may  be  found  by  substituting  this  value 
of  y in  one  of  the  original  equations,  or  by  making  the  terms 
containing  y alike,  as  in  the  example  given  in  Art.  215. 


OF  771  E FIRST  DEGREE. 


Ex.  2.  To  solve  the  equations : 

X Sy~27 
j_  i_n 
4x~^  y 72' 

Multiplying  the  second  erpiation  hy  8,  we  get 

2_  5 _ 4 
X 3y  27 
2 8 11 
X y 9 


Subtracting,  = ___ 

Sy  y 27  9 

• • 5 8 11  4 

Changing  signs,  5^  + - = ^-^, 

or,  5 + W^33^ 

3y  27  ’ 

whence  we  find  2/  = 9> 

and  then  the  value  of  x may  be  found  by  substituting  9 for  y 
in  one  of  the  original  ecjuations. 


Examples,— Ixxvi. 


1 

2 
H — 

= 10 

2. 

1 

2 

H — = 

= a 

3. 

a 

— 

h 

-=c 

X 

y 

X 

y 

kJ 

X 

r 

4 

X 

3 

H — 

y 

=20. 

3 

X 

4 

H — = 

y 

= h. 

h 

— h 
X 

^=d. 

y 

a 

h 

7 

5 

= 19 

5 

2 

— 

-| ; 

= m 

5* 

H — = 

6. 

=7 

X 

y 

X 

y 

3x 

by 

a 

h 

8 

3 

7 

1 

— 

: 

= n. 

= 

= 7, 

= 3 

X 

y 

X 

y 

6x 

\9y 

2 

3 _ 

m 

n 

7- 

1“ 

5 

8 

• 1 

= m + 11 

CLd(j 

by 

nx 

my 

5 

2 _ 

n 

m 

ax 

by 

3. 

— h ■ 
X 

— =m-  + n\ 
V 
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217.  There  are  two  other  methods  of  solving  Simultaneous 
Equations  of  which  we  have  hitherto  made  no  mention,  because 
they  are  not  generally  so  convenient  and  simple  as  the  method 
which  we  have  explained.  They  are 

I.  The  method  of  Substitution. 

If  we  have  to  solve  the  equations 

x + Zy=  7 
2x  + 4^  = 12 

we  may  find  the  value  of  x in  terms  of  y from  the  first  equa- 
tion, thus 

x=7-‘^y, 

and  substitute  this  value  for  x in  the  second  equation,  thus 

2 (7 -3^) + 4^=12, 

from  which  we  find 

y = \. 

We  may  then  find  the  value  of  x from  one  of  the  original 
equations. 

II.  The  method  of  Comparison. 

If  we  have  to  solve  the  equations 

5x  + 2y=  16 
7x-3y=  5 

we  may  find  the  values  of  x in  terms  of  y from  each  equation, 
thus 

16-2y  ^ 

^ = g — , irom  the  first  equation. 

5 + 3y  n ,, 

X— — ^ — , trom  the  second  equation. 

Hence,  equating  these  values  of  x,  we  get 

16-2?/  5 + 3y 

an  equation  involving  only  one  unknown  symbol,  from  which 
we  obtain 

and  then  the  value  of  x may  be  found  from  one  of  the  oridnal 
e<|uati'^>ns. 
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218.  It  there  be  three  unknown  symbols,  their  values  may 
be  tound  from  three  independent  equations. 

tor  from  two  of  the  equations  a third,  which  involves  only 
tioo  of  the  unknown  symbols,  may  be  found. 

And  from  the  remaining  equation  and  one  of  the  others 
a fourth,  containing  only  the  same  two  unknown  synil)ols,  may 
be  found. 


So  from  these  two  equations,  which  involve  only  two  un- 
known symbols,  the  value  of  these  symbols  may  be  found,  and 
by  substituting  these  values  in  one  of  the  original  equations 
the  value  of  the  third  unknown  symbol  may  be  found. 

Ex.  5x  — ()ij  + 4z=15 

1x  + 4ij-^z=  19 
2.C  -I-  y + Qz  = 46. 

Multiplying  the  first  by  7 and  the  second  by  5,  we  get 
35.x -42y  + 28:3  =105 
35x-h20i/-152  = 95. 

Subtracting, 

-Q2y  + 4Zz=\0 (1). 

Again,  multiplying  the  first  of  the  original  equations  by  2 
and  the  third  bv  5,  we  get 

lOx  - 12y-f  82  = 30, 
lOx  + 5y  -i-  302  = 230. 

Subtracting,  - 17y  - 222=  - 200 (2). 

Then,  from  (1)  and  (2)  we  have 

62y  - 432=  — 10 

17y  + 222  = 200, 

from  which  we  can  find  y = 4 and  2 = 6. 

Then  substituting  these  values  for  y and  2 in  the  first  «:qua- 
tiou  we  find  the  value  of  x to  be  3. 


EXAMPLES.— Ixxvii. 


1.  5x-f7y-  22=13 

8x  + 3y -l-  2=17 

x-4y+  102  = 23. 

2.  5x  + 3y  — 62  = 4 

3.f—  2/4-22  = 8 

x — 2y  + 2z  — 2. 


3.  5x-3^-f22  = 21 
8x-  y — 3z=  3 
2x  + 3y  + 2z  = 39. 

4.  4x  - by  + 2z  = 6 
2x  + 3y-  2 = 20 
7x-4y  + 3z  = 35. 


0 
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PROBLEMS  RESUL  TING  IN 


5 x+  y+  z—  6 

5a:  + 4^  + 33  = 22 
15a:  + lOy + 62  = 53. 

6.  8a:  + 4y  - 32  = 6 

a:  + 3y  — 2 = 7 
4x  - 5y  + 42  = 8. 

7.  a:+  y+  2 = 30 
8x  + 4y  + 22  = 50 

27a:  + 9y  + 32  = 64. 


8.  4x  — 3y+  2=  9 
9a:  + y-52=16 

a:  - 4y  + 32  = 2. 

9.  12a:  + 5y  — 42  = 29 
13a:-  2y  + 52  = 58 
17a:-  y—  2=15. 

10.  y-x  + z=  - 5 
z-y  -x=  -25 
a:  + y + 2 = 35. 


XVI.  PROBLEMS  RESULTING  IN  SIMUL- 
TANEOUS EQUATIONS. 

219.  In  the  Solution  of  Problems  in  which  we  represent 
txoo  of  the  numbers  sought  by  unknown  symbols,  usually  x and 
y,  we  must  obtain  two  independent  equations  from  the  condi- 
tions of  the  question,  and  then  we  may  obtain  the  values  of 
the  two  unknown  symbols  by  one  of  the  processes  described  in 
Chapter  XV. 

Ex.  If  one  of  two  numbers  be  multiplied  by  3 and  the 
other  by  4,  the  sum  of  the  procluftts  is  43 ; and  if  the  former  be 
nmltiplied  by  7 and  the  latter  by  3,  the  difference  between  the 
results  is  14.  Find  the  numbers. 

Let  X and  y rejaresent  the  numbers. 

Then  3x  + 4y  = 43, 

ii»d  7x-3y=14. 

From  these  equations  we  have 

21x  + 28y  = 301, 

2 lx-  9y  = 42. 

Subtracting,  37y  = 259. 

Til  ere  fore  2/ = 7? 

and  then  the  value  of  x may  be  found  to  be  a. 

Hence  the  numbers  are  5 and  7. 
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Examples. — Ixxviii. 

1.  The  sum  of  two  numbers  is  28,  and  their  difference  is  4, 
find  the  numbers. 

2.  The  sum  of  two  numbers  is  256,  and  their  difference  is 
10,  find  the  numbers. 

3.  The  Slim  of  two  numbers  is  13'5,  and  their  difference  is 
1,  find  the  numbers. 

4.  Find  two  numbers  such  tliat  the  sum  of  7 times  the 
greater  and  5 times  the  less  may  be  332,  and  the  product  of 
their  difference  into  51  may  be  408. 

5.  Seven  years  ago  the  age  of  a father  was  four  times  that 
of  his  son,  and  seven  years  hence  the  age  of  the  father  will  be 
double  that  of  the  son.  Find  their  ages. 

6.  Find  three  numbers  such  that  the  sum  of  the  first  and 
second  shall  be  70,  of  the  first  and  third  80,  and  of  the  second 
and  third  90. 

7.  Three  persons  B,  and  G make  a joint  contribution 
which  in  the  whole  amounts  to  £400.  Of  this  sum  B contri- 
butes twice  as  much  as  A and  £20  more ; and  G as  much  as  A 
and  B together.  What  sum  did  each  contribute? 

8.  If  A gives  B ten  shillings,  B will  have  three  times  as 
much  money  as  If  F>  gives  A ten  shillings,  A will  have 
twice  as  much  money  as  B.  What  has  eacli  ? 

9.  The  sum  of  £760  is  divided  between  A,  B,  G.  Tlie 
shares  of  A and  B together  exceed  the  share  of  G by  £240, 
and  the  shares  of  B and  G together  exceed  the  share  of  A by 
£360.  What  is  the  share  of  each  ? 

10.  The  sum  of  two  numbers  divided  by  2,  gives  as  a quo- 
tient 24,  and  the  difference  between  them  divided  by  2,  gives 
as  a quotient  17.  What  are  tlie  numbers? 

11.  Find  two  numbers  such  that  when  the  greater  is 
divided  by  the  less  the  quotient  is  4 and  the  remainder  3,  and 
when  the  sum  of  the  two  numbers  is  increased  by  38  and  the 
result  divided  b}'  the  greater  of  the  two  numbers,  the  C|Uotient 
is  2 and  the  remainder  2. 

12.  Divide  the  number  144  into  three  such  parts,  that 
when  the  first  is  divided  by  the  second  the  quotient  is  3 and 
the  remainder  2,  and  when  the  third  is  divided  by  the  sum 
of  the  other  two  parts,  the  quotient  is  2 and  the  remainder  6. 
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13.  A and  B buy  a horse  for  ^120.  A can  pay  for  it  if  B 
will  advance  half  the  money  he  has  in  his  pocket.  B can  pay 
for  it  il  ^ will  advance  two-thirds  of  the  money  he  has  in  his 
pocket.  How  much  has  each? 

14.  “How  old  are  you?”  said  a son  to  his  father.  Tlie 
father  replied,  “Twelve  years  heuce  you  will  be  as  old  as  I was 
twelve  years  ago,  and  I shall  be  three  times  as  old  as  you  were 
twelve  years  ago.”  Find  the  age  of  each. 

15.  Required  two  numbers  such  that  three  times  the 
greater  exceeds  twice  the  less  by  10,  and  twice  the  greater 
together  with  three  times  the  less  is  24. 

16.  The  sum  of  the  ages  of  a father  and  son  is  half  what  it 
will  be  in  25  years.  The  difference  is  one-third  what  the  sum 
will  be  in  20  years.  Find  their  ages. 

1 7-  If  I divide  the  smaller  of  two  numbers  by  the  greater, 
the  quotient  is  -21  and  the  remainder  -0157.  If  I divide  the 
greater  number  by  the  smaller,  the  quotient  is  4 and  the 
remainder  '742.  Find  the  numbers.  , 

18.  The  cost  of  6 barrels  of  beer  and  10  of  porter  is  .£51  ; 
the  cost  of  3 barrels  of  beer  and  7 of  porter  is  £32,  2s.  How 
much  beer  can  be  bought  for  £30  ? 

19.  The  cost  of  7 lbs.  of  tea  and  5 lbs.  of  coffee  is  £1,  9s.  Ad. ; 
the  cost  of  4 lbs.  of  tea  and  9 lbs.  of  coffee  is  £1,  7s. : what  is 
the  cost  of  1 lb.  of  each  ? 

20.  The  cost  of  12  horses  and  14  cows  is  £380  : the  cost  of 
5 horses  and  3 cows  is  £130 : what  is  the  cost  of  a horse  and  a 
cow  respectively? 

21.  The  cost  of  8 yards  of  silk  and  19  yards  of  cloth  is 
£18,  4s.  2d.:  the  cost  of  20  yards  of  silk  and  16  yards  of  cloth, 
each  of  the  same  quality  as  the  former,  is  £25,  16s.  8d.  How 
much  does  a yard  of  each  cost  ? 

22.  Ten  men  and  six  women  earn  £18,  18s.  in  6 days,  and 
four  men  and  eight  women  earn  £6,  6s.  in  3 days.  What  are 
the  earnings  of  a man  and  a woman  dail}’? 

23.  A farmer  bought  100  acres  of  land  for  £4220,  part  at 
£37  an  acre  and  part  at  £45  an  acre.  How  manv  acres  had 
he  of  each  kind  ? 
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Note  L A number  consisting  of  two  digits  may  be  repre- 
sented algebraically  by  lOx  + y,  where  x and  y rejjresent  the 
significant  digits. 

For  consider  such  a number  as  76.  Here  the  significant 
digits  are  7 and  6,  of  which  the  former  has  in  consecj^uence  of 
its  position  a local  value  ten  times  as  great  as  its  natural 
value,  and  the  number  represented  by  76  is  equivalent  to  ten 
times  7,  increased  by  6. 

So  also  a number  of  which  x and  y are  the  significant  digits 
will  be  represented  by  ten  times  x,  increased  by  y. 

If  the  digits  composing  a number  l()a:  + y be  inverted,  the 
resulting  number  will  be  lOy  + x.  Thus  if  we  inviu-tthe  digits 
composing  the  number  76,  we  get  67,  that  is,  ten  times  6,  in- 
creased by  7. 

If  a number  be  represented  by  lOx  + y,  the  sum  of  the 
digits  will  be  represented  by  x + y. 

A number  consisting  of  three  digits  may  be  represented 
algebraically  by 

lOOx-t-  lOy  + z. 

Ex.  The  sum  of  the  digits  composing  a certain  number  is 
5,  and  if  9 be  added  to  the  number  the  digits  will  be  inverted. 
Find  the  number. 

Let  lOx  + y represent  the  number. 

Then  x + y will  represent  the  sum  of  the  digits, 

and  lOy  + x will  represent  the  number  with  the  digits  inverted. 

Then  our  equations  will  be 

x + y = 5, 

lOx  + y + 9 = lOy  + x, 
from  which  we  may  find  x = 2 and  y=3  ; 

23  is  the  number  required. 

24.  The  sum  of  two  digits  composing  a number  is  8,  and  if 
36  be  added  to  the  number  the  digits  will  be  inverted.  Find 
the  number. 

25.  The  sum  of  the  two  digits  composing  a number  is  10, 
and  if  54  be  added  to  the  number  the  digits  will  be  inverted. 
What  is  the  number? 
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26.  The  sum  of  tlie  digits  of  a number  less  than  100  is  9, 
and  if  9 be  added  to  the  number  the  digits  will  be  inverted. 
What  i's  the  number  ? 

27.  The  sum  of  the  two  digits  composing  a number  is  6, 
and  if  the  number  be  divided  bv  the  sum  of  the  digits  the 

•j  O 

quotient  is  4.  What  is  the  number  ? 

28.  The  sum  of  the  two  digits  composing  a number  is  9, 
and  it  the  number  be  divided  by  the  sum  of  the  digits  the 
quotient  is  5.  What  is  the  number  ? 

29.  If  I divide  a certain  number  by  the  sum  of  the  two 
digits  of  which  it  is  composed  the  quotient  is  7.  If  I invert 
the  order  of  the  digits  and  then  divide  the  resulting  number 
diminished  by  12  by  the  dilference  of  the  digits  of  the  original 
number  the  quotient  is  9.  What  is  the  number  ? 

30.  If  I divide  a certain  number  by  the  sum  of  its  two 
digits  the  quotient  is  6 and  the  remainder  3.  If  I invert  the 
digits  and  divide  the  resulting  number  by  the  sum  of  the  digits 
the  quotient  is  4.  and  the  remainder  9.  Find  the  number. 

31.  If  I divide  a certain  number  by  the  sum  of  its  two 
digits  diminished  by  2 the  quotient  is  5 and  the  remainder  1. 
If  T invert  the  digits  and  divide  the  resulting  number  by  the 
sum  of  the  digits  increased  by  2 the  quotient  is  5 and  the  re- 
mainder 8.  Find  the  number. 

32.  Two  digits  which  form  a number  change  places  on  the 
addition  of  9,  and  tlie  sum  of  these  two  numbers  is  33.  Find 
the  numbers. 

33.  A number  consisting  of  three  digits,  the  absolute  value 
of  each  digit  being  the  same,  is  37  times  the  square  of  any 
digit.  Find  the  number. 

34.  Of  tlie  three  digits  composing  a number  the  second  is 
double  of  the  third  : the  sum  of  the  first  and  third  is  9 : the 
sum  of  all  the  digits  is  17.  Find  the  number. 

35.  A number  is  comiiosed  of  three  digits.  The  sum  of  the 
digits  is  21  : the  sum  of  the  first  and  second  is  greater  tlian  the 
third  by  3 ; and  if  198  be  added  to  the  number  the  digits  will 
be  inverted.  Find  the  number. 
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Note  II.  A fraction  of  wliich  the  terms  are  unknown  may 

'JC 

be  represented  by 


Ex.  A certain  fraction  becomes  - w lien  7 is  added  to  its 

denominator,  and  2 when  13  is  added  to  its  numerator.  Find 
the  fraction. 


Let 


% 

y 


Then 


represent  the  fraction 

X 

y+7 

a:+  13 

~y~ 


1 

2’ 


2, 


are  the  e([ualions;  from  which  we  may  find  x = d and  ^=11. 

9 

That  is,  the  fraction  is  jj. 


36.  A certain  fraction  becomes  2 when  7 is  added  to  its 
numerator,  and  1 when  1 is  subtracted  from  its  denominator. 
What  is  the  fraction  ? 

37.  Find  such  a fraction  that  when  1 is  added  to  its 
numerator  its  value  becomes  and  when  1 is  added  to  the 

denominator  the  value  is 

38.  What  fraction  is  that  to  the  numerator  of  which  if  1 be 
added  the  value  will  be  ^ : but  if  1 be  added  to  the  denominator, 

the  value  will  ? 


39.  The  numeratcr  of  a fraction  is  made  equal  to  its 
denominator  by  the  addition  of  1,  and  is  haK  of  the  deno- 
minator increased  by  1.  Find  the  fraction. 


40.  A‘  certain  fraction  becomes  ^ when  3 is  taken  from  the 

4 

numerator  and  the  denominator,  and  it  becomes  - when  5 

2 
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is  added  to  the  numerator  and  the  denominator.  What  is  tlie 
fraction  ? 

7 

41.  A certain  fraction  becomes  ^ when  the  denominator  is 
20 

increased  by  4,  and  ^ when  the  numerator  is  diminished  by 
15  : determine  the  fraction. 


42.  What  fraction  is  that  to  the  numerator  of  which  if  1 be 
ahded  it  becomes  and  to  the  denominator  of  which  if  17  be 

added  it  becomes  i ? 

O 


Note  III.  In  questions  relating  to  money  jnit  out  at 
simple  interest  we  are  to  observe  that 

T . , Principal  x Eate  x Time 

Interest  = 

100  ^ 


where  Eate  means  the  number  of  pounds  paid  for  the  use  of 
£100  for  one  year,  and  Time  means  the  number  of  years  ibr 
which  the  money  is  lent. 


43.  A man  puts  out  £2000  in  two  investments.  For  the  first 
he  gets  5 per  cent.,  for  the  second  4 per  cent,  on  the  sum 
invested,  and  by  the  first  investment  he  has  an  income  of 
£10  more  than  on  the  second.  Find  how  much  he  invests  in 
each  case. 


44.  A sum  of  money,  put  out  at  simple  interest,  amounti  d 
in  10  months  to  £5250,  and  in  18  months  to  £5450.  What 
was  the  sum  and  the  rate  of  interest  1 

45.  A sum  of  money,  put  out  at  simpie  interest,  amounted 
in  6 years  to  £5200,  and  in  10  years  to  £6000.  Find  the  sum 
and  the  rate  of  interest. 


Note  IV.  When  tea,  spirits,  wine,  beer,  and  such  com- 
modities are  mixed,  it  must  be  observed  that 

quantity  of  ingredients  = quantity  of  mixture, 
cost  of  ingredients  = cost  of  mixture. 

Ex.  I mix  wine  which  cost  10  shillings  a gallon  with 
another  sort  which  cost  6 shillings  a gallon,  to  make  100 
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gallons,  which  I may  sell  at  7 shillings  a gallon  without  profit 
or  loss.  How  much  of  each  do  I take  1 

Let  X represent  the  number  of  gallons  at  10  shillings  a gallon, 


and  6 

Then  a:  + y=100, 

and  10a: +6^7  = 700, 


are  the  two  equations  from  which  we  may  find  the  values  of 
X and  y to  be  25  and  75  respectively. 

46.  A wine-merchant  has  two  kinds  of  wine,  the  one  costs 
36  pence  a quart,  the  other  20  pence.  How  much  of  each  must 
he  put  in  a mixture  of  50  quarts,  so  that  the  cost  price  of  it 
may  be  30  pence  a quart  ? 

47.  A grocer  mixes  tea  which  cost  him  Is.  2d.  per  lb.  with 
tea  that  cost  him  Is.  6d.  per  lb.  He  has  30  lbs.  of  the  mixture, 
and  by  selling  it  at  the  rate  of  Is.  8d.  per  lb.  he  gained  as 
much  as  10  lbs.  of  the  cheaper  tea  cost  him.  How  many  lbs. 
of  each  did  he  put  in  the  mixture  ? 

Note  Y.  If  a man  can  row  at  the  rate  of  x miles  an  hour 
in  still  water,  and  if  he  be  rowing  on  a stream  that  runs  at  the 
rate  of  y miles  an  hour,  then 

x + y will  represent  his  rate  down  the  stream, 
x — y up 

48.  A crew  which  can  pull  at  the  rate  of  twelve  miles  an 
hour  down  the  stream,  finds  that  it  takes  twice  as  long  to  come 
up  a river  as  to  go  down.  At  what  rate  does  the  stream  flow  ? 

49.  A man  sculls  down  a stream,  which  runs  at  the  rate  of 
4 miles  an  hour,  for  a certain  distance  in  1 hour  and  40  minutes. 
In  returning  it  takes  him  4 hours  and  15  minutes  to  arrive  at 
a point  3 miles  short  of  his  starting-])lace.  Find  the  distance 
he  pulled  down  the  stream,  and  the  rate  of  his  pulling. 


50.  A dog  pursues  a hare.  The  hare  gets  a start  of  50  of 
her  own  leaps.  The  hare  makes  six  leaps  while  the  dog  makes 
5,  and  7 of  the  dog’s  leaps  are  equal  to  9 of  the  liare’s.  How 
many  leaps  will  the  liare  take  before  she  is  caught  ? 

[S.A.] 
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51.  A greyhound  starts  in  pursuit  of  a hare,  at  the  distance 
of  50  of  his  own  leaps  from  her.  He  makes  3 leaps  while  the 
hare  makes  4,  and  he  covers  as  much  ground  in  two  leaps  as 
the  hare  does  in  three.  How  many  leaps  does  each  make 
before  the  hare  is  caught  ? 

52.  I lay  out  half-a-crown  in  apples  and  ]>ears,  buying  the 
apples  at  4 a penny  and  the  pears  at  5 a penny.  I then  sell 
half  the  apples  and  a third  of  the  pears  for  thirteen  pence, 
which  was  the  price  at  which  I bought  them.  How  many  of 
each  did  I buy  ? 

53.  A company  at  a tavern  found,  when  they  came  to  pay 
their  reckoning,  that  if  there  had  been  3 more  persons,  each 
would  have  paid  a shilling  less,  but  had  there  been  2 less, 
each  would  have  paid  a shilling  more.  Find  the  number  of 
the  company,  and  each  man’s  share  of  the  reckoning. 

54.  At  a contested  election  there  are  two  members  to  be 
returned  and  three  candidates,  A,  A’,  and  G.  A obtains  1056 
votes,  A,  987,  G,  933.  Now  85  voted  for  B and  G,  744  for 
B only,  98  for  G only.  How  many  voted  for  A and  G,  for 
A and  B,  and  for  A only  ? 

55.  A man  walks  a certain  distance  : had  his  rate  been 
half  a mile  an  hour  faster,  he  would  have  been  H hours  less 
on  the  road;  and  had  it  been  half  a mile  an  hour  slower,  he 
would  have  been  2|  hours  more  on  the  road.  Find  the  distance 
and  rate. 

56.  A certain  crew  pull  9 strokes  to  8 of  a certain  other 
crew,  but  79  of  the  latter  are  equal  to  90  of  the  former.  Which 
is  the  faster  crew  1 

Also,  if  the  faster  crew  start  at  a distance  equivalent  to 
four  of  their  own  strokes  behind  the  other,  how  many  strokes 
will  they  take  before  they  bump  them  ? 

57.  A person,  sculling  in  a thick  fog,  meets  one  barge  and 
overtakes  another  which  is  going  at  the  same  rate  as  the 
former;  shew  that  if  a be  the  greatest  distance  to  which  he 
can  see,  and  b,  b'  the  distances  that  he  sculls  between  the 
times  of  his  (list  seeing  and  passing  the  barges, 

2_1  1 
a~b^  //• 
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58.  Two  trains,  92  toet  long  and  84  feet  long  respectively, 

are  moving  with  uniform  velocities  on  parallel  rails  in  opposite 

directions,  and  are  observed  to  pass  each  other  in  one  second 

ami  a halt  ; but  when  they  are  moving  in  tlie  same  direction, 

their  velocities  being  the  same  as  before,  the  faster  train  is 

observed  to  pass  the  other  in  six  seconds;  find  the  rate  in 

miles  per  hour  at  which  each  tiain  moves. 

> 

59.  The  tore-wheel  of  a carriage  makes  six  revolutions 
more  than  the  hind- wheel  in  120  yards  ; but  only  four  revolu- 
tions more  when  the  circumference  ot  the  tore-wheel  is  increased 
one-fourth,  and  that  of  the  hind-wheel  one-fifth.  Find  the 
circumference  of  each  wheel. 

60.  A person  rows  from  Cambridge  to  Ely  (a  distance  of 
20  miles)  and  back  again  in  10  hours,  and  finds  he  can  row 

2 miles  against  the  streani  in  the  same  time  that  he  rows 

3 miles  with  it.  Find  the  rate  of  the  stream,  and  the  time  of 
his  going  and  returning. 

61.  A number  consists  of  6 digits,  of  which  the  last  to  the 
left  hand  is  1.  If  this  number  is  altered  by  removing  the  1 
and  putting  it  in  the  unit’s  place,  the  new  number  is  three 
times  as  great  as  the  original  one.  Find  the  number. 


XVII.  ON  SQUARE  ROOT. 

220.  In  Art.  97  we  defined  the  Square  Root,  and  explained 
the  method  of  taking  the  square  root  of  expressions  consisting 
of  a .single  term. 

The  .square  root  of  a positive  (piantity  may  be,  as  we 
explained  in  Art.  97,  either  iiositive  or  negative. 

Thus  the  square  root  of  4a^  is  2a  or  - 2a,  and  this  ambiguity 
is  expressed  thus, 

Vda^  = ± 2a. 

In  our  examples  in  tnis  chapter  we  shall  in  all  cases  regard 
the  .square  root  of  n single  term  as  a positive  quantity.  ' 
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221.  The  square  root  of  a product  may  be  found  by  taking 
the  square  root  of  each  factor,  and  multiplying  the  roots,  so 
taken,  together. 

Thus  = 

= 9x^zK 

222.  The  square  root  of  a fraction  may  be  found  by  taking 
the  square  root  of  the  numerator  and  the  square  root  of  the 
denominator,  and  making  them  the  numerator  and  denominator 
of  a new  fraction,  thus 

V4a’^  2a 
8]F~  9b’ 

l‘2,5x~y‘^  _ bxy^ 

Examples. — Ixxix. 

Find  the  Square  Root  of  each  of  the  following  expressions : 


I. 

2. 

81a%^ 

3.  121m^®n^2,.i4_ 

4- 

64a'*6^®c^. 

5- 

7l289a'‘62o;6. 

6.  169a^®6^c^2_ 

9a2 

Q 

1 

25a^6® 

7- 

1662* 

0. 

4ah*‘ 

256a;i2 

625a2 

10. 

289y*' 

II. 

32462- 

22.3.  We  may  now  proceed  to  investigate  a Rule  for  the 
extraction  of  the  square  root  of  a compound  algebraical 
expression. 

We  know  that  the  square  of  a + h is  + 2ab  + h^,  and  there- 
fore a + 6 is  the  square  root  of  -1-  2a6  + b'^. 

If  we  can  devise  an  operation  by  which  we  can  derive  a + b 
from  + 2ab  + ¥,  we  shall  be  able  to  give  a rule  for  the 
extraction  of  the  square  root. 

Now  the  first  term  of  the  root  is  the  square  root  of  the  first 
term  of  the  square,  i.e.  a is  the  square  root  of  a\ 

Hence  our  rule  begins  ; 

“ Arrange  the  terms  in  the  order  of  magnitude  of  the  mdices 
of  one  of  the  quantities  involved,  then  take  the  square  root  of  the 
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first  term  and  set  down  the  result  as  the  first  term  of  the  root: 
subtract  its  square  from  the  given  expression,  and  bring  down  the 
remainder thus 

a?  + 2a6  + (a 


2a6  + 6^ 

Now  this  remainder  may  he  represented  thus  &(2a  + J): 
hence  if  we  divide  2a6  + 6^  by  2a  + 6 we  shall  obtain  +6,  the 
second  term  of  the  root. 


Hence  our  rule  proceeds  : 

“ Double  the  first  term  of  the  root  and  set  down  the  result  as  the 
first  term  of  a divisor:^'  thus  our  process  up  to  this  j^oint  will 
stand  thus  : 

a^  + 2ah  + 


2a 


2ab  + 


Now  if  we  divide  2a5  by  2a  the  -result  is  h,  and  hence  wo 
obtain  the  second  term  of  the  root,  and  if  we  add  this  to  2a 
we  obtain  the  full  divisor  2a  + h. 


Hence  our  rule  proceeds  thus  : 

“ Divide  the  first  term  of  the  remainder  by  this  first  term,  of  the 
divisor,  and  add  the  result  to  the  first  term  of  the  root  and  also  to 
the  first  term  of  the  divisor  thus  our  process  up  to  this  point 
will  stand  thus  : 

a^  + 2ab  + (a  + 6 


2a  + h 


2a6  + Z>2 


If  now  we  multiply  2a  + 6 by  6 we  obtain  2ab  + b\  which  we 
subtract  from  the  first  remainder. 

Hence  our  rule  proceeds  thus  ; 

“ Multiply  the  divisor  by  the  second  term  of  the  root  and  sub- 
tract the  result  from  the  first  remainder tlius  our  process  will 
stand  thus  : 
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+ 2a6  + W {a  + b 


2a+  b 


2ab  + b^ 
2ab  + b^ 


If  tliere  is  now  no  remainder,  the  root  has  been  found. 

> 

If  there  he  a remainder,  consider  the  t\\«0  terms  of  tlie  root 
already  found  as  one,  and  proceed  as  before. 


224.  The  following  examples  worked  out  will  make  the 
process  more  clear. 


(1) 


2a  — b 


d^  ~ 2db  + b^iya-b 
d^ 

- 2ab  + 62 

— 2ab  + b^ 


Here  the  second  term  of  the  root,  and  consequently  the 
second  term  of  the  divisor,  will  have  a negative  sign  prefixed, 
— 2ab 


because 


2a 


-b. 


(2) 


6p  + 4q 


9p2  + 24pq  + 165-2  ^ 4g 

24p5  + 1652 
24p5  + I652 


(3) 


25x2  - 60.x  + 36  (5x  — 6 
25x2 


lOx-6 


- 60x  + 36 
-60X  + 36 


Next  take  a case  in  wliich  the  root  contains  three  terms. 
«2  + 2(i6  + 52  __  2ac  - 2bc  + d{^a  + b — c 


2a + b 


2ab  + 62  — 2ac  - 2bc  + 
2ab  + &2 

— 2ac  — 2bc  + c2 

— 2ac  — 2bc  + c2 


2a  + 26  - c 
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Wlien  we  obtained  the  second  remainder,  we  took  the  double 
of  a + 6,  considered  as  a single  term,  and  set  down  the  result  as 
the  first  part  of  the  second  dimsor.  We  then  divided  the  first 
term  of  tlie  remainder,  —2ac,  by  the  first  term  of  the  new 
divisor,  2a,  and  set  down  the  result,  - c,  attached  to  tlx*,  part 
of  the  root  already  found  and  also  to  the  new  divisor,  and  then 
multiplied  the  completed  divisor  by  — c. 

Similarly  we  may  proceed  when  the  root  contains  4,  b or 
more  terms. 


Examples. — Ixxx. 


Extract  the  S(piar(,*  Jtoot  of  t 

1.  4a^  + 12(d) + 

2.  l6Jd^-2m^  + 9R 

3.  a%‘^+U)2(d)  + Qbin. 

4.  7/-38y^  + 361. 

5.  9aW- 10:>a/)c+280 

II.  + lOx"*  — 1 2x^  - 


le  following  expressions  ; 

6.  cc'^  — 6x^  + — 30.x  + 25. 

7.  b.K"*  + 12x^  + 10, x^  4-  4.x  + 1. 

8.  47-^-12?-‘^+13r‘-^-6r+l. 

9.  4w'‘  + 4/f'^  - - 4n  + 4. 

10.  1 — 6rx  + 1 3.x^  — 1 2x^.+  4x*. 

9x2. 


1 2.  - 1 2 + 2bifz^  — 24yz^  + 1 6z‘*. 

13.  a^  + 4(d)  + 4h^  + 9c2  + Qac  + 1 2hc. 

14.  + 2a^h  + + 4a%'^.  + ?>a%‘^  + 2alr’  + 

15.  x®-4x®  + 6x2  + 8x2  + 4x+ 1. 

1 6.  4x'^  + 8ax2  + 4«2x2  + 1 4 1 6a?)2a;  + 1 6&h 

17.  9 - 24x  + 58x2  - 1 16x3  + 129x^^  - idOx^  + 100.x6. 

[ 8.  16a'*  — 49(dh  4 2baW  — 80(d)^x  + 64¥x^  4 64a%x. 

1 9.  9a‘*  — 24a3p3  — 30a2^  + 1 6a2p'’  + 40apH  + 25^2. 

20.  4y*x2  - 1 2yhd  + 1 7'i/x‘^  ~ 1 2yx^  +,4x®. 

2 1 . 25x'*y2  — 30x3i/3  + 29x-y^  — 1 2xiR  4 4y^. 

22.  16x‘*  — 24x3^  + 25x2^2  _ i2xy^  4 4y\ 

23.  9a2  — 12a6  + 24ac  - 1 6hc  + 462  + I6c2. 

24.  x^  + 9x2  25  _ Qjf3  ^ 1 0^2  _ 

2 5 . 25x2  - 20xy  4 4i/4  9z^-l  2yz  + 30.xa. 

26.  4x2  (^2  _ ^ y3  _ 2)  4-  y'^  (4.x2  + 1 ). 
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225.  When  any  fractional  terms  are  in  the  expression  of 
which  we  have  to  find  the  Square  Koot,  we  may  proceed  as  in 
the  Examples  just  given,  taking  care  to  treat  the  fractional 
terms  in  accordance  with  the  rules  relating  to  fractions. 


Q 1 ^ 

Thus  to  find  the  square  root  of  x^  — ^x  + 

9 81 


x^ 


, 8 16/  4 


2x-^ 

9 


8 16 

8 16 
-9^  + ^ 


Since 


8^  8_^2_8  1_4 

9 • ^“9  ■ 1“9^  2”9’ 


8 16 

Or  we  might  reduce  a;2--x  + ~ to  a single  fraction,  which 


would  be 


81x2 -72x+  16 
81  ’ 


and  then  take  the  square  root  of  each  of  the  terms  o<  the 
fraction,  with  the  followin  result : 


9x  - 4 . , 4 

— 5 — , which  IS  the  same  as  x - 

y 9 


I.  4a”  + — — - 
16 


Examples.— Ixxxi. 


9 


a^ 


X. 


a 


T - 2 + 


3-  + 


a? 


5.  x^-2x2  + 2x2-x  + -. 

4 


6.  a^  + 2ip”-x+7. 

4 


7.  4a2-i2a?>-f  a62  + 9?)2-^^\— . 

•2  16 
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8.  + 8x‘-^  + 24  + ^ + 

Q 1 1 ^ 

9.  — + 4a^  + - 3a^  - 2a^x  + -^a^x. 

Id  9 3 


9 


6 12 


“9  +T9  +“0 1 


x^  xy  xz  yz 

n 5 25  on 

12.  a^J2_6„M  + !?¥+w  + fy^6;^. 

7 49  7 

4x2  2,2  Qy2  Qy  I2xy 

^3-  -9  +-1  + - 2- +4-  — r^- 

X2  2-^  X Z^ 


4m2  9?i2  16t7j,  24n 

14-  + 'o  +4 + . 

n m 


^ ^ ^ ah  2ac  ad  he  hd  cd 

9 ~Io'‘'’4  '“s' 

1 6.  49x‘*  - 28x2  - 1 7x2  + 6x  + ^ 

4 

2 2 

1 7.  9x4  _ + 0 4-  -^  - ahx^  + h^x\ 

1 8.  9x4  _ 2x3  _ ^x2  + 2x  + 9. 

y 


XVIII.  ON  CUBE  ROOT. 

226.  The  Cube  Root  of  any  expression  is  that  expression 
'wliose  cube  or  third  power  gives  the  proposed  expression. 

Thus  a is  the  cube  root  of  a^, 

36  is  the  cube  root  of  2762.  . 

The  cube  root  of  a negative  expression  will  be  negative,  for 
since 

(-a)2=-ax  —ax  -a=— a*, 
the  cube  root  of  -a^  is  —a. 
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So  also 
and 


- 2>x  is  the  cube  root  of  - 
— Aa%  is  the  cube  root  of  — QAa%^. 


The  symbol  ^ is  used  to  denote  tJie  operation  of  extracting 
the  cube  root. 


Examples. — Ixxxii. 

Find  the  Cube  Boots  of  the  following  expressions  : 

I.  8a^.  2.  3.  - 125??^3?/A 

4.  -216u'%3  343&1VS.  6.  - 1000a 

7.  - 1728v?i2i7i24_  1331a‘'&i8. 

227.  We  now  proceed  to  investigate  a Bide  for  finding  the 
cube  root  of  a compound  algebraical  expression. 

We  know  that  the  cube  of  a + i is  + 3a&2  + 

and  therefore  a + 6 is  the  cube  root  of  a^  + 2a~b  + Sa¥  + bK 

We  observe  that  the  first  term  of  the  root  is  the  cube  root  of 
the  first  term  of  the  cube. 

Hence  our  rule  begins ; 

Arrange  the  term.s  in  the  order  of  magnitude  of  the  indices  of 
one  of  the  quantities  involved,  then  take  the  cube  root  of  the  first 
term  and  set  down  the  result  as  the  first  term  of  the  root:  subtract 
its  cube  from  the  given  expression,  and  bring  down  the  remainder  A’ 
thus 

a3  + .3a2/i  + .3a62  + 53(^„ 


3a2/)  + 3a62  + &3 

Now  this  remainder  may  be  represented  thus, 

b (3a2  + 3a?)  + lA)  ; 

hence  if  we  divide  3a2?)  + 3a?)2  + /d  i)y  3a2  + 3a6  + &2^  we  shall 
obtaiii  +/),  the  second  term  of  the  root. 

Hence  our  rule  proceeds  : 

“ Multiply  the  square  of  the  first  term  of  the  root  by  3,  and.  set 
down  the  result  a.s  the  first  term  of  a divisor:’'  thus  our  process 
no  to  this  pf)int  will  stand  thus  ■ 
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6?  + 3a-6  + 3a&^  + (a 


3a2 


3a'^6  + 3a6‘‘^  + 6* 


Now  if  we  divide  \Vi-h  by  3a^  the  result  is  6,  aud  so  we 
ol)taiu  the  second  term  of  the  root,  and  if  we  add  to  3«‘‘^  tlie 
expression  3a6  + 6-  we  obtain  the  full  divisor  + 'Ntb  + b'^. 


Hence  our  rule  proceeds  thus: 

“ Divide  the  first  term  of  the  remainder  by  the  first  term  of  the 
divisor,  and  add  the  result  to  the  first  term  of  the  root.  Then  take 
three  times  the  product  of  the  first  and  second  terms  of  the  root, 
and  also  the  square  of  the  second  term,  and  add  these  results  to 
the  first  term  of  the  divisor.”  Thus  our  process  up  to  this  point 
will  stand  thus ; 

a^  + Sa^b  + 3a6^  + b^  {^a  + b 


+ Sab  + b‘^ 


Sa%  + Sab'^  + 6* 


If  we  now  multiply  the  divisor  by  b,  we  obtain 

Sa%  + 3a&^  + b'\ 

which  we  subtract  from  the  first  remainder. 


Hence  our  rule  proceeds  thus ; 

“ Multiply  the  divisor  by  the  second  term  of  the  root,  and^  sub- 
tract the  result  from  the  first  remainder thiis  our  process  will 
stand  thus : 


a®  + Sa%  + SaW  + b'^  [a  + b 


Sa^  + Sab  4-  b"^ 


Sd%  + Sal)^  + W 
Sa^b  + Sab‘^  + b^ 


If  there  is  now  no  remainder,  the  root  has  been  found. 


If  there  be  a remainder,  consider  the  two  terms  of  the  root 
already  found  as  one,  and  proceed  as  before. 


228.  The  following  Examples  may  render  the  process  more 
clear : 
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Ex.  1. 


aA  - 12(1.2  ^ _ 64  - 4 


3a2-12a  + 16 


- 12a2  + 48a_64 

- 12a2  + 48a-64 


Here  observe  that  the  second  term  of  the  divisor  is  formed 
thus ; 

3 times  the  product  of  a and  -4  = 3xax  - 4= -12a. 

Ex.  2.  a;*' — + 15a;‘^  — 20x2  + 15a;2  — 6x  + 1 (a;2  _ 2.x  + 1 


x” 


3x^*  — 6x2  + 4x2 

3x^  — 12x2 
+ 15x2  _ 6x+  1 


- Gx2  + 15x^  — 20x2  + 15x2  - Gx  + 1 

— Gx-’  + 12x‘*  - 8x2 


3x4-  12x2  + 15x2 -Gx  + 1 
3x4  _ \ 2x2  ^ 1 5 x2  — Gx+1 


Here  the  formation  of  the  first  divisor  is  similar  to  that  in 
the  preceding  Examples. 

The  formation  of  the  second  divisor  ma}^  be  explained  thus; 

Regarding  x2  — 2x  as  one  term 
3 (X2  - 2x)  2 = 3 (X4  - 4x2  + 4^2)  = 3x4-1 2x2  + 1 2x2 
3x(x2-2xlxl  = 3x2-6x 

12  = I 


and  adding  these  results  we  obtain  as  the  second  divisor 
3x4  _ ]^2x2  + 15x2  — 6x  + 1. 


Examples.— Ixxxiii. 

Find  the  Cube  Root  of  each  of  the  following  expressions ; 
1.  a2  - 3a2ft  + 3afc2  _ 2.  8a2+ 12a2  + 6a+ 1. 

3.  a2  + 24a26  + 192a62  + 5i263. 

4.  a2  + 3a26  + 3afe2  + 62  + 3a2c  + 6abc  + + 3ac2  + 36c2  + 

5 . af'  - Zx-y  + 3xy2  - f + 3x^2  _ ^xyz  + 3i/2^  + 3x^2  - 'iyz^  + ^3. 

6.  27x”  - 54x2  + 63x4  _ 44_^  ^ 21x2  - 6x  + 1. 
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7.  l-3a  + 6a2-7a3  + 6a^-3tt^  + a0. 

8.  x3  - 3x-'i/  + 3x2/“  - 2/^  + + 6x2^  - I2xyz  + Gy^z  + 12x^2  - 12yz-. 

9.  «0-  12a"^  + 54a^-112a3+  i08a2-48a  + 8. 

I o.  8m®  — 307M®  + 66m  ^ — 63m®  + 33m®  — 9m  + 1. 

11.  X®  + 6x®2/  + 1 2x7/2  ^ 3^3  _ 2x-z  -I2xvz  — 1 2tpz  + 3x2®  4-  Gyz^  — z- ■. 

1 2.  8m®  - ZGmhi  + — 27ii®  — 1 2m2r  + 3bm?tr  - 27n*r 

+ 6mr®  — Qnr®  — r®. 


n.  m®  + 3m2  — 5h 5 — — 3- 

229.  The  fourth  root  of  an  expression  is  found  by  taking 
the  square  root  of  the  square  root  of  the  expression. 

Thus  ^16a®6^=  ^4a'^b‘^  = 2a^b. 

The  sixth  root  qf  an  expression  is  found  by  taking  the  cube 
root  of  the  square  root  of  the  expression. 

Thus  '4/64ai26®  = 4/8a®6®  = 2a^b. 


Examples.— Ixxxiv. 

Find  the  fourth  roots  of 

1.  16a^-96a®x  + 216a®x2  _ 216ax®  + 81x^. 

2.  l + 24<x2+16a‘*-8a  — 32tt®. 

3.  625 + 2000x4- 2400x2 + 1280x®  + 256x-. 

Find  the  sixth  roots  of 

4.  a®  - 6a^b  + Iba^b-  - 20a®6®  + - Gab^  + 6®. 

5.  a:®  + 6x®  + 15x*  + 20x®+ 15x2  + 6x+ 1. 

6.  ?/t®  - 12m®  + 60m^  - IGOm®  + 240m®  - 1 92m  + 64. 


XIX.  QUADRATIC  EQUATIONS. 

230.  A Quadratic  Equation,  or  an  equation  of  two  dimen- 
sions, is  one  into  wliicli  the  square  of  an  unknown  symbol 
enters,  without  or  vrith  the  first  power  of  the  symbol. 

Thus  16 

aud  = 

are  Quadratic  Equations. 

231.  A Pure  Quadratic  Equation  is  one  into  which  the 
square  of  an  unknown  symbol  enters,  the  first  power  of  the 
symbol  not  appearing. 

Thus,  a;2  = 16  is  a -pure  Quadratic  Equation. 

232.  An  Adfected  Quadratic  Equation  is  one  into  which 
the  square  of  an  unknown  symbol  enters,  and  also  the  first 
power  of  the  symbol. 

Thus,  x^  + 6x  = 27  is  an  adfected  Quadratic  Equation. 


Pure  Quadratic  Equations. 

233.  When  the  terms  of  an  equation  involve  the  square 
of  the  unknown  symbol  only,  the  value  of  this  square  is  either 
given  or  can  be  found  by  the  processes  described  in  Chapter 
XVII.  If  we  then  extract  the  square  root  of  each  side  of  the 
equation,  the  value  of  the  unknown  symbol  will  be  determined. 

234.  The  following  are  examples  of  the  solution  of  Pure 
Quadratic  Equations. 
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Ex.  1.  X“=16. 

Taking  the  scj^uare  root  of  each  side 

x=±4. 

We  prefix  the  sign  + to  the  number  on  the  right-hand  side 
of  the  e<[uation,  for  the  reason  given  in  Art.  220. 

Every  pure  (piadratic  ecjuation  will  therelore  have  two  roots, 
equal  in  magnitude,  but  with  ditt'ereiit  signs 


Ex.  2.  4x‘-^  + 6 = 22. 

Here  4x'^  = 22-6, 

or  4x^=l6, 
or  x^  = 4\ 
cc  = ± 2. 


That  is,  the  values  of  x which  satisfy  the  equation  are  2 
and  — 2. 


Ex.  3. 


128  _ 216 
- 4 5a:^  - 6’ 


Here  1 28  - 6)  = 2 1 6 (3x2  _ 4^^ 

or  640x2-768  = 648x2-864, 
or  x2=  12  ; 
x=  ± sj\2. 


Examples.— Ixxxv. 


I.  a;2  = 64.  2.  = 3-  a:"- 10000  = 0. 

4.  x2-3  = 46,  3.  5x2 - 9 = 2x2 -t- 24.  5 3ax2=  192«V’. 


x2— 12  x2-4 

1 1. 

mx2  + n=q. 

3 4 

(500-1-cc)  (500 -a;)  = 233359. 

12. 

x^  — ax  + h = ax  (x 

8112  ^ 

13- 

45  57 

=3x. 

rr< 

2x2  ^ g 4j;z  _ 5" 

5-X-'  - 18x  + 65  = (3x  - 3)2. 
2 

42  35 

14. 

x2-2^x2-3' 

iy6 
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Adjected  Quadratic  Equations. 

235.  Adfected  Quadratic  Equations  are  solved  by  adding 
a certain  term  to  both  sides  of  the  equation  so  as  to  make  tlie 
left-hand  side  a perfect  square. 

Having  arranged  the  equation  so  that  the  first  term  on  the 
left-hand  side  is  the  square  of  the  unknown  symbol,  and  the 
second  term  the  one  containing  the  first  power  of  the  unknown 
quantity  (the  known  symbols  being  on  the  right  of  the  equa- 
tion), we  add  to  both  sides  of  the  equation  the  square  of  half  the 
coefficient  of  the  second  term.  The  left-hand  side  of  the  equa- 
tion then  becomes  a perfect  square.  If  we  then  take  the  square 
root  of  both  sides  of  the  equation,  we  shall  obtain  two  simple 
equations,  from  which  the  values  of  the  unknown  symbol  may 
be  determined. 

236.  The  process  in  the  solution  of  Adfected  Quadratic 
Equations  will  be  learnt  by  tlie  e.xamples  which  we  shall  give 
in  this  chapter,  but  before  we  proceed  to  them,  it  is  desirable 
that  the  student  should  be  satisfied  as  to  the  way  in  which  an 
expression  of  the  form 

a^  + oa; 

is  made  a perfect  square. 

Our  rule,  as  given  in  the  preceding  Article,  is  this  : add  the 
square  of  half  the  coefficient  of  the  second  term,  that  is  the 

a a?  * 

square  of  that  is,  We  have  to  shew  then  that 

,,  a^ 

+ ax + — 

4 

is  a perfect  square,  whatever  a may  be. 

This  we  may  do  by  actually  performing  the  operation  of 

a^ 

extracting  the  square  root  of  x^  + ax  + ~,  and  obtaining  the 
result  x + ^ witli  no  remainder. 
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237.  Let  us  examine  this  process  by  the  aid  of  numerical 
coefficients. 

Take  one  or  two  examples  from  the  perfect  squares  given 
in  page  48. 

We  there  have 

18x+  81  which  is  the  square  of  x+  9, 

x2  + 34x  + 289 x+17. 

x2-  8x+  16 a;-  4, 

x2-36x  4-324 x-18. 

In  all  these  cases  the  third  term  is  the  square  of  half  the 
coefficient  of  x. 


238.  Now  put  the  question  in  this  .shape.  What  must  we 
add  to  x2  4-  ax  to  make  it  a perfect  square  ? 

Suppose  b to  represent  the  quantity  to  be  added. 

Then  x^  4-  ttx  4-  & is  a perfect  square. 

Now  if  we  perform  the  operation  of  extracting  the  square 
root  of  x^  + ax  + b,  our  process  is 


For 


324  = (18)^  = (fy. 


ax  + b 


[8.A.] 


M 
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Hence  in  order  that  x^-^ax+h  may  be  a perfect  square  we 
must  have 


That  is,  h is  equivalent  to  the  square  of  half  the  coefficient 
ofx. 

239.  Before  completing  the  square  we  must  be  careful 

(1)  That  the  square  of  the  unknown  symbol  has  no  coeffi- 
cient hut  unity, 

(2)  That  the  square  of  the  unknown  symbol  has  a positive 
sign. 

These  points  will  be  more  fully  considered  in  Arts.  245  and 
246. 

240.  AVe  shall  first  take  the  case  in  which  the  coefficient  of 
the  second  term  is  an  even  number  and  its  sign  positive. 

Ex.  a;2  + '6.r=40. 

Here  we  make  the  left-hand  side  of  the  equation  a perfect 
square  by  the  following  process. 

Take  the  coefficient  of  the  .second  term,  that  is,  6. 

Take  the  half  of  this  coefficient,  that  is,  3. 

Square  the  re.sult,  which  gives  9. 

Add  9 to  both  sides  of  the  ecpiation,  and  we  get 

+ 6.C  + 9 = 4i). 

Now  taking  the  .square  root  of  bot  h sides,  we  get 

x -f-  3 = i 7. 
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Hence  we  have  two  simple  equations, 


+ 3 — +7 (1)> 

find  a:  + 3=-7 (2). 


From  these  we  find  the  values  of  x,  thus ; 
from  (1)  x = 7 - 3,  that  is,  x = 4, 

from  (2)  X—  — 7 - 3,  that  is,  x=  - 10 

Thus  the  roots  of  the  equation  are  4 and  - 10. 


Examples. — IxxxvL 

I.  x2  + 6x  = 72.  2.  x“+12x  = 64.  3.  x^+14x=15. 

4.  X“  + 46a:  = 96.  5.  X'+128x  = 393.  6.  x^  + 8x— 65  = 0 

7.  x2+18x-243  = 0.  8.  x^+ 16x-420  = 0. 

241.  We  next  take  the  case  in  which  tlie  coefficient  of  the 
second  term  is  an  even  number  and  its  sign  negative. 

Ex.  x^-8x  = 9. 

The  term  to  be  added  to  both  sides  is  (8-^2)^,  that  is, 
that  is,  16. 

Completing  the  square 

x^-8x+ 16  = 25. 

Taking  the  square  root  of  both  sides 

x-4=±5. 


This  gives  two  simple  equations, 

x-4=  +5 (1), 

a;-4=-5 (2), 

From  (1)  x=5  f 4,  x = 9; 

from  (2)  X—  —5+4,  x=  — 1. 

Thus  t!ie  roofs  of  ihe  equation  are  9 ami  - 1. 
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Examples. — Ixxxvii. 

I.  x2-6a:=7.  2.  x‘^-4x=5.  3.  x^-20x=2l. 

4.  a;2-2x  = 63.  5.  a:^- 12a:  + 32  = 0.  6.  x^-14x  + 45  = 0 

7.  a:‘‘^-234x+ 13688  = 0.  8.  (a: - 3) (a:- 2)  = 3 (5x+ 14) 

9.  a:(3a:-17)-x(2x  + 5)  + 120  = 0. 

10.  (a:  - 5)^  + (a:  — 7)^  = x (a:  — 8)  + 46. 

242.  We  now  take  tlie  case  in  which  the  coefficient  of  the 
second  term  is  an  odd  number. 


Ex.  1. 


a;2  _ 7a;  = 8. 


The  term  to  be  added  to  both  sides  is 

Completing  the  square 

9 w 49  „ 49 

x^-7x  + — = 8 + — , 

4 4 

9 w 49  81 

or,  — 7x  + -j-=-7-. 

’ 4 4 

Taking  the  square  root  of  both  sides 

7 .9 

^-2=*2- 

This  gives  two  simple  equations, 

7 9 

*"2=+2 


7 9 

® 2“  2 


From  (1) 
from  (2) 


9 7 16  . o 

»=o  + o>  or,  x = — , x = 8; 


2 2’ 
9 7 


2 

-2 


(1>, 

,(2). 


Tlius  the  roots  of  the  equation  are  8 and  - 1. 
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Ex.  2,  x^  — x=42. 

The  coefficient  of  the  second  term  is  1. 

The  term  to  be  added  to  both  sides  is 

/.  x^  — x + 7 = 42  + i 
4 4 

„ 1 169 

or,  x2-x  + -=  — ; 

1 ^ 13 

■'  ® 2 - 2' 

Hence  the  roots'  of  tlie  equation  are  7 and  — 6. 


Examples.— Ixxxviii. 

I.  x2-|-7x  = 30.  2.  x2-llx=12. 

5 


3-  x^  + 9x  = 43^. 


5.  x^  + x = 


i6' 


6.  x^  — x=72. 


4.  x2-13x=140. 

7.  x2  + 37x=3690.  8.  x^  = 56  + x. 

9.  x(5— x)-i-2x(x  — 7)- 10(x-G)  = 0. 

10.  (5x-21)(7x  — 33)-(17x-f  15)  (2x-3)  = 448. 

243.  Our  next  case  is  that  in  which  the  coefficient  of  the 
second  term  is  a fraction  0/  which  the  numerator  is  an  even 
number. 


ELx. 


x^--x  = 2l. 
o 


The  term  to  be  added  to  both  sides  is 


, 4 -1  529 

<”•'  ^ -5^  + 25=25  ’ 


1^2 
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2 ^23 

/.  x--=±-^. 
o 5 

21 

Hence  the  values  of  x are  5 and  - -g-. 

5 


EXAMPLES. — IXXXiX. 


„ 2 35  ,4 

I,  x^--x  = -p^.  2.  x^  + -a;=  - 

3 9 5 


3 

25‘ 


2 ^ n 

3-  ^'--9-  + 3 = ^- 


98  3 _ . 2 , 3 16  16 

4.  a;2-— jc- = 5-  + — x = ;=.  6.  a:^-— a:  = — . 

^ 11  11  ^ 3o  7 5 5 


2 26  16  „ 

7-  ^ 


8.  x^  — -x  = 45. 


244.  We  now  take  the  case  in  which  the  coefficient  of  the 
second  term  is  a fraction  whose  numerator  is  an  odd  number. 


Ex. 


„ 7 136 

^ -3^  = -^- 


The  term  to  he  added  to  both  sides  is 

, 7 49  136  49 

o 7 49  1681 

* 3^  ■^36“  36  ’ 

7 .41 

••^“6=--6' 

] 7 

Hence  the  values  of  x are  8 and  — 

«5 


Examples.— xc. 


I.  x^— „a:=8. 


4.  x2  + ^a:=76. 


2.  x2--x  = 98. 


5.  x2--x=16. 
5 


15 


7.  x-^--^  - 34  = 0. 


3.  a>+-x  = 39. 

6.  x“-  ^ x + 6 = 0. 

2 23  3 

x2-— x=- 

/ 4 
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245.  The  square  of  the  miknown  symbol  must  not  he  prs- 
ri’iler]  hj  a negative  sign. 

Hence,  it  we  have  to  solve  the  equation 

6x  — af'  = 9, 

we  change  the  sign  of  every  term,  and  we  get 

— 6.T  = - 9. 

Completing  the  square 

— 6.r  + 9 = 9 — 9, 
or  x^  - 6x  + 9 = 0. 

Hence  x-3  = 0, 

or  x = 3. 


Note.  We  are  not  to  be  surprised  at  finding  only  one 
value  for  x.  The  interpretation  to  be  placed  on  such  a result 
is,  tliat  the  two  roots  of  the  equation  are  equal  in  value  and 
alike  in  sign. 


246.  The  square  of  the  unknown  symbol  must  have  no 
coejjicient  but  unity. 

Hence,  if  we  have  to  solve  the  equation 

5x^  — 3x  = 2, 

we  must  divide  all  the  terms  by  5,  and  we  cet 

2 3x  2 
5 5 

2 

From  which  we  get  x = 1 and  x=  — 


247.  In  solving  Quadratic  Equations  involving  literal  co- 
efficients of  the  unknown  symbol,  the  same  rules  will  apply  as 
in  the  cases  of  numerical  coefficients. 

Thus,  to  solve  the  equation 

?^-2-2  = 0. 

X a 


Clearing  the  equation  of  fractions,  we  get 

2ft2  — x^~  2ax  = 0 ; 

— x^  — 2ax  = - 2a^, 
or  x^  + 2ax  = 2a^. 


therefore 
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Completing  the  square 

+ 2aa;  + = 3a^, 

whence  x + a=  ± ^3 . a ; 

therefore  x=  - a+  .a,  ov  x= -a- .a. 

The  following  are  Examples  of  Literal  Quadratic  Equations. 


I.  x2  + 2ax=«2_ 


Examples. — xci. 

2.  x^  — 4ax  = 7a^. 


3.  x2  + 37nx  = ^^. 


9 bn  3n^ 

5.  x^  + {a-\)x  = a. 

6.  x^+  {a-b)  x = ah. 


a^ 


i = 0. 


^ (x  + ay  (x  - ay 
8.  adx  - acx^  = hex  - hd. 

9-  <^a:  + ^|^  = (a  + 6)«2. 


10. 


(i^x^  2ax  52 

~W 


+ -2  = 0. 
c 


11. 

C C2  g • 

1 2.  (4a2  - 9c(f‘-^)  x2  + (4a2c2  + Aahd^)  x + (ac2  + fe(^2)2  ^ 0^ 

248.  If  both  sides  of  an  equation  can  be  divided  by  the 
unknown  symbol,  divide  by  it,  and  observe  that  0 is  in  that 
case  one  root  of  the  equation. 

Thus  in  solving  the  equation 

x3  _ 2a;2  = 3x, 

we  may  divide  by  x,  and  reduce  the  equation  to  the  form 

x2-2x  = 3, 

from  which  we  get 

x=3  or  x=  - 1. 

Then  the  three  roots  of  the  original  equation  are  0,  3 and  - 1. 

We  sliall  now  give  some  Miscellaneous  Examples  of  Quad- 
ratic Eejuations. 
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Examples.— xcii. 


I.  x^-1x+2  = lO.  2.  X‘^-bx  + 3 = 9.  3.  x^-llx- 1 = 5. 

4.  x2- 13a;- 6 = 8.  5.  ic2  + 7x-18  = 0.  6.  4a:-— -—=22. 

X -3 


7.  x-^-9a:-f  20  = 0. 
9.  x'^-dx-  14  = 2. 


4x  x-7 

T T 9 

x + 7 2x  + 3~ 

1 2 1 -3  o 

14.  2X=‘-3X+/g  = 8. 


8.  5x-3^--4  = !?- 6, 

a:-  3 2 


10. 


4a: 


a:  - 3 


a:  -f  3 2x  -f-  5 


:2. 


12.  a:2-12=llx.  13.  x2-14=13x. 


15.  3x 


169 

a: 


= 26.  16.  2x^=18x-40. 


17. 

19. 

21. 


4-1- 3x 

15  — X 

7x-14 

18. 

3x2 

10 

X-  6 

20~' 

= 24x-36. 

3x  — 5 

6x 

1 

7 

1 

CO 

1 

1 

9x 

3x  - 25 

3" 

.zu* 

4 

X -1-  5 2x  ’ 

4x-  10 

7-3x 

7 

(x- 

-3)2  + 4x  = 44. 

x-l-  5 

X 

“2* 

22. 

.2 


x+11  ^ 9-1- 4x 

23. = 7- 

X X 

26.  x^-x  = 210. 

X 3 X - 1 


27. 


24.  6x^  + x=2. 
6 


.?  = 3. 


29. 


ja* 


x-l 

2'^ 

X 

1 

2 

3 

X - 2 

x + 2 

“5' 

10 

14-  2x 

22 

X 

x2 

9' 

12 

8 

-1-^ 

_ 32 

x-1- 1 X 

30.  15x^  — 7x  = 46. 
4x  20  — 4x 


25- 

28.  ^-11  = 

O 


3"- 


X 


= 15. 


34- 

36. 


X 


X -f  60  3x  — 5' 

^ I 7-^.  g9 

7-x^  X “10- 


37.  x^  + {a  + b)  X + ah  = 0. 

39.  ay^ -2ax  + — b~  = 0. 

2 a 2a2 
41.  a:^+ ^a:--^  = 0. 


38.  x^  — {b-a)x-ab  = 0. 
40.  x^ -(a^  - a^)x  — a^  = 0. 
a^  + b^ 


42.  x^- 


ab 


-X -1-1=0. 


H ICC 


XX.  ON  SIMULTANEOUS  EQUATIONS 
INVOLVING  QUADRATICS. 


249.  For  the  solution  of  Simultaneous  Equations  of  a de- 
gree higher  than  the  first  no  fixed  rules  can  be  laid  down.  We 
shall  point  out  the  methods  of  solution  which  may  be  adopted 
with  advantage  in  jiarticular  cases. 

250.  If  the  simple  power  of  one  of  the  unknown  symbols 
can  be  expres.sed  in  terms  of  the  other  symbol  by  means  of  one 
of  the  given  equations,  the  Method  of  Substitution,  explained 
in  Art.  217,  may  be  employed,  thus: 

Ex.  To  solve  the  equations 

x + y = b0 
xy  = 600. 

From  the  first  equation 

x = 50-y. 

Substitute  this  value  for  x in  the  second  equation,  and  we 
get  (50-?/) . y = 600. 

Tliis  gi  ves  Sby  - ==  qoo. 

From  wliich  we  find  the  values  of  y to  be  30  and  20. 

And  we  may  then  find  the  corresponding  values  of  x to  l)e 
20  and  30. 

251.  But  it  is  better  that  the  student  should  accustom 
himself  to  work  such  equations  symmetrically,  thus  ; 

To  solve  the  equations 


K-t-  ?/  = 50 (ij, 

xii  = mo (^2) 


From  (1)  a:2  + 2.v?/  + ?/“  = 2500. 

From  (2)  4.nj  =21;KX 
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Subtracting,  - 2xy  + if  = 100, 

x-y=±  10. 

Then  from  this  equation  and  (1)  we  find 

a;  = 30  or  20  and  y = 20  or  30. 


Examples.— xciii. 


I.  iC  + ^ = 40  2.  x+y=l3  3.  x + y=29 

xy  = 300.  xy  = 3G,  xy=l00. 

4.  x — y = 19  5.  35- y = 45  6.  x-y  = 99 

xy  = 6G.  xy  = 2b0.  3;^  = 100. 

252.  To  solve  the  equations 

(Ij, 

a;2  + y2_74 (2). 

From  (1)  - 2xy  + ?/^=  144..., (3). 


Subtract  this  from  (2),  then 

2xy  = - 7C, 

.•  4xy=  — 140. 

Add  this  to  (3),  then 

35^  + 2xy  + y‘^  = 4, 
x + y=  ±2. 

Then  from  this  equation  and  (1)  we  get 

x = 7 or  5 and  y=  — 5 or  — 7. 


Examples.— xciv. 


I.  x-y  = 4 

y.2  4-  _ 4Q^ 

4.  x4-y  = d> 
X-  + ?/'  = 32. 


2.  35-y=10 

a;2  + 7/2=  178. 

5.  35  + y=12 

a;'^  + ?/“=104. 
%/ 


3.  x — y=L4 
x'^  + if  = 42>G. 

6.  35  + 7^  = 49 

35^  + r=  1681. 
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253,  To  solve  the  equations 

+ (1), 

x + y = b (2). 

Divide  (1)  by  (2),  then  we  get 

x‘^-xy  + y'^^7  (3), 

From  (2)  + 2xy  + y‘^  = 2b (4), 

Subtracting  (3)  from  (4), 

3a;y  = 18, 

4xy  — 24. 


Then  from  this  eqx;ation  and  (4)  we  get 

x-~2xy  + i/=l, 

■■■  x-y=±l; 
and  from  this  equation  and  (2)  we  find 

a;==3  or  2 and  y = 2 or  3. 


Examples. — xcv 

cc^  + q/  = 91  2.  x^  + y^  = 34l  3.  x^  + y^=l008 

x + y = 7.  x + y = ll.  x + y^l2. 

x^-y^  — 5(S  5.  x^  — y^  — 98  6.  x^  - y"^  = 279 

x-y  = 2.  x-y=^2.  x-y  = 3. 

254.  To  solve  the  equations 

1 1_5 

x~^  y 6 

J_  _1  _ I'" 

x^'^  7/ ~3i) 

From  (1),  by  squaring  it,  we  get 

x^~^  xy"^  7j^  30 

From  this  subtract  (2),  and  we  have 

2 12 
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Now  subtract  this  from  (3),  and  we  get 

xy  ^ ^2  ~ 3g  > 


IT  1 

4 

X y ■“  6 " 


and  from  this  ecj^uation  and  (1)  we  find 

x = 2 or  3 and  y = 3 or  2. 


iSg 


Examples. — xcvi. 


I -+-=^ 

X y~20' 


1 1 3 

2.  — I — = -. 
X y 4 


Jl  i _ 

y. 


X 


400* 


i+i-=  ® 


X 


16‘ 


1-1  = } 

X y 12 

1 1 7 


x^ 


y^  144' 


X y 2 
x-^  y^  4 


1 1 r 

3.  — I — = 5. 

X y 

~9  H y = 13. 

x-^  y^ 

6.  --1  = 3. 

X 7/ 


X 


255.  To  solve  the  equations 

a;2  + 3x^  = 7 (1)^ 

a:7y  + 4/=18 (2), 

If  we  add  the  equations  we  get 

x2  + 4x7/  + 4t/2  = 25. 

Taking  tlie  square  root  of  eacli  side,  and  taking  only  the 
positive  root  of  the  right-hand  side  into  account, 

x-h27/  = 5; 

X = 5 - 2y. 

Substituting  this  value  for  x in  (2)  we  get 

{b-2y)  7J  + 4^2^18^ 

an  equation  by  which  y may  be  determined. 

Note.  In  some  examples  we  must  subtract  the  second 
equation  from  tlie  first  in  order  to  get  a perfect  square. 
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256.  To  solve  the  equations 

x^-y^  = 26 (1)> 

+ xy  + — V'i (2)* 

Dividing  (1)  by  (2)  we  get  x-y  = 2 (3), 

squaring,  = 4 (4}. 

Subtract  this  from  (2),  and  we  have 

Zxy  = 9 ; 

4xy  = i2. 


Adding  this  to  (4),  we  get  x‘^  + 2xy  + y^=16; 

x + y=  + -i. 

Then  from  this  equation  and  (3)  vi'e  find 

£c  = 3 or  — 1 , and  ^ = 1 or  — 3. 


257.  To  solve  the  equations 

x2  + y2  = 65 (1), 

xy  = 28 (2). 

Multiplying  (2)  by  2,  we  have 


x^  + y’^  = Q5  \ ^ 
2xy  = 56  j ’ 

x^  + 2:nj  + = 1 2 1 ) 

x^  — 2xy  + y'^=  9)’ 


x + y=±n (A), 

x-y=±  3 (B). 

The  equations  A and  B furnish  four  pairs  of  simple 
ecpiations, 

x + y=n,  x + y=n,  x + y=-ll,  x + y=-ll, 

x-y  = ?>,  x-y=-S,  x-y  = Z,  x-y=^-3. 


from  which  we  find  the  values  of  x to  be  7,  4,  -7  and  —4, 
and  the  corresponding  values  of  y to  be  4,  7,  —4  and  —7. 

258.  The  artifice,  by  which  the  solution  of  the  equations 
given  in  this  article  is  effected,  is  a])plicable  to  cases  in  which 
the  e(iuations  are  homogeneous  and  of  the  same  order. 


/A'J  '01.  VINO  QUA  DR  A TICS. 


191 


To  solve  the  e(|iiations 

x^  + xy=  15, 

Suppose  y = mx. 

Tlien  x'^  + 'mx'^=lb.  from  the  first  eauution, 
and  mx^  - m^x^  = 2,  from  the  second  ecjuation. 

Dividing  one  of  these  ecpuitions  by  tlie  other, 

x~  + ma;2  1 5 


or 


or 


mx-  - 
x^  {I +m)  _ 1 5 
x^  i;ni  - m^)  2 ’ 

1 +m  _ 15 
m — m?  2 ' 


From  this  equation  we  can  determine  the  values  of  m. 

2 

One  of  these  values  is  and  putting  this  for  m in  the 

2 

equation  x^  + mx^=  15,  we  get  x^  + - 15. 

From  which  we  find  x = ±3, 
and  then  we  can  find  y from  one  of  the  original  equations. 

259.  The  examples  which  we  shall  now  give  are  intended 
as  an  e.xercise  on  the  methods  of  solution  explained  in  the 
four  preceding  articles. 


Examples.— xcvii. 


I,  x-^  — y'-^  = 37 

x^  + xy  + y^  = 37. 

4.  x‘^  + y^  = 68 
xy—l  6. 

7.  x^-hxy  + y^  = 39 
3y-  - 5x2/ = 25. 


10.  x^-xy  + y' 


2_  ' 


2.  x2  + 6xy  = 144 
6xy  + 36y"  = 432. 

5.  x^  + y^=152 
x^-xy  + y^=l9. 

8.  x^  + xy  = 66 
xy  — y^  = 5. 

II.  x^  — xy  = 36  12. 


3x^  + 13xy  + 8//-=  152.  xy  + y^=18. 

[3.  x'^  + 1/^  = 2728  14.  x‘‘^  + 9xy  = 340 

x^  - x^  + ^^=  124.  7xy-y‘^—l71. 


3.  x^  + xy  — 2l0 
y^  + xy  = 23l. 

6.  4x2  4-9x^=190. 
4x-  5?/=  10. 

9.  3x2  4- 4x2/ = 20. 

5xy  4-  2r/2=  12. 
3x2  4-4x^4-52/2  = 71^ 

5x4-7i/  = 29. 

15.  x2  4-i/  = 225 
xy=  108. 


XXL  ON  PROBLEMS  RESULTING  IN 
QUADRATIC  EQUATIONS. 


260,  The  method  of  stating  problems  resulting  in  Quad- 
ratic Equations  does  not  require  any  general  explanation. 

Some  of  the  Examples  which  we  shall  give  involve  one 
imknown  symbol,  others  involve  hvo. 


Ex.  L What  number  is  that  whose  square  exceeds  the 
number  by  42  ? 

Let  X represent  the  number. 

Then  x^=x  + A'2, 

or,  x^  — x = 42’, 


therefore 

whence 


1 169 


X‘‘-X  + - = - 

4 


1 ^13 


And  we  find  the  values  of  .r  to  be  7 or -6. 


Ex.  2.  The  sum  of  two  numbers  h 14  and  the  sum  of 
their  squares  is  100.  Find  the  numbers. 

Let  X and  y represent  the  numbers. 

Then  x + y=lA, 

and  ' .x2  + ?/  = 100. 

Proceeding  as  in  Art.  252,  we  find 

x = S or  6,  y = 6 or  «. 

Hence  the  numbers  are  8 and  6. 
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Examples.— xcviii. 


1.  What  nimiber  is  that  whose  half  multiplied  by  its  third 
part  gives  8(54? 

2.  What  is  the  number  of  which  the  seventh  and  eiglitb 
parts  being  multiplied  together  and  the  product  divided  b}' 

3 the  quotient  is  298^  ? 

3 

3*  I take  a certain  number  Irom  94.  I then  add  the 
number  to  94. 

I multiply  the  two  results  together,  and  the  result  is  8512. 
What  is  the  number  ? 


4.  What  are  the  numbers  whose 

quotient  of  one  by  the  other  3^  ? 

3 


product  is  750  and  the 


5.  The  sum  of  the  squares  of  two  numbers  is  13001,  and 
the  difference  of  the  same  squares  is  1449.  Find  the  numbers. 

6.  The  product  ol  two  numbers,  one  of  which  is  as  much 
above  21  as  the  other  is  below  21,  is  377.  Find  the  numbers. 

7.  The  lialf,  the  third,  the  fourth  and  the  fifth  parts  of  a 
certain  number  being  multiplied  together  the  product  is  6750. 
Find  the  number. 


8.  By  what  number  must  11500  be  divided,  so  that 
the  quotient  may  be  the  same  as  the  divisor,  and  the  re- 
mainder 51  i 


9.  Find  a number  to  which  20  being  added,  and  from 
which  10  being  subtracted,  the  square  of  the  first  result  added 
to  twice  the  square  of  the  second  result  gives  17475. 

10.  The  sum  of  two  numbers  is  26,  and  the  sum  of  their 
squares  is  436.  Find  the  numbers. 

11.  The  difference  between  two  numbers  is  17,  and  the 
sum  of  their  squares  is  325.  AVhat  are  the  numbers  ? 

12.  AAdiat  two  numbers  are  they  whose  product  is  255  and 
the  sum  of  svhose  squares  is  514  ? 

13.  Dii'ide  16  into  two  ]>arts  such  that  their  product 
added  to  the  sum  of  their  squares  may  be  208. 
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14.  What  number  added  to  its  square  root  gives  as  a 
result  1332  ? 

3 

15.  What  number  exceeds  its  square  root  by  48^'? 

16.  What  number  exceeds  its  s(|uare  root  by  2550  ? 

17.  The  product  of  two  numbers  is  24,  and  their  sum 
multiplied  by  their  dilference  is  20.  Find  the  numbers. 

18.  What  two  numbers  are  tho.se  wl)Ose  sum  multiplied 
by  the  greater  is  204,  and  whose  difference  multiplied  by  the 
less  is  35  % 

19.  What  two  numbers  are  those  whose  difference  is  5 
and  their  sum  multiplied  by  the  greater  228  ? 

20.  Find  three  consecutive  numbers  whose  product  is 
equal  to  3 times  the  middle  number. 

21.  The  dilference  l)etween  the  squares  of  two  consecutive 
numbers  is  15.  Find  the  numbers. 

22.  The  sum  of  the  squares  of  two  consecutive  numbers  is 
481.  Find  the  number.s. 

23.  The  sum  of  the  squares  of  tlm-e  consecutive  numbers 
is  365.  Find  the  numbers. 

Note.  If  1 buy  x apples  for  ?/  pence, 

- will  represent  the  cost  of  an  apple  in  pence. 

%c 

If  I buy  X sheep  for  z pounds, 

- will  represent  the  co.st  of  a sheep  in  pounds. 

Ex.  A boy  bought  a number  of  oranges  for  16d.  Had  he 
bought  4 more  for  the  same  money,  he  would  have  paid 
one-third  of  a penny  less  for  each  orange.  How  many  did 
he  buy  1 

Let  X represent  the  number  of  oranges. 

Then  ^ will  represent  the  cost  of  an  orange  in  pence. 


Hence 


16 

X 


26  1 

'x  + 4^3’ 


or  16  (3x+ 12)==48x  + a;2-f  4x, 
or  a;2  + 4x=192, 

from  which  we  find  tlie  values  of  x to  be  12  or 
'fherefore  he  bought  12  oranges. 


16. 
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24.  T buy  a numl)er  of  bandkiu’cliiefs  for  £3.  Had  I 
bought  3 moro  for  the  same  money,  they  would  have  cost  one 
shilling  each  less.  How  many  did  I buy  ? 

25.  A dealer  bought  a niinilier  of  calves  for  £80.  Had  he 
bought  4 more  for  the  same  money,  each  calf  would  have  cost 
otl  less.  How  many  did  he  buy  ? 

26.  A man  bought  some  pieces  of  cloth  for  ^33.  15a. 
winch  he  sold  again  for  £2.  8s.  tlie  piece,  and  gained  as  much 
as  one  piece  cost  him.  What  did  he  give  for  each  piece  ? 

ir"^!  ^ nierchant  bought  some  pieces  of  silk  for  .£180. 
Had  he  bought  3 pieces  more,  he  would  have  paid  .£3  less  for 
each  j)iece.  How  many  did  he  buy  ? 


28.  For  a journey  of  108  miles  6 hours  less  would  have 
sufficed  had  one  gone  3 miles  an  hour  faster.  How  many 
miles  an  hour  did  one  sro  ? ^ 

^9-  grazier  bought  as  many  sheeji  as  cost  him  .£60 
Out  of  these  he  kejit  15,  and  selling  the  remainder  for  £54, 
gained  2 shillings  a head  by  them.  How  many  sheep  did 
he  buy  ? ^ 

30.  A cistern  can  be  filled  by  two  pipes  running  together 
in  2 hours,  55  minutes.  The  larger  pipe  by  itself  will  fill  it 
sooner  than  the  smaller  by  2 hours.  What  time  will  each 
pijje  take  separately  to  fill  it  ? 

31.  The  length  of  a rectangular  field  exceeds  its  breadth 
by  one  yard,  and  the  area  contains  ten  thousand  and  one 
hundred  square  yards.  Find  the  length  of  the  sides. 

32.  A certain  number  consists  of  two  digits.  The  left- 
hand  digit  is  double  of  the  right-hand  digit,  and  if  the  dimts 
be  inverted  the  product  of  the  number  thus  formed  and  the 
original  number  is  2268.  Find  the  number. 

33.  A ladder,  whose  foot  rests  in  a given  position,  just 
reaches  a vdndow  on  one  side  of  a street,  and  when  turned 
about  its  foot,  just  reaches  a window  on  the  other  side.  If  the 
two  positions  of  the  ladder  be  at  right  angles  to  each  other 
and  the  heights  of  the  windows  be  36  and  27  feet  res])ectively 
find  the  width  of  the  street  and  the  length  of  the  ladder.  ^ 
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34.  Cloth,  being  wetted,  shrinks  np  - in  its  length  and 

O 

in  its  width.  If  the  surface  of  a piece  of  cloth  is  di- 

16 

3 

minished  by  5^  square  yards,  and  the  length  of  the  4 sides 
by  4^  yards,  what  was  the  length  and  width  of  the  cloth  ? 

35.  A certain  number,  less  than  50,  consists  of  two  digits 
whose  difference  is  4.  If  the  digits  be  inverted,  the  diiference 
between  the  squares  of  the  number  thus  formed  and  of  the 
original  number  is  3960.  Find  the  number. 

36.  A plantation  in  rows  consists  of  10000  trees.  If  there 
had  been  20  less  rows,  there  would  have  been  25  more  trees  in 
a row.  How  many  rows  are  there  ? 

37.  A colonel  wished  to  form  a solid  square  of  his  men. 
The  first  time  he  had  39  men  over:  the  second  time  he  in- 
creased the  side  of  the  square  by  one  man,  and  then  he  found 
that  he  wanted  50  men  to  complete  it.  How  many  men  were 
there  in  the  regiment  1 


XXII.  INDETERMINATE  EQUATIONS. 

261.  When  the  number  of  unknown  symbols  exceeds  that 
of  the  independent  equations,  the  number  of  simultaneous 
values  of  the  symbols  will  be  indelinite.  We  ]>ropose  to  ex- 
])lain  in  this  Chapter  how  a certain  number  of  these  values 
may  be  found  in  the  case  of  Simultaneous  Ecpiations  involving 
two  unknown  quantities. 

Ex.  To  find  the  integral  values  of  x and  y which  will 
satisfy  the  equation 

3x  + 7y  = 10. 

Here  3.x=10-7?/; 

x=3-2y  + ^-^. 

Now  if  X and  y are  integers,  — ^ must  also  be  an  integer. 
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— m,  then  1 — ^ = 3?/i ; 


-■•  y=l  — 3m, 

and  x = 3 — 2]j  + m = :i  — 2 + 6m  + m = 1 + 7m  ; 

or  the  general  solution  of  the  equation  in  whole  numbers  is 
* = 1 + 7m  and  y = l — Sm, 

\\here  m may  be  0,  1,  2 or  any  integer,  positive  or 

negative. 

m = 0,x=  l,y=  1; 
m=l,  x=  8,y=  -2; 
m = 2,  «=15,  y= -5; 

and  so  on,  from  which  itap|)ears  that  the  only inte- 
gial  values  oi  x and  y which  satisfy  the  equation  are  1 and  1. 

262.  It  is  next  to  be  observed  that  it  is  desirable  to  divide 
both  sides  of  the  equation  by  the  smaller  of  the  two  coefficients 
ol  the  unknown  symbols. 

Ex.  To  find  integral  solutions  of  the  equation 

7a;  + 5?/  = 31. 

Here 

. ..  ,1  - 2x 

5 

l—2x 

Let  — ^ — =m,  an  integer. 

Then  1 — 2x  = 5m,  whence  2a;  = 1 - 5m ; 

1 — m ^ 

..  x=  — 2m. 


Let  ^ ^ 
2 

m 

~ =n. 

, an 

integer. 

Then  1 

-m  = 

2n, 

whence 

m=l-2n. 

Hence 

X- 

= n- 

- 2m  = n 

— 2 + 4:n  = 5n 

y- 

= 6- 

•x  + m = 

6 - 5?i  + 2 + 1 

Now  if 

n 

= 0,  X—- 

-2,y^.  9; 

if 

n 

= L x~ 

3,2/-  2; 

if 

n 

= 2,  X — 

8,  2/- ^-5; 

and  so  on. 
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263.  In  liow  many  ways  can  a person  pay  a bill  of  £13 
with  crowns  and  guineas'? 

Let  X and  xj  denote  the  number  of  crowns  and  guineas. 

Then  5x  + 21y-260; 

.'.  5x  = 260  — 21^; 


ic  = 52  -4i/ 


Let  |-  = m,  an  integer. 


0 

Then 

and 

If 


y = 5m, 

a:  = 52  - 4y  — m = 52  - 21m. 

m ==  0,  x = 52,  y = 0 ; 
m=  1,  cc  = 31,  y=  5 ; 
m = '2,,  x==10,  y = 10; 

and  higher  values  of  m will  give  negative  values  of  x. 

Thus  the  number  of  ways  is  three. 

264.  To  find  a number  which  when  divided  by  7 ana  5 
will  give  remainders  2 and  3 respectively. 

Let  X be  the  number. 

Then  =an  integer,  suppose  m; 


and 


a;  - 3 


= an  integer,  suppose  n. 


Then  x = 7m+2  and  x = bn  + Z] 

'7m  + 2 = bn  + 3 ; 

5n  = lm-  1,  whence  rt  = ??i4 


27fl-l 

5 


O-yvi  ._  1 

Let  — r — =2£  an  integer. 


Then  2 m = bp  + 1,  whence  m = 2p  - 

Let  ^—  = 2,  an  integer. 

A 

p = 2q-l, 

m = 2p  + q = 4q-2  + q = bq-2, 
X = 7m  + 2 = 35f/  - 1 2. 


Then 
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Hencb  if 

,y  = 0,  X — 

1 

- ; 

if 

q=\.  x = 

23  ; 

if 

II 

II 

58  ; 

and  so  on. 


Examples. — xcix. 


Find  positive  integral  solutions  of 


I.  ox +7^  = 29. 

3.  13x+19i/=ll70. 
5.  14x-5?/  = 7. 

7.  llx  + 7y  = 308. 

9.  20x  — 9^  = 683. 

II.  27x  + 4^  = 54. 


2.  7x+ 19^  = 92. 

4.  3x  + 5^  = 2G. 

6.  1 lx +15^=1031. 
8.  4x- 19^  = 23. 

10.  3x  + 7^  = 383. 

12.  7x  + 9y  = 653. 


13 

their  sum 


Find  two  fractions  with  denominators  7 and  9 and 
57 
63‘ 


14.  Find  two  proper  fractions  with  denominators  11  and 

82 

13  and  their  difference 

143 


15.  In  how  many  ways  can  a debt  of  £1.  9s.  he  paid  in 
florins  and  half-crowns  ? 

16.  Ill  how  many  ways  can  £20  he  paid  in  half-guineas 
and  half-crowns  ? 


17.  What  number  divided  by  5 gives  a remainder  2 and 
by  9 a remainder  3 ? 

18.  In  how  many  different  ways  may  .£11.  15s.  be  paid  in 
guineas  and  crowns  ? 

19.  In  how  many  different  ways  may  £4.  11s.  6d.  be  paid 
with  half-guineas  and  half-crowns  ( 

20.  Shew  that  323x  — 527y=1000  cannot  be  satisfied  by 
integral  values  of  x and  y. 
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21.  A fanner  buys  oxen,  sheep,  and  hens.  The  whole 
number  bought  was  100,  and  the  whole  price  ^100.  If  the 
oxen  cost  the  sheep  .£1,  and  the  hens  Is.  each,  how  many 
of  each  had  he  ? Of  how  many  solutions  does  this  Problem 
admit  ? 

22.  A owes  B 4s.  lOd.;  if  A has  only  sixpences  in  his 
pocket  and  B only  fourpenny  j)ieces,  how  can  they  best  settle 
the  matter  ? 

23.  A person  has  £12.  4s.  in  half-crowns,  florins,  and  shil- 
lings ; the  number  of  half-crowns  and  florins  together  is  four 
times  the  number  of  shillings,  and  the  number  of  coins  is  the 
greatest  possible.  Find  the  number  of  coins  of  each  kind. 

24.  In  how  many  ways  can  the  sum  of  £h  be  paid  in 
exactly  50  coins,  consisting  of  half-crowns,  florins,  and  four- 
penny  pieces  ? 

25.  A owes  B a shilling.  A has  only  sovereigns,  and  B has 
only  dollars  worth  4s.  3d.  each.  How  can  A most  easily  pay  B'^ 

26.  Divide  25  into  two  paids  such  that  one  of  them  is 
divisible  by  2 and  the  other  by  3. 

27.  In  how  many  ways  can  I pay  a debt  of  .£2.  9s.  with 
crowns  and  florins  ? 

28.  Divide  100  into  two  parts  such  that  one  is  a multiple 
of  7 and  the  other  of  11. 

29.  The  sum  of  two  numbers  is  100.  The  first  divided  by 
5 gives  2 as  a remainder,  and  if  we  divide  the  second  by  7 the 
remainder  is  4.  Find  the  nunrbers 

30.  Find  a number  less  than  400  which  is  a multiple  of  7 
and  which  when  divided  by  2,  o,  5.  6,  gives  as  a remainder 
in  each  case  1. 


XXIII.  THE  THEORY  OF  INDICES. 


2()5.  The  mimber  placed  over  a symbol  to  express  the 
power  of  the  symbol  is  called  the  Index. 

Up  to  this  point  our  indices  have  in  all  cases  been  Positive 
Whole  Numbers. 

Y e have  now  to  treat  of  Fractional  and  Negative  indices  ; 
and  to  put  this  part  of  the  subject  in  a clearer  light,  we  shall 
commence  from  the  elenientarv  princi2)les  laid  down  in  Arts. 
45,  46. 

266.  First,  we  must  carefully  observe  the  following  results  : 

For  d?  y.  a?  = a . a . a . a . a = 

and  (ci^y  = a^ , a^  = a.a.a.a.a.a  = a^. 

These  are  examples  of  the  Two  Eules  which  govern  all 
combinations  of  Indices.  The  general  proof  of  these  Eules  we 
shall  now  proceed  to  give. 

267.  Def.  When  m is  a positive  integer, 

a”*  means  a . a . a with  a written  m times  as  a factor. 

268.  There  are  two  rules  for  the  combination  of  indices. 

Rule  I.  = 

Rule  II.  (ary^a"^”. 

269.  To  prove  Eule  1. 

= a . a .a to  factors, 

.a io  n factors. 


I 
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Tliei'elore 

y.  ol  = {ci . a . a to  m factors)  x (a.  a.  a to  factors) 

= a.a.  a to  \T)i  + n)  factors. 

= a”*+”,  by  the  Definition. 

To  prove  Rule  II. 

(ay  = a”^ . a™  . «”• to  n factors, 

= {o,.a.a to  m factors) (ci , a . a . . . to  m factors)  ... 

re])eated  n times, 

= a.a  .a to  vi7i  factors, 

= by  the  Definition. 


270.  We  liave  deduced  immediately  from  the  Definition 
that  when  m and  n are  positive  integers  a”*  x a”  = a’"+".  When 
m and  n are  not  positive  integers,  the  Definition  has  no  mean- 
ing. We  therefore  extend  the  Definition  by  saying  that  a”‘  and 
a”,  wliatever  m and  n may  be,  shall  be  such  that  a-  x = 
and  we  shall  now  proceed  to  sheAv  what  meanings  we  assign  to 
a”',  in  consequence  of  this  definition,  in  the  following  cases. 


271.  Case  I.  To  find  the  meaning  of  a%  p and  q being 
positive  integers. 

r p ? , 5^ 
a’  X = 

i r p r_f_p  p r+p+p 
a’  X n’  X i x a'>  = a'>  ^ 


and  by  continuing  this  process, 


p p 

ai'  X a’’  X 


p^p I p , 

to  q factors  = a’  ? « 
= al. 


to  q tems 


But  by  the  nature  of  the  symbol  Sj 

i/a’’  X if  a”  X to  q factors  = a” ; 


p p 
a’  X a’  X 


to  q factors  = ija”  x ij  a”  x ...to  q factors .- 

P 

:.  a"=  if  a”. 
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272.  Case  II.  To  find  the  meaning  of  a~\  s being  a posi- 
tive number,  whole  or  fractional. 

We  must  first  find  the  meaning  of  a®. 

We  have  a™  x a®  = a”‘+® 

= a”*; 

t/y—  I . 

Now  a' X a~‘  ~ a’~’ 

= 1; 


273.  Thus  the  interpretation  of  a”  has  been  dednced  i'roni 
Eule  I.  It  remains  to  he  proved  that  this  interpretation 
ai^rees  with  Rule  II.  This  we  shall  do  hy  shewing  that  Rule 
II.  foIloAvs  from  Rule  I.,  whatever  m and  n may  he. 


274.  To  shew  that  (a”'Y  = a”'’'  for  all  values  of  m and  n. 

(1)  Let  n he  a positive  integer  : then,  whatever  m may  he, 
(a'^Y  — a'"  .a”'  .a'” to  n factors 

• to  Ji  terms 


(2)  Let  n be  a positive  fraction,  and  equal  I0  ^,2)  and  w 
being  positive  integers  ; then,  whatever  he  the  value  of  m, 

^ 9 terms 

(a™)^  X {a'^Y  ^ to  g factors  = (a’")''  ^ 

= (a”*)p 

hy  (1). 


mp 


mp 


But  xa^  x tog-  factors  = a ^ 

= a'"p 


— H — - 4- ...  to  y t«nn* 


p mp 

(a”'Y  = a'^  ; 


that  is, 


204 


THE  THEOR  Y OF  INDICES. 


(3)  Let  n—  —s,  s being  a positive  number,  whole  or  frac- 
tional ; then,  whatever  m may  be. 


] 


a‘ 


ms^ 


by  (1)  and  (2)  of  this  Article  ; 


that  is. 


a 


275.  We  shall  now  give  some  examples  of  the  mode  in 
which  the  Theorems  established  in  the  preceding  articles  are 
applied  to  particular  cases.  We  shall  commence  witli  exam- 
ples of  the  combination  of  the  indices  of  two  single  terms. 


276. 


277. 


Since 

x”'  X x"  - x”‘+". 

(1) 

*K/  ^ Uy  tly  JO  • 

(2) 

X°  XX  — x'^^. 

(3) 

^a-b-Y<  ^b^a-\-c 

(4) 

_ ^ J^n—p+p—n^^ 

= a®.  W.C 

= 1.1. C 

= c. 

Since 

(x”)"  = x"'", 

(1) 

(;C<5y3  _ 3.6x3  _ 3.IJ 

(2) 

II 

;< 

II 

(3) 

•A  -|-s.  ^1*  t 


r _ , 

Since  x’= 

(1) 

(2) 


278. 
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Note.  When  Examples  are  given  of  actual  numbers  raiseil 
to  fractional  powers,  they  may  often  be  put  in  a form  mon*  fit 
for  easy  solution,  thus  : 

(1)  144^  = (144^)3  = ( ^144)3=  123=  1728- 

(2)  125^  = (125^)3  = ( 4/125)3  = 53  = 25. 

279.  Since  (x”*)”  = x”‘", 

( 1 ) I (x”*)" } " = (x”‘")  p = x”*"p. 

(2)  { [p  = (a”*")  p = 

(3)  I (x-™)"  }p  = (x-'"")  p = x-™'*p. 


280.  Since  x“"  = - 


X 


,n  J 


we  may  replace  an  expression  raised  to  a negative  power  by 
the  reciprocal  (Art.  199)  of  the  expression  raised  to  the  same 
positive  power : thus 


(1)  a-i  = l. 

^ a 


(2)  = i 


a“ 


(3)  a 3 ^ . 


a 


Examples. — c. 

(1)  Express  with  fractional  indices : 

I.  Vx3+  4/x3  + (^/x)b  3.  (4^a)3  + a 


(2)  Express  with  negative  indices  so  as  to  remove  all  powers 
from  the  denominators : 


1 ^ ^ _3 

^ ’ X x3  x3  X^  ’ 

x2  3x  4 

2.  — ^ H — o — j. 

'1/  2/3 


X3  5x'3  X 

3'  4^2g2  y^' 

xy  I z 
3a3  bxhj^  x^y*' 


(3)  Express  with  negative  indices  so  as  to  remove  all  powers 
from  the  numerators  ; 
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1 X X?  X* 

x^'^Sx  5' 


4an>^ 


3a 


l/x 


+ — + 


s^h 


y 


4- 


fxy  4/a3fc2  4/giofc5 


'3z 


^4)  Express  with  root-symbols  and  positive  indices  : 

.4  ^.-2  '' 


- 1^-8^  Y.1-  M 4-  ^ 

I.  ^x^ + 3x’^'iC +x~^yY  3-  2'^  _3 

y ^ y 4 


-f 


2.  X ^ + y ^ + z 


X~'^  X ^ 


4-  + 


^y 


4‘ 


X 


Cb 

281 . Since  x™  a;"  = --  = a:” . x“"  = x™-", 

/y%n 


X 


(1)  x®4-x^  = x®  ^ — x^ 

(2)  x^-7-x®  = x^“®  = x~°  = -^-. 

(3)  x’”-^x”‘~”  = x”'“'"'""':^x™“”+"=x”. 

(4)  = = = 

(5)  x^-7-x^  = x^  ^ = x^. 

(6)  x^-^x^=x^  ^ = x^~^  = x «=x~^=  1^’ 

iC 

282.  Ex.  Alultiply  a'*’"  - a^'  + a'  -I  by  o' +1. 

ai'  - a*’'  -f  a’’  - 1 
N+  1 

a*'  - a*’’  -I-  al'  — a’’ 

+ al'  - a'^’’  + a''  - 1 


EXAMPLES.— Ci. 

Multiply 

I . x}”  -I-  x^y^  4-  y^’’  hy  x’^'’  - x^y^  + y"^^. 

3.  rt®”  -I-  3a^”'y"  + 9cCif''  + 27y’’'  hy  a”'  - 2y”. 
3.  x*‘‘  - 2ax'^  -h  4a^  hy  x*‘‘  + 2ax?'^  + 4a^. 
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4.  a”*  + i'*  + c"  1 )y  (t”*  - + e. 

5 . a’”  + \f  - 2c”  Ly  2(r  - 6 + c^. 

6.  - 'if'  hy  x”  + 

7.  — x”^"  + 'y^''  by  x^'*  + x"y”  4- 

8.  - &p^  4-  cP  by  aP^~p  4-  6‘-p"^  4-  c^-p. 

9.  Form  the  square  of  x^p4-xP4-  1. 
lo.  Form  the  square  of  x^p  — xp+  1. 

283.  Ex.  Divide  x*’’— I by 

xP  - 1^  x^p  - 1 (x®p  4-  x^p  4-  xP  f 1 

X<P  _ fP 

x=*p-  1 

X®P  - X^P 

x^p-l 

X^P  — xP 

XP  - 1 
XP-  1 


Examples.— cii. 


Divide 


3.  X®”  - y^'  by  X”  - 2/". 

4.  a^®p  + by  a*P  4- 


1 . X*”*  — y*”*  by  X”*  - y”*. 

2.  X®”  4-  ^®"  by  x”  4-  y". 

5.  x®**  - 243  by  x''  - 3, 

6.  a*”'  4-  4a‘”'x^"  4- 1 6x^’*  by  4-  2a’”x”  4-  4x^" 

7.  9xP  4-  3x'*P  4-  14x'’p  4-  2 by  1 4-  5xp  4-  x^p. 

8.  146^c”*  - 136®”'c^"‘  - 56®”*  4-  46-”*c-^”*  by 

9.  Find  tlie  square  root  of 

a®”*  4-  6a®"*  4-  15ct^”*  4-  20a®”*  4-  15a®"*  4-  Ga"*  4- 1. 

10.  Find  the  square  root  of 

^ J2U  ^2r  ^ 2a”*6’*  4-  2a”*c”  f 26’*c”. 


2o8 


the  theor  y of  mr)rCE.< 


FrfiLctional  Indices. 

284.  Ex.  Multiply  cE  — by  oF  + b^. 

1 I h 2 

— a^b^  + 

1 1 

+ P 

2 i 13 

a -a^b'^ +0^^"^ 

2 i 1.  3 

+ a'^b^  — a^b'^  + b 
a +b 


Examples. — ciii. 

Multiply 

1.  x^-  2x^  +1  by  - 1. 

2.  + y~^ + y^ -^1  hj  yi  ~1. 

o 3.  2 4 3 2 4 

- x^  by  4 a^x^  + 

4.  - a^b^  - - bK^  by  + b^'  + 

5 . 5x^  + 2x^y^  + 3x^y^  + 7y^  by  2x^  - Zy^. 

^ 4 § i 5 a 1 3 4 11 

o.  m-’  + m-’7i-’  + + ??t ■">«•'>  + ?i«  by  — iE\ 

7.  + 4d^  by  ??j,S  + 2dKi^  + 4dK 

8.  8(1^  + 4a ‘b‘  + 5a ' ly  + Qly  by  2v^  — 3b^, 


Form  the  square  of  each  of  the  following  expressions  : 


9.  x^  + a^.  10.  x^-a^. 

12.  a + b^.  13.  o;^-2x4  + 3. 


2.  3 

II.  X'’+2/". 

P -i 

14.  2x^  + 3x‘+4. 


16.  x^  + 2y^  — 


1 5.  x^  — ^^  + 2^, 
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285.  Ex.  Divide  a -hhy  ^fb. 

1 .1 

Putting  for  ^a,  and  I'or  we  proceed  thus : 


a -*■  tv 


^ — b^)  a — b b^  + b-  + b 

hi 

ahi-b 

3 1 11 

ah^-a^b^ 


a^b^  — b 

11  1 ■•! 

a^h'^-a^hi 


1 .1 

a^b’^-h 
1 3 

a^b^  — b 


EXAMPLES.  — civ. 

Divide 

I , x-yhj  7-  » ~ 


1 i 

2.  a — bhyav  + b^. 

i I 

3.  x-yhyx^-y^. 

1 1 

4.  a + bhy  -^-b^. 


8.  81a  - 16&  hv  3a^  - 2b^. 


1 1 

a — x hv  + (i“. 


9- 


JL, 

10.  m — 243  hy  — 3. 


1 1 

II.  x+ 17x^  + 7()  hy  x^  4-7. 


12.  x^  4-x^  - 12  hy  x^  — 3. 


1 JL 

5.  x + yhyx^^-i-y^. 

, h h 

6.  m — nnym^—n*'. 

1 1.  - 36^'  -f  3/1  - ID  by  b'-^'  - 1. 

I'll  1 I 

14.  x + y + z -3x'Dfz^  hy  x'^ +y^ +z^. 

2-1  1 

15.  X - 5x‘^  - 46x»  - 40  hy  x^ -f  4. 

i i 4 111 

16.  m + m^n^ +71  hy  ttV --rri^rD + ')D. 

311  i 1 

17.  ^ _ 4^4  + - 4|)i  + 1 by  j?2_  229^  + 1. 

18.  2x  4-  x^y^  -^y-  - 2 hy  2x2  + 0,^2  + 

4 31  22  13  4 

19.  X -f  ly  by  x^  - x«i/-‘^  4-  xhj^^  - x-y->  y+ 

[S.A.j 


o 
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Negative  Indices. 

286*.  Ex,  Multiply  x~^  + x~^y~^  + x~Hj~^‘  4-  y~^  hy  x~^  — y~^. 
x~^  + x~^y~'^  + x~'^y~^  + y~^ 

— y~'^  * 

x~^  + x~hj~^  4-  x~hj~^  4-  x~hj~'^ 


x~^  — y~^ 


Examples. — cv. 

Multiply 

I . rt-i  + fc-i  by  «-i  - b~\  2.  x~^  + &-2  by  x~^  - 6-2 

3.  cc^  + x + ic-i  + rc-s  by  x-cc-i.  4.  a;2  - 1 + cc-2  by  a;2  + 1 + a;-2. 
5 . a-2  4-  6-2  by  a-2  - b~^  6.  a~^  - &-i  4-  c~^  by  a~^  4-  6-1 4-  c~\ 

7.  1 + a6-l  + rt2&-2  py  I _ ^ 

8.  a26-2  + 2 + rt-262  by  a2&-2  - 2 - a-~b‘-^. 

9.  4a;-3  4-  3a:“2  4-  2x~'^  + 1 by  a;-2  - a;-i  4- 1 . 

I o.  ^a;-2  4-  - 1 by  2x~2  - a;-i  - 

^ o 2 

287.  Ex,  Divide  ;c2  4- 1 4-  x~^  6?/  x — 1 4-  .4:— b 
1 + x2  4- 1 4-  s-2  4- 1 _|_  a;~i 

a:^  - a:  4- 1 

cc4-a:-2 

a:  - 1 4-  x~^ 


1 —X  ^4-  a;-2 
1 — x~^  4-  «-2 


Note.  The  order  of  the  powers  of  a is 

a\  a~\  a~%  a~^ 

a series  which  may  be  written  thus 


a\  n^,  a,  ] , 


i -L  JL 

a’  a^’ 
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Examples.— cvi. 


Divide 


I . by  j ‘ b~‘^  1 )y  a - h~^. 

3.  + 7i~^  by  m + n~^.  4.  - d~^  by  c - d~^. 

5 . x-y~‘^  + 2+  x~'^y^  by  xy~'^  + x~^y- 

6.  a-^  + cr%-'^  + h-^  by  tr^  - a-’fe-i  + h~'K 

7.  x^y~"^  - x~hj^  — Zxy~^  + 3x~^y  by  xy~^  - x~^y. 


8. 


3^5 

4 


- 4x~^  + 


77x~^ 

8 


43x“‘^ 

~T 


33a;-i 

4 


+ 27 


9.  a^b~^  + a~^b'^  by  ab~^  + a~^b. 

I o.  a~^  + b~^  + c~^  — 8a~^b~^c~^  by  + 6“^  + c~^. 


288.  To  shew  that  (a6)"  = a".  6", 

(aby  = ab . ab . ab ..  .to  n factors 

= (a.a.a  ...to  n factors)  x{b  .b  .b  ...to  n factors) 

= N.b\ 

We  shall  now  give  a series  of  Examples  to  introduce  the 
various  forms  of  combination  of  indices  explained  in  tliis 
Chapter. 


Examples. — cvii. 

I . Divide  x^  - 4xy  + 4x^y  + 4y^  by  x^  + 2x^y^  + 2y. 


2.  Si  mplify  | . (x^)^  [ 


3a-2 


1 


1 


4.  Simplify 


3.  Simplify 

_1 1 

x+ a X- a 
X“  + a- 
a 
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5- 

6. 

8. 

9- 


1 1. 


12. 

13- 

15- 
1 6. 


17- 


1 8. 


19. 


20. 


Multiply  |a3  ^ + 4x  ^ ? by  3x  ^ - 2x  ^ — g. 


_ 

Simplify  7-  Divide  - ?/"  by  x"  + 1/. 

Multiply  {a^  + by 

Divide  a — 6 by  IJa-  Ijh.  10.  Prove  that  (a^)”  = (a”)-. 
If  a”*'*  = (a™)”,  find  m in  terms  of  n. 

Simplify  x“+^+“ . x“+‘-' . x“-'+'= . x^-*^-". 


Simplify  . H-  Divide  4a*  by  — . 


Simplify  [{(a^)-” (a")"|-"]- 
Multiply  a’^  + b"-  2c"  by  2a”*  - Zb. 


Multiply  a”*-"&"-^  lyv  al'^b^^c. 


Shew  that 


a + - {a-h)^ 

a+b 


ai 

J.  J.  • 
a^  + 


4 -L  , 4 

Multiply  x^  + X**  + 1 by  x^  — x*»  + 1 

2 4 

and  their  product  by  x-*  - x®  + 1. 

Multiply  a”*  - 6a”*“^x-r  ca’"““X^  by  a"  + ba”~'^  x — ca"~^x\ 


21.  Divide  — 7/^''^^  by  x''**  d + d, 

22.  Simplify  I (a”*)™ 

23.  jMultiply  x^”  + x^’’^'’  + x^T/^^  + by  x”  — \f. 

1 

24.  Write  down  the  values  of  025^  and  12~^. 

25.  Multi]  lly  rjim -l)n  _ y(n-\)m  ]jy  x”  - 7/”*. 

26.  Multiply  x^  + 3x^  - 1 by  — 2x 


XXIV.  ON  SURDS. 


289.  All  riimbers  which  we  cannot  exactly  determine, 
because  they  are  not  multiples  of  a Primary  or  Subordinate 
Unit,  are  called  Surds. 

290.  We  sh  11  confine  our  attention  to  those  Surds  which 
originate  in  tl  , Extraction  of  roots  where  the  results  cannot 
be  exhibited  i i whole  or  fractional  numbers. 

For  example,  if  we  perform  the  operation  of  extracting  the 
scpiare  root  of  2,  we  obtain  1-4142...,  and  though  we  may 
carry  on  tlie  process  to  any  required  extent,  we  shall  never  be 
able  to  stop  at  any  particular  point  and  to  say  that  we  have 
found  £he  exact  number  which  is  equivalent  to  the  Square 
Hoot  of  2. 


291.  We  can  approximate  to  the  real  value  of  a surd  by 
binding  two  numbers  between  which  it  lies,  difieriug  from  eacli 
i)ther  by  a fraction  as  small  as  we  please. 


Thus,  .since  a/2  = 1'4142 

14  15  1 

lies  between  --  and  which  differ  by 


10’ 


also  between  and  which  differ  by  ; 

O’  J ]_(_)()  ’ 


100 

1414 

lobb 


100’ 
1415 

ibob’ 


also  between  and  which  differ  by 


_1 

iobb‘ 


And,  generally,  if  we  find  the  square  root  of  2 to  n places 
of  decimals,  we  shall  find  two  numbers  between  which  ^2  lies. 

di tiering  from  each  other  by  the  fraction  , V . 
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292,  Next,  we  can  always  find  a fraction  differing  from  the 
real  valne  of  a surd  by  less  than  any  assigned  quantity. 

For  example,  suppose  it  required  to  find  a fraction  differ- 
ing from  ,y/2  hy  less  than 

I • 

Now  2(12)'“^,  that  is  288,  lies  between  (16)-  and  (17)“, 

2 lies  between  (^)  and  5 

J2  lies  between  ^ and  ^ ; 

^ 12  12 

T 0 1 

^2  differs  from  lass  than 


293.  Surds,  though  they  cannot  be  expressed  by  whole  or 
fractional  numbers,  are  nevertheless  numbers  of  which  we  maj'- 
form  an  approximate  idea,  and  we  may  make  three  assertions 
respecting  them. 

(1)  Surds  may  be  compared  so  far  as  asserting  that  one  is 
greater  or  less  than  another.  Thus  ^3  is  clearly  greater  than 
a^/2,  and  a^9  is  greater  than  4^8. 

(2)  Surds  may  be  multiples  of  other  surds : thus  2 ^2  is 
the  double  of  /sj2. 


(3)  Surds,  when  multiplied  together,  may  produce  as  a 
result  a whole  or  fractional  number : thus 


and 


J2  X fj2  = 2, 

»/3  '*/3  */3  3 

V4^ 


294.  The  symbols  sja,  \/a,  v/ft,  in  cases  where  the 
s(tcond,  third,  fourth,  and  roots  respectively  of  a cannot  be 
exhibited  as  whole  or  fractional  numbers,  will  represent  surds 
of  the  second,  third,  fourth,  and  71“*  order. 

These  symbols  we  may,  in  accordance  with  the  principles 
laid  down  in  Chapter  XXI II.,  replace  by  a^,  a^,  a». 
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205.  Surds  of  the  same  order  are  tliose  for  which  the  root- 
symhol  or  surd-index  is  the  same. 

Thus  4 ^(mn),  r^  are  surds  of  the  same  order. 

Like  surds  are  those  iu  which  the  same  root-syml)ol  or  surd- 
index  appears  over  the  same  quantity. 

1 

Thus  2 ija,  3 sja,  4a^  are  like  surds. 

296.  A Avhole  or  fractional  number  may  be  expressed  in 
the  form  of  a surd,  by  raising  the  number  to  the  power  denoted 
by  the  order  of  the  surd,  and  placing  the  result  under  the 
symbol  of  evolution  that  corresponds  to  the  surd-index. 

Thus  a— 

b_  ^Ibf 

C “ V c3- 

297.  Surds  of  different  orders  may  be  transformed  into  surds 
of  the  same  order  by  reducing  the  surd-indices  to  fractions 
with  the  same  denominator. 

Thus  we  may  transform  and  into  surds  of  the  same 
order,  for 

and  4/7y  = y~^  = y~^  = 

and  thus  both  surds  are  transformed  into  surds  of  the  twelfth 
order. 


Examples.— cviii. 

Transform  into  Surds  of  the  same  order ; 

I.  V-'^and  ^y.  2.  4^4  and  ^2.  3.  ^(18)  and  4/(50). 

4.  4/2  and  4/2.  5.  4/a  and  4/6.  6.  ^(a  + b)  and  ff{a-b). 

298.  If  a whole  or  fractional  number  be  multiplied  into  a 
surd,  the  product  will  be  represented  by  jdacing  the  Tuiiltiplier 
and  the  multiplicand  side  by  side  with  no  sign,  or  with  a dot 
(.)  between  them. 

Thus  the  product  of  3 and  v^2  is  represented  by  3 y/2. 


.. . . of  4 and  5 ff 2 by  20  ^2, 

...of  a and  ffc 'oy  a Jc. 
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299.  Like  surds  may  be  combined  by  the  ordinary  pro- 
cesses of  addition  ami  subtraction,  that  is,  by  adding  the 
coefficients  of  the  surd  and  placing  the  result  as  a coefficient 
of  the  surd. 

Thus  fja+  sja  = 2 Ja, 

Xsjc-  Jc  = {x-l)  Jc. 


300.  We  now  proceed  to  prove  a Theorem  of  great  ini- 
jiortance,  which  may  be  thus  stated. 

The  root  of  amj  expression  is  the  same  as  the  product  of  the 
roots  of  the  separate  factors  of  the  expression,  that  is 

sj(ab)=  s,fa.  Jb, 

^{xyz)=  ^x.^hj.  ^z, 

”!{pqr)  - . ^/r. 

We  have  in  fact  to  shew  from  the  Theory  of  Indices  that 

i 1 JL 
(a6)”=a". 

i n 

Now  j {ab)  ” } " = {aby  — ah, 

i JL  i i 2 !i 
and  I a” . 6 ” i " ==  ((t " )” . (6 " )“  = a".lP  = a.b; 

1 1 1 

i 11 
(aby  —a" . 


301.  We  can  sometimes  reduce  an  expression  in  tlie  form 
of  a surd  to  an  equivalent  expression  with  a whole  or  frac- 
tional number  as  one  factor. 

Thus  V(72)  = v'(30  X 2)  = V(36) . = 6 ^/2, 

4/(128)=  4/((!4  X 2)=  4/(04)  . 4/2  = 4 4/2, 

;/(a’0;)=  HJN  .if  c = a.  if  X. 
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Examples.— cix. 

Reduce  to  equivalent  expressions  with  a wliole  or  fractional 
number  as  one  factor  : 


I.  V(24). 

4. 

7.  V(7:20c2). 

10.  ft . 


2. 

5- 

8. 


V(50).  _ 3.  V(4a3). 

v/(32?/23)_  • ^/(  1000ft). 

7.V(396*)  9. 

II.  x/(«3  + 2ft2a:  + fta:2). 


12. 

14. 

16. 

18. 


20. 


^(x^-2x-y  + xif). 

IS- 

V(G3(;-‘y-42c2y2+7^^3). 

IS- 

^^(leOa;-*?/^). 

17- 

;^(1372«i5&io). 

19. 

/.y (ft'*  - 3ft2fe  4-  3ft2&2  _ 

V(50ft2  - lOOfti  + 50Z/2). 
4^(54«662), 

4/(108??i97dO). 

4^  (a:^  + 3x^2/  + 3x’2'^2 


302.  An  expressioii  containing  two  factors,  one  a surd,  the 
other  a whole  or  fractional  number,  as  3 V2,  ft  may  be 
transformed  into  a complete  surd. 


Thus 


3V2  = (32)i.V2=  V9.V2=  V(18), 

a = ^a:=  ^/ftS.  ^{a^x). 


Examples. — cx. 

Reduce  to  complete  Surds  : 


I.  4^3. 

4-  2 4/6. 


2. 


5- 


3^7. 


7.  4ft  V(3x). 


8. 


9.  + 

II  — 

V a;  + i//  V a:^  - 2a;?/  + ?/2 / 


3-  5^/9. 

6.  3 >^ft. 
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303.  Surds  may  be  compared  by  transforming  them  into 
surds  of  the  same  order.  Thus  if  it  be  required  to  determine 
whether  sj‘2.  be  greater  or  less  than  ^3,  we  proceed  thus  : 

V2  = 22  = 2«-  4/23=  ^8^ 

4/3  = 3^  = 3«=  4/32=  4/9. 

And  since  4^9  is  greater  than  4^8, 

4/3  is  greater  tlian  ^^2. 


Examples. — cxi. 


Arrange  in  order  of 

1.  V3  and  4^4. 

2.  a/10  and  4^15. 

3.  2 a,/3  and  3 ^2. 


magnitude  the  ibllowing  Surds  ; 

6.  2 V87  and  3 v/33. 

7.  2 4/22,  3 4/7  and  4 v^2. 

8.  3 VI 9,  5 4/ 18  and  3 4/82, 


5-  3 a/7  and  4 V3. 


9.  2 4/14,  5 4/2  mid  3 4/3. 

10.  i ^ V3  and  ^ ^/4. 


304.  The  following  are  examples  in  the  application  of  the 
rules  of  Addition,  Subtraction,  Multiplication,  and  Division  to 
Surds  of  the  .same  order. 


1.  Find  the  sum  of  a/18,  V128,  and  a,/32. 

V(18)  + V(128)  + V(32)  = V(9  X 2)  + V(«4  x 2)  + V(lb  x 2) 

= 3 V2  + 8 V2  + 4 V2 
= 15  V2. 

2.  From  3 a/(75)  take  4 V(12). 

3 V(75)  - 4 V(12)  = 3 V(25  x 3)  - 4 V(4  x 3) 

= 3.5.  V3-4.2  V3 
= 15  V3  - 8 V3 
= 7 v'3. 
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3.  Multiply  ^8  by  V(12). 

V8x  v^(12)=  V(8x  12) 


4.  Divide  ^32  by  ^18. 


^/(32)  _ V(1 6 x^)  ^ 4 ^ 4 

^(18)  V(9x2)  3V^“3‘ 


Examples.— cxii. 


Simplify 

1.  V(2^V|-2V(48)  + 3V(108).  ii.  ^6x^/8. 

2.  3 V(IOOO)  + 4 V(50)  + 12  V(288).  12.  ^(14)  x ^(20). 

3.  a + h sj{h‘^x)  + c sJic^x).  1 3.  J{pO)  x V(200). 


5.  7 4/(54)  + 3 4/(16)  + 4/(432).  1 5.  4'(12a6)  x 


o.  7 4/(81) -3  4/(1029).  20.  sf{x^  + x^y)-r  sJ{x  + 2x^y  + xhj‘^. 

?j0o.  We  now  proceed  to  treat  of  the  Multiplication  of 
Compound  Surds,  an  operation  which  will  be  frecpieutly  Te- 
quired  in  a lat'=‘c  jiart  of  the  subject. 

The  Student  must  bear  in  mind  the  two  following  Rules : 

Rule  I.  >v^ax  is/b=  \^(ab), 

Rule  II.  A^ax  Aja  = a, 

v/hich  will  be  true  for  all  values  of  a and  b. 


4.  4/(128)+  4/(686)+  4/(16).  14.  4/(3«26)  X 4/(9a&2), 


6.  V(96)-V(54). 


16.  V(12)-i-V3. 


17.  x/(18)+- v'(oo;- 

18.  4/(a26)+-4/(a62). 

19-  ^{a%)-r  ^!{a¥). 


8.  12  V(72)- 3^(128). 

9.  5 4/(16) -2  4/(54). 
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Examples. 

Multi;)ly 

v/x-  Ijy 

s'{x  + y)  hy^{x  + y). 
sj{x-y)  by  sj{x  + y). 

6 ^x  by  3 sjx. 

7 ij{x  + 1)  by  8 J{x  +1). 

10  sjx  by  9 !sJ{x-V). 


-cxiii. 


9- 

10. 

11. 


^Jx  by  - ;Jx. 
s!{x-\)  by  - x/(j;-l). 

3 Jx  by  - 4 sjx. 

12.  — 2 by  - 3 ^ci. 

13.  n/(x  - 7)  by  - Va;. 

14.  - 2 J{x  + 7)  by  - 3 ^x. 

15.  -4V(a2-l)  by -2  V(«2-l). 


s/C^x)  by  V(4x).  16.  2 ^(a2  - 2a  + 3)  by  - 3 - 2a  + 3). 


306.  The  following  Examples  will  illustrate  the  way  of 
proceeding  in  forming  the  products  of  Compound  Surds. 


Ex.  1 . 1 0 multiply  ^x  + 3 by  ^Jx  + 2. 

>/x  + 3 

yy/Sz  + 2 

x + ZsJx 
+ 2 y/a;  + 6 

x + b Jx  + Q 


Ex.-  ?.  To  multiply  4 ^a:  + 3 Jy  by  4 ^a:  - 3 ^hj. 

4y/x  + 3y/y 
4 ijx  — 3 y/y 

16a:-H2 

-12  V(a:i/)-9i/ 

16x  - 9y 


Ex.  3.  To  form  the  sfpiare  oi  sj{x  — l)  - y,.... 
>y/(x-7)-  Jx 

sj{x-l)-  Jx 

x-1  - y/(a;2  - 7.x) 

- \/(a;2- 7a;) +K 
2x  - 7 - 2 y/(x2  - lx)~ 


ON  SURDS. 
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Examples.— cxiv. 

Multiply 

I.  \/a:  + 7 by  ^x  + 2.  2.  ,^^05  — 5 by  3. 

3.  V((t  + 9)  + 3 by  V(a  + 9)  - 3. 

4.  v/(a-4)-7  by  V(a-4)  + 7. 

5.  3 ^/cc-  7 by  ^o;  + 4. 

6.  2 V(«  - 5)  + 4 by  3 V(a:  - 5)  - 6. 

7.  x/(6  + x)  + by  v'(6  + a:)  - ^/cc. 

8.  + 1 ) + \/(2a:  - 1 ) by  ^J?>x  - J{2x  - 1), 

9.  sfa-\-  sj{a-  x)  by  Jx  - ^{a  - x). 
fo.  v^(3  4-  cc)  + sjx  by  + ^)- 

11.  Jy+  Jx-  ,^y+  ^z. 

12.  sja\-  ^{a-x)+  V^by^a-  ^{ci-x)+  ^/x. 


Form  the  squares  of  the 

13.  2i+V(a;2-9). 

14.  \/(2;  + 3)  + /y/(a:  + 8). 

15.  >s/x+  sJ{x-A). 

1 6.  sj{x  — 6)  + mJx. 


following  expressions : 

17.  2^x-3. 

18.  s!(x  + y)-  sj(x-y). 

19.  v/a:.  V(a:+ 1)- 1)' 

20.  >J{x+l)+  Jx  . ^{x-l). 


307.  We  may  now  extend  the  Theorem  explained  in 
Art.  101.  We  there  shewed  how  to  resolve  expressions  of 
the  form 

a2_&2 


into  factors,  restricting  our  observations  to  the  case  of  perfect 
squares. 

The  Theorem  extends  to  the  difference  between  any  two 
quantities. 

Thus 

a 6 = ( x/a  + Jh)  ( sj(x  - Jh). 
x^-y={x+  ^y)  (x-  Jy). 
l-x^(\+  Jx)  (1-  J.r). 
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308.  Hence  we  can  always  find  a mnltiplier  which  will 
free  from  surds  an  expression  of  any  of  the  jour  fornus 

I.  a+  isjh  or  2.  Ja-\-  Jb, 

3.  a-  or  4.  Ja-  Jh. 

\ 

h’or  since  the  first  and  third  of  these  expressions  give 
as  a product  a^  — b,  which  is  free  from  surds,  and  since  the 
second  and  fourth  give  as  a product  a~b,  which  is  free  from 
surds,  it  follows  that  the  required  multiplier  may  he  in  all 
cases  found. 


Ex.  1.  To  find  the  multiplier  which  will  free  from  surds 
each  of  the  following  expressions  : 


5+  ,y^3.  2.  \/6+  ^5. 

3-  2-V5. 

4- 

V7-  ^/2. 

The  multipliers  will  be 
5-V3.  2.  V6-V5. 

3.  2+  ^5. 

4- 

n^7+  V2. 

The  products  will  be 
25-3.  2.  6-5. 

3-  4-5. 

4- 

7-2. 

That  is,  22,  1,  - 1,  and  5. 

Ex.  2.  To  reduce  the  fraction  ^ to 

an 

equivalent 

fraction  with  a denominator  free  from  surds. 

Multiply  both  terms  of  the  fraction  by  6+  and  it  be  - 
comes 


ab  + a i^fc 
b^  — c 

which  is  in  the  required  form. 


Examples. — cxv. 


Express  in  factors  : 


I. 

c — d. 

2. 

3- 

c — 

4- 

I-?/- 

5- 

1 — 3x\ 

6. 

5m^  — 1. 

7- 

4a^-3x. 

8. 

1 

Op 

9- 

10. 

- 4r. 

I 1 . 

V - 37^. 

12. 

a^"'  - b". 

ox  SUA'DS. 
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Rt'diice  the  followin^f  IViictions  to  e([ui valent  fractions  itli 
•lenoniinators  free  from  snrds. 


13.  — 

1 

I zL. 

siit 

4 + 3^2 

a - 

- s'h 

j 

si((>-  sjh' 

b 2V2‘ 

if). 

2 _ 

2 

- Vd 

17- 

V3 

2- 

,0  2 - ,y/2 

'*’■  2+e^' 

i(). 

\ ^ 1 1 

1 

sJ{)U-  + 1)  - s/ 

s' a 

~ *// 

V(m‘-^+I)+  si{m^ 

1 i 
1 - 

six' 

23- 

a + 
a.  - 

v/(a2-l)- 

2 f 

si (a 

-r  X)  4- 

s'{u 

- x) 

a t- 

s! (a^  - x^) 

s/{a 

1 ,r)- 

si  (a  ■ 

- xi)' 

24. 

a - 

V(u2  - x‘^y 

30.0.  The  squares  oi  all  nmnhers,  nei,^‘itive  as  well  as  posi- 
ti  ve,  are  'positive. 

Since  there  is  no  assit,niahle  number  the  S(|uare  ol‘  which 
Avonhl  be  a nep:ntive  (luantity,  we  conclude  tliat  an  expression 
Avhich  appears  under  the  ibrm  s/(  - represents  an  impossible 
quantity.  . 

310.  All  impossible  square  roots  may  be  reduced  to  one 
common  form,  thus 

V(  - O = VI  X ( - 1)  I = • V(  - l)  = a . V(  - 1 ) 

V(-a:)=V!.c  x(-l)|=v^-c  •v^(-l)- 

Where,  since  a and  s,!x  are  possibh;  numbers,  the  whole 
impossibility  of  the  expressions  is  reduced  to  the  appearance  of 
- 1)  as  a factor. 

311.  Def.  By  V(  - 1)  we  understand  an  expression  which 

udien  multiplied  by  itself  produces  - 1. 

Therefore 

1 V(-1)|2=-1, 

I V(-1)P=!  V(-1)=(-1).  Vf-1)=-  ^(-1), 

} v(-i)j^}  v(-i)r-(-i).(-i)=i, 

■v.d  so  on. 
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Examples.— cxvl. 

Multiply,  oliserving  that 

^ -ax  ^ -b  = - >Jah. 

1.  -4+  V(-3)  by  4-  V(-3). 

2.  V3-2  V(-2)  by  V3  + 2 V(-2). 

3.  4V(-2)-2V2byiv(-2)-3V2. 

4.  V(-2)+  x/(-3)+  V(-4)by  v^(-2)-  V(-3)-  V(-4). 

5.  3 V(-«)+  v/(-&)  by  4V(-a)-2  V(-^)- 

6.  a+  sj{  — a)hy  a-  sj{-a). 

7.  a V(  - a)  + & \/(  — ^)  by  (i  ,^/(  - a)  — 6 V(  — ^)- 

8.  a +/3  V(- 1)  by  a-/3  V(- 1). 

9.  1 - V(1  - by  1 + v/(l  - e2). 

10.  gpV'C— 1)  ;jV  (— 1)  gpV  (— 1) ;>V(— 1)^ 

312.  AVe  shall  now  give  a few  Miscellaneous  Examples  to 
* illi;strate  the  principles  explained  in  this  Chapter. 


Examples.— cxvii. 


I. 


Simplify 

^ ^ 'Sy/y  Zjx 


2.  Prove  that  1 1 + V(-  1)P+  } 1 - sj{~  1)P  = 0. 

3.  Simplify  4^4 + 

4.  Prove  that  }1+  V(-l)j2-  |1-  ^(-l)}2=  V(~16). 

5.  Divide  cc^  + a"*  by  + sj’iax  + a^. 

6.  Divide  m‘*  + by  m?  — + n^. 

7.  Simplify  + 2x^7/ + x?/^)  + >J{x^ — 2x^y + xif). 

a—b  a+b 


8.  Simplify 
:9  and  6 = 4. 


^'a--^/b 


ON  SURDS. 


9.  Find  the  square  of  - sjicd). 

10.  Find  the  square  of 

11.  Simplify 

V(a;‘^  + a2)+  + ^2)  - ^!{x^  - «2) 

V(x2  + a2)_  ^(a;2_^2)+  + + ,] {x^  ~ a?) 


12.  Simplify 


v/(l+a:) 


1 + 


v/(l-^0 

13.  Simplify  ^ + ^ 

^ X+lf  sJx-\  X-\-  sjx\' 

14.  Form  the  square  of  ^(^|+  3)  _ _ 3^ 

i^.  Form  the  square  of  sjix^a)  - ^l{x-a). 

16.  Multiply  by 

17.  Raise  to  the  5“^  ]>ower  - 1 - a ^(  - i). 

18.  Simplify  4^(81)-  4^(-512)+  4^(192). 

6c2  //4«2  - 8x2  + 4x 

,9.  amplify 


)■ 


20.  Simplify  { iy(3p2a;3  _ 63^922.2  + 441^23. ._  i()29^;2)  | 


ii.  Simplify  2fw- 1)^ 


1 \ 

2'?i'^  — 6?i2  -I-  (57^,2  _ 2n  / 


22.  Simplify  2(71- 1)V(63)+^V(1 12)- 


71^ 


+ Vjl"5(7l-l)2c2|  Xj^-2, 


/ ?/■ 
36 


23.  "What  is  the  difference  between 

^/;i7-  s/(33){  X VI 17+  V(33)f 
md  V I bb  + ^^(  1 80)  [ X 4/ 1 C5  - ^/(  1 29)  | ? 

[s.A.j  p 
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313.  We  liave  now  to  treat  of  tlie  method  of  finding  the 
Square  Root  of  a Binomial  Surd,  that  is,  of  an  expression  of 
one  of  the  following  forms  : 

m + m—  s]n. 

\vhere  m stamls  for  a whole  or  fractional  number,  and  for 
a surd  of  the  second  order. 


314.  We  have  first  to  prove  two  Theorems. 
Theorem  I.  If  fja—m+  Jn,  m must  he  zero. 


Squaring  both  sides, 

a=m^  + 2m  /.Jn  + n; 
2m  Jn  — a — ni^  — n ; 


a — m^  — n 
2 m ' 


that  is,  )fn,  ?L  surd,  is  eipial  to  a whole  or  fractional  number, 
which  is  impossible. 

Hence  the  assumed  equality  can  never  hold  unless  = in 
which  case  Ja—  sjn. 


Theorem  II.  Ifh+  s.la  = m+  ^n,  then  must  h = m,  and 
sja=  s,!n. 

For,  if  not,  let  h'=m  + x. 

Then  m + x+  Va=m+ 

or  x+  s,/a= 

which,  by  Theorem  L,  is  impo.ssible  unless  £c  = 0,  in  which  case 
b~m  and 


315.  To  find  the  Square  Root  of  i + Jb. 

Assume  \/(«+  \^b)=  ^/x+ 

Then  a+  sl^  = x + ‘i  fi{xy)  + y ; 

.'.  x + y = a 

2 ^f(xy)=  ..H) 

from  V Inch  we  have  to  find  x and  y. 


(1), 

(2), 


OlV  SURDS. 
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No  <v  from  (1)  3^2  + 2^2/  + 2/"  = a^, 

^'^(2)  4x2/  = 6; 

..  — 2a:2/ + 2/"^  = a^  — 6 ; 

•■•  vV-6). 

x + y = a. 

Fi-om  these  equations  we  find 


X 


a+  sj («“  ~b)  - (*  _ ^,Y^2  _ 7.N 

= 5 and  y = . 

2 ^ 2 ‘ ’ 


••.  J(a  + Vt)  = I ^ I <- 

Similarly  we  may  show  that 

316.  The  practical  use  of  this  method  will  be  more  clearly 
seen  from  the  following  example. 

Find  the  Square  Foot  of  18  + 2 ^(77). 

Assume  18  + 2 ^(77)  \=  ^x+  ^y. 

Then  18  + 2 V(77)  =x  + 2 J{xy)  + y ■ 


Hence 


also, 

Hence 


a: + 2/=  18  I 
2V(x2/)  = 2V(77)|- 

a;2+2x2/  + 2/2  = 324] 

4a:2/  = 308|  ’ 

a;2-2a;2/  + 2^2^16; 

a;-2/=±4; 

« + 2/=18. 

« = 1 1 or  7,  and  2/  = 7 or  11. 


lhat  is,  the  square  root  required  is  y/fll)-!- 
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Examples. — cxviii. 


Find  the  square  roots  of  the  following  Binomial  Surds : 


I.  10  + 2^(21). 

4.  94-42^5- 

7.  14-4V6. 

10.  87-12V(42). 


2.  16  + 2V(55). 

5.  14-2^(30). 

8.  103-12V(11). 

II.  3L  ^/(lO). 


3.  9-2V(14). 

6.  38-12^(10). 

9.  75-12v'(21). 

12.  57-12^(15). 


317.  It  is  often  easy  to  determine  the  square  roots  of 
expressions  such  as  those  given  in  the  preceding  set  of 
Examples  bij  mspection. 

Take  for  instance  the  expression  18  + 2 \/(77). 

What  we  want  is  to  find  two  numhers  whose  sum  is  18  and 
whose  product  is  77  : these  are  evidently  11  and  7. 


Then  18 + 2 V(77)=  11  + 7 + 2 ^(11  x 7) 

= 1 .^a^)+  Vvp. 

That  is  V(ll)+  a/7  is  the  square  root  of  18  + 2 a/(77). 

To  effect  this  resolution  by  inspection  it  is  necessary  that  the 
coefficient  of  the  surd  should  be  2,  and  this  we  can  always  ensure. 


For  example,  if  the  proposed  expression  he  4+  V(15),  we 
proceed  thus ; 


4+  V(15)  = 


8 + 2 V(15) 
2 


5 + 3 + 2 X 3) 
2 


/ V5+  V3V 

V s/2  J > 


a,/5  + ^3.  . 

— IS  the  square  root  of  4-t-  ^(15)- 


Again,  to  find  the  S(piare  Boot  of  28  - 10  ^3. 
28  -10V3  = 28-2a/(75) 

= 25  + 3-2A,/(2f)x3) 

= (5-  ^3)2; 

5 - V3  is  f he  S(puire  root  reipiired. 


XXV.  ON  EQUATIONS  INVOLVING  SURDS. 


318.  Any  eq^uatioii  ma}”  he  cleared  of  a single  surd,  by 
transposing  all  the  other  terms  to  the  contrary  side  of  the 
6( [nation,  and  then  raising  each  side  to  the  power  correspond- 
ing to  the  order  of  the  surd. 

The  process  will  he  explained  by  the  following  Examples. 

Ex.  1.  ^/x  = 4. 

Eaising  both  sides  to  the  second  power, 

ic=16. 

Ex.  2.  4/^  = 3. 

Eaising  both  sides  to  the  third  [Dower, 

a;  = 27. 

Ex.  3.  V(a:^  + 7)-a;=L 

Transposing  the  second  term, 

4-  7)  = 1 + ic. 

liaising  both  sides  to  the  second  j)ower, 

+ 1 =l+2x  + x^, 
x=3. 


Examples. — cxix. 


I.  Jx—"J. 

4.  4'a^  = 2. 

7.  v^('^  + 9)  = 6. 

1 

10.  (a: -9)2  *12. 


2.  sjx  = d. 

5.  = 

8.  ./(a; -7)  = 7. 
II.  4^(4a:-16)  = 2. 


3.  x^  = 5. 

6.  ^x~A. 

9 ■ ~ 1 5)  = 8. 

12.  20-3Va;  = 2. 
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13- 

4/(2x  + 3)  + 4 = 7. 

17- 

v^(4x2  + 5x-2)  = 2x  + 1. 

14. 

h c \/ X = a. 

18. 

^f{9x^  - 1 2x  - 5 1 ) + 3 = 3x. 

IS- 

V(x2-9)  + a;  = 9. 

19. 

(x^  — (IX  4 — Cl  — X. 

16. 

20. 

^Qlbx^  - 3?ax  + 11)  - 5x  = m. 

319.  When  two  surds  are  involved  in  an  equation,  one  at 
least  may  be  made  to  disappear  by  disposing  the  terms  in 
such  i)  way,  that  one  of  the  surds  stands  by  itself  on  one  side 
of  the  equation,  and  then  raising  each  side  to  the  power  cor- 
responding to  the  order  of  the  surd.  If  a surd  be  still  lett,  it 
can  be  made  to  stand  by  itself,  and  removed  by  raising  each 
side  to  a certain  power. 

Ex.  1.  J{x-16)+  v/x  = 8. 

Transposing  the  second  term,  we  get 

1())  = 8-  Jx. 

Then,  squaring  both  sides  (Art.  306), 

£C-  16  = 64-  16  + ; 

therefore  16  Va;  = 64-t- 16, 

or  1 6 kJx  = 80, 
or  s^'x  = o ; 
a;  = 25. 

Ex.  2.  V(x-5)-t-  J{x  + 7)  = 6. 

Transposing  the  second  term, 

y^/(x-5)  = 6-  ^(x-r7). 

Squaring  both  sides,  *-5  = 36-12  -t- 7) -t- x -t- 7 ; 

therefore  12  ,y/(x-4-7)  = 36 -i-x-i-7  — x-t5. 

or  12  V(a:  + 7)  = 40, 

or  V(a^  + 7)  --  4. 

Squaring  both  sides,  x + 7 = 1 6 ; 

tlierefore  x = 9 


OiV  /<QU.4  7 /OIVS  JAn'OLVIXG  SURDS. 
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Examples. — cxx. 


1.  \/(16  + a:)+  Jx  = Q. 

2.  16)  = 8-  v«. 

3«  \/(a/+15)4'  \^x=15. 

4.  \/(x-21)=  1. 

5.  1)  = 3—  \/(x  + 4). 


6.  1+  \/(3x+l)=  y^(4x  + 4). 

7.  1-  V(1 -3x)  = 2V(1-x). 

8.  a-  sj(x-  a)=  ^x. 

9.  sjx+  v/(x-m)  = — 

10.  >^l{x  - 1)  + - 4)  - 3 = 0. 


320.  When  surds  ai)i)ear  in  the  denominators  of  fractions 
in  equations,  the  equations  may  be  cleared  of  fractional  terms 
by  the  process  described  in  Art.  186,  care  being  taken  to 
tollow  the  Laws  ol  Combiualioii  ol  Surd  Factors  given  in 
Art.  305. 


Examples.— cxxi. 


36 


I.  s/x-\r  \/(®  7('^_qV  3-  sj{x  + l)+  aJx 


28 


/(x  - 9)' 
35 


2.  ;s/x+  \/{X-2l)^~-. 


x/(x+  7)’ 
105 


4. 


5.  ^(X-4): 


8 


6.  i^x+  /«/(3a  + x)  - 


b- 


x/(x-4)' 
9a 


(3a  + cc) 


a 


= 0. 


^(ax)  + b _ 
x + b b-  Jiax)' 

8.  (1+  Vx)(2-  V*)=— 7^*. 


s!^+ 16  Vx  + 32 
^x  + 4 ~ V*+12‘ 

\/a;^8  _ Jx-4 
Vx-6  ^/x  + 2' 


10. 


321.  The  following  are  examples  of  Surd  Equations  result- 
ing in  quadratics. 


Ex.  1. 

earing  the  equation  of  fractions,  2x  + 2 = 5 ^x. 
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Squaring  both  sides,  we  get  + 8x  + 4 = 25x ; 

1 

whence  we  find  cc  = 4 or 

4 


Ex.  2.  + 9)  = 2 v/a:  - 3. 


Squaring  both  sides, 
therefore 
or 


a;  + 9 = 4x  - 12  + 9 ; 

12  sJx  = Zx, 

4 ^x  = x. 


Squaring  both  sides,  \Qx  = x^. 

Divide  by  x,  and  we  get  16=a;. 

Hence  the  values  of  x which  satisfy  the  equation  are  16 
and  0 (Art.  248). 

21 

Ex.  3.  v/(2x  + 1)  +2  ^’x  = 


Clearing  the  equation  of  fractions, 

2x  + 1 + 2 (2;c^  + a:)  = 2-1 ; 

therefore  2 J{2x'^  + x)  = 20  - 2x, 

or  J (2x^  + x)  = 10  - X. 


Squaring  both  sides,  2x-  + x = 1 00  - 20x  H-  x^, 
whence  x = 4 or  - 25. 


322.  AVe  shall  now  give  a set  of  examples  of  Surd  Equa- 
tions some  of  which  are  reducible  to  Simple  and  others  to 
Quadratic  Equations. 


Examples.— cxxii. 

1.  4x-12^x=16.  4.  V(6x-ll)=  V(249-2x2). 

2.  45-i4v'x=-a:.  5.  V(6 -a:)  = 2 - ,^/(2x  - 1). 

3.  3 V(7  + 2x2)  = 5 V(4x-3).  6.  x-2  z>,/(4-3x)  + 12  = 0. 

7.  v/(2x  + 7)  + v/(3x  -18)=  zv/(7x  + 1 ). 

8.  2 v'(204  - 5x)  = 20  - ^'(3x  - 68). 


« 
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9- 


14.  + + v/(2ic- 1)  = 6. 


/ , -II  608 

.0.  Vx+ll=^^-_-*jp 


15.  V(13ic- 1)-  x/(2x- 1)  = 5. 

11.  V(*  + 5).  12)  = 12,  16.  V(7x+ 1)  — V(3x+ 1)  = 2. 

12.  x/(o;  + 3)+  V(a;  + 8)  = 5 ^/a:.  17.  J{4i  + x)+  mJx  = '^. 


525 


13.  \/(25  + x)  4-  V(25  - x)  = 8.  18.  s!'J^+ 


24. 


19. 


2x 

3 


). 


21.  J\{x-a)‘^  + 2ah  + })^\—x  — a-\-h. 

22.  Vj  + 2a6  + U\  = h - a — x. 

23.  V(«  + 4)-  J(^x  + |). 


X- 1 5 

—I — r=*  + 7- 
>Jx-l  4 


26.  ' sJ{x  + N)+  v'(«  + 5)  = 9. 


25.  x/(4  + a;)-  >/3=  \/«. 


27.  V-®+  sJ{x~A)  = 


_ _8  _ 

V(^-4)' 


28. 

x^  = 2l+  ^(x^-9). 

29. 

/v/(50  t x) 

- V(50-x) 

= 2. 

30- 

v/(2x  f 4)  - 

|=1. 

31- 

\/^3  4*  x)  4- 

/t-  ^ 

^ V(3  4-x)' 

1 

1 

1 

v^(x+  1) 

< 

1? 

I 

I 

- 3x - Vl4x ^ ~ f = 


XXVI.  ON  THE  ROOTS  OF  EQUATIONS 


323.  We  have  already  proved  that  a Simple  Equation  cm 
have  only  one  root  (Art.  193) : we  have  now  to  prove  that  a 
Quadratic  Equation  can  have  only  two  roots. 


324.  We  must  first  call  attention  to  the  following  fact : 

If  mn  = 0,  either  m = 0,  or  n = 0. 

Thus  there  is  an  ambiguity  ; hut  if  we  know  that  m cannot 
he  equal  to  0,  then  we  know  for  certain  that  n = 0,  an>l  if  we 
know  that  n cannot  he  equal  to  0,  then  we  know  for  certain 
that  m = 0. 

Further,  if  Imn  — 0,  then  either  1 = 0,  or  m = 0,  or  n = 0,  and 
so  on  for  any  mtmher  of  factors. 


Ex.  1.  Solve  the  equation  (x  — 3)  (x  + 4)  = 0. 
Here  we  mtl^t  have 


that  is, 


X — 3 = ( ),  or  x 4-  4 = 0, 
x=3,  or  x = — 4. 


Ex.  2.  (x-3u)(5x-.26)  = 0. 
Here  we  must  have 
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Examples. — cxxiii. 

I.  (;c-2)(a;-5)=0.  2.  (x-3)(o:  + 7)=0.  3.  (a;  + 9) (a:  + 2)  = 0. 


8.  (x2  + bax  + 6a2)  {x^  - 7aa:  + 1 2»2)  = 0. 

9.  ix?  - 4)  (a;'^  - 2aa:  + a^)  = 0. 

10.  a:  (x^  - 5a:)  = 0. 

11.  {acx-2a  + h){hcx  + 2a-h)=0. 

12.  (cx-d){cx-e)~0. 

325.  The  general  form  of  a quadratic  equation  is 


as  the  type  of  a quadratic  equation  of  which  the  coefficient  ot 
the  first  term  is  unity, 


326.  To  show  that  a quadratic  equation  has  only  two  roots, 

Let  x^  +px  + q = 0 be  the  equation. 

Suppose  it  to  have  three  different  ro(jts,  a,  b,  c. 


4.  (;c  - 5rt)  (x  - 6?>)  = 0. 
5-  (2x  + 7)  (3.r  — 5)  = 0 


6.  (19x-227)(14x  + 83)=0. 

7.  (5x - 47a)(6x— llw)  =0. 


.iX^  + bx  + c = 0. 


x^+px  + q = 0. 


Then 


a^  + ap  + q = 0 
b^+  bp  + q = 0. 
+ cp  + q = 0. 


Subtracting  (2)  from  (1), 


or, 


a^  — b^+(a-b)p  = 0, 
{a  - h)  {a^hA  p)  = 0. 
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Now  a-h  does  not  equal  0,  since  a and  h are  not  alike, 

a + h+p  = 0 (4). 

Again,  subtracting  (3)  from  (1), 

+ (a  — c)  = 0, 

oi’i  (a-c)  (a  + c+^)=0. 

Now  a — c does  not  equal  0,  since  a and  c are  not  alike, 

a + c+^  = 0 (5  '. 

Then  subtracting  (5)  from  (4),  we  get 

h — c = 0,  and  therefore  h = c. 

Hence  there  are  not  more  than  hoo  distinct  roots. 

32/.  We  now  proceed  to  show  the  relations  existing  be- 
tu  een  the  Roots  of  a quadratic  ecpiation  and  the  Coefficients 
of  the  terms  of  the  equation. 


328.  x^+px  + q = 0 

is  the  general  form  of  a quadmtic  equation,  in  which  the  co- 
efficient of  tlie  first  term  is  unity. 

tlence  x^  +px=  ~q 


Now  ii  a and  be  the  roots  of  the  equation, 


Adding  (1)  and  (2),  we  ^^et 

^ + ~1> I'i). 
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Multiplying  (1)  and  (2),  we  get 


01'  = ? 

From  (3)  we  learn  tliat  tnii  awTn  of  tho  toots  is  ecjual  to  the 
cooJjUcient  of  the  second  term  with  its  sign  changed. 

From  (4)  we  learn  that  the  product  of  the  roots  is  equal  to 
the  last  term. 

329.  The  equation  x^  + px  + q = 0 has  its  roots  real  and 
ditierent,  real  and  equal,  or  impossible  and  different,  according 
as  is  > = or  < -iq. 

For  the  roots  are 


First,  let  p-  be  greater  than  4q,  then  \f(p^-4q)  is  a possible 
quantity,  and  the  roots  are  different  in  value  and  huth  real. 

Next,  \etp^  = 4q,  then  each  of  the  roots  is  equal  to  the  real 


Lastly,  let  p^  be  less  than  4q,  then  ^(p^  - 4q)  is  an  impos- 
sible quantity  and  the  roots  are  different  and  both  impossible 


I.  If  the  equations 

ax‘^  + bx  + c = 0,  and  a'x^  -i-  h'x  + c'  = 0, 
have  respectively  two  roots,  one  of  which  is  the  reciprocal  of 


and 


quantity 


Examples.— exxiv. 


the  other,  prove  that 


{ aa'  - cc'f  = (ab'  - he')  {a'b  - b'c). 
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2.  If  a,  ^ be  the  roots  of  the  equation  + bxAc  = {),  prove 

that 

3.  If  a,  /3  be  the  roots  of  tlie  equation  ax^  + bx  + c = 0,  prove 
that 

acx^  + (2ac -b^)x  + ac  = ac  ~~  )■ 

4.  Prove  that,  if  the  roots  of  the  equation  ax“  + + c = 0 be 
equal,  ax^  + bx  + c is  a perfect  square  with  resjject  to  x. 

5.  If  a,  represent  the  two  roots  of  the  equation 

x^-{l+a)x  + ^l  + a + a^)=0, 
show  that  a^  + /3'^  = a. 


330.  If  a and  /3  be  the  roots  of  the  equation  x^  +px  + q = 0, 
then  x^+px  + q = {x-oL)(x- j3). 

For  since  p=  ~{a  + f3)  and  g = a^, 

x^+px  + q = x-—  {a  + /3)x  + af3 
= {x-a)(x-  f3). 

Hence  we  may  form  a quadratic  equation  of  which  tlie  roots 
are  given. 

Ex.  1.  Form  the  equation  whose  roots  are  4 and  5. 

Here  x - a=x  — 4 and  x - /3=x  - 5 ; 

.’.  the  equation  is  (a:  - 4)  (a:  — 5)  = 0 ; 
or,  • X-  - 9x  + 20  = 0. 

Ex.  2.  Form  the  equation  whose  roots  are  ^ and  - 3. 

A 

Here  x-  a=x-^  and  x — j3  = x + 3; 


the  equation  is 


(^-|)  (a:  + 3)  = 0; 


(2x-l)(x  + 3)=0; 
+ 5x  — 3 = 0. 


or, 

or, 
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Examples. — cxxv. 

Form  the  equations  whose  roots  are 


I.  5 and  6. 


2.  4 and  -5.  3.  - 2 and  — 7. 

5 

5.  7 and  — - 6.  and  - ^/3. 


1 . 2 
4.  -V  and 
2 3 


7.  m + ?iandm-7i.  8.  - and  ^ 


a 


1 


331.  Any  expression  containing  x is  said  to  be  a Function’ 
of  X.  An  expression  containing  any  symbol  x is  said  to  he  a 
'positive  integral  function  of  x when  all  the  powers  of  x con- 
tained in  it  have  positive  integral  indices. 


not,  because  the  first  contains  x^,  of  which  the  index  is  not 
integral,  and  tlie  second  contains  x~^,  of  which  the  index  is  not 
positive. 

332.  The  expression  5x3  + 4^2 + 2 is  said  to  be  the  expres- 
sion corresponding  to  the  equation  5x3  + 4x^  + 2 = 0,  and  the 
latter  is  the  equation  corresponding  to  the  former. 

333.  If  a be  a root  of  an  ccptation,  then  x-a  is  a factor 
of  the  corresponding  expression,  ]>rovided  the  equation  and 
expression  contain  only  positive  integral  powers  of  x.  This 
principle  is  useful  in  resolving  such  an  expression  into  factors. 
We  have  already  proved  it  to  be  true  in  the  case  of  a quadratic 
equation.  The  general  proof  of  it  is  not  suitaljle  for  the  stage 
at  which  the  learner  is  now  sn]>posed  to  be  arrived,  but  we 
will  illustrate  it  by  some  Examples. 


3 1 

For  example,  bx^ + + -x'^  + —x^ + Z is  a positive  integral 
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av  Tiin  Rooi's  of.  equations. 


Ex.  1.  Resolve  - 5x  + 3 into  factors. 

If  we  solve  the  equation  2a;^-5x  + 3 — 0,  we  shall  tiiid  that 

. -1  3 

its  roots  are  1 and 

2 

Now  divide  2rc^-5x  + 3 by  x— 1 ; the  quotient  is  2x  — 3 
that  is  2^x-^^; 

the  given  expression  = 2 (x  - 1)  ^x  - 

Ex.  2.  Resolve  2x^  + x^—  llx-  10  into  factors. 

By  trial  we  find  that  this  expression  vanishes  if  we  put 
x=  - 1 ; that  is,  — 1 is  a root  of  the  equation 

2x3  + x2- llx- 10  = 0. 

Divide  the  expression  by  x + 1 : the  quotient  is  2x^-x-  10  ; 
.'.  the  expression  = (2x^  - x - 10)  (x  + 1) 

= 2(x2-|-5)(x  + 1). 

We  must  now  resolve  x-  - ^ — 5 into  factors,  by  solving  the 
corresponding  equation  x^  - - — 5 = 0. 

5 

The  roots  of  this  equation  are  - 2 and  „ ; 

A 

2x3  + x2-  llx-  10  = 2(x  + 2)(x-|)(x+  1) 

= (x  + 2)  (2x  - 5)  (x  + 1). 


Examples.— cxxvi. 

Resolve  into  simjde  factors  the  following  expressions  ; 


I.  x-'’-11x2  4-36x-36. 

3.  x^-5x^  — 46x  — 40. 

1;.  6.c^+ llx--9x-14. 

7.  — P - — ij/djc. 

9.  2x^  — r>x'  - 1 7x  + 20. 


2.  x^  - 7x^  + 14x  - 8. 

4.  4x3  + 6./;2  + x-1. 

6.  x^  + 7/+z^-3x?jz. 

8.  3x^  — ,x^  — 23x  + 21. 

10.  15x^+41.x2-j-5x-21. 
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334.  Tf  we  cun  find  one  root  of  such  an  equation  as 

2,r:'*  + ic‘‘^  — 1 lx  — 10  = 0, 
we  can  find  all  the  roots. 

One  root  of  the  equation  is  — 1 ; 

.-.  (x-t-  1)  (2x'^-x-10)  = 0; 

X + 1 = 0,  or  2x^  — X - 10  = 0 ; 

1 o 5 

. . X = - 1 , or  - 2,  or  -. 

Similarly,  if  we  can  find  one  root  of  an  equation  involving 
the  4“*  powerof  X,  we  can  derive  from  it  an  equation  involving 
the  3'**  and  lower  powers  of  x,  from  which  we  may  find  the  other 
roots.  And  if  again  we  can  find  one  root  of  this,  the  other 
two  roots  can  be  found  Irom  a quadratic  equation. 

335.  Any  ecpiation  into  which  an  unknown  symbol  or  ex- 
pression enters  in  two  terms  onl}q  having  its  index  in  one  of 
the  terms  double  of  its  index  in  the  other,  may  be  solved  as  a 
quadratic  equation. 

Ex.  Solve  the  equation  x®  — 6x^  = 7. 

Regarding  x^  as  the  quantity  to  be  obtained  by  the  solution 
of  the  equation,  we  get 

x6-6x3 -1-9  = 16; 

therefore  x^  - 3 = ± 4 ; 

therefore  x^  = 7,  or  x^=  - I. 

Hence  x=  ^7  or  x=  \/  - 1, 

and  one  value  of  4/  - 1 - 1. 

336.  In  some  cases  by  adding  a certain  quantity  to  both 
sides  of  an  equation  \ve  can  bring  it  into  a form  capable  of 
solution,  thus,  to  solve  the  equation 

x^  -1-  5x  -1-  4 = 5 + 5x  + 28), 

add  24  to  each  side. 

Then  x2  + 5x  + 28  = 5 -h  5x -t- 28) -f  24 ; 

or,  x^  + 5x-l-28  — 5 + 28)  = 24. 

This  is  now  in  the  form  of  a quadratic  eciuation,  the  un- 
known quantity  being  /y/(x^  + 5x-f  28),  and  completing  the 
square  we  have 
r.s.A.i 


i 


0 
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x2  + 5x  + 28-5  V(a;2  + 5a:  + 28)  + ^ = ~; 

V(a;2  + 5a:  + 28)-|=  ±^; 

whence  sJioi?  + 5a;  + 28)  = 8 or  - 3 ; 

a;2  + 5a;  + 28  = 64  or  9 ; 

from  which  we  may  find  four  values  of  x,  viz.  4-9  and 

_5+y(-5i) 

2~  2 


Examples. — cxxvii. 


Find  roots  of  the  following  equations : 


I.  x'*- 12x2=13. 

3.  x®4-22x-*  + 21=0. 


5.  x^"--x"'*  = 


,»2«  . 


12' 


7.  x~2  + 3x-i  = 

t7 


2.  x^+ 14x2  + 24  = 0. 

4.  x-”*+3x”‘  = 4. 

A 9^5 

8.  x-2«-x-"  = 20. 


9.  .x2-2x  + 6 (x2-2x  + 5)^=11. 


10.  x2  — x + 5 a/(2x2  — 5x  + 6)  = 


3x  + 33 


2 
2(1/ 


I r.  x‘2-2  V(3a;2-2ax  + 4)  + 4 = -^’^(x  + | + l). 

12.  ax  + 2 ^/(x2-ax  + «2)  = a;2^2a. 


337.  Every  equation  has  as  many  roots  as  it  has  dimen- 
sions, and  no  more.  This  we  have  proved  in  the  case  of 
simple  and  quadratic  equations  (Arts.  193,  323).  The  general 
proof  is  not  suited  to  this  work,  hut  we  may  illustrate  it  by 
the  following  Examples. 


Ex.  1.  To  solve  the  equation  x^  — 1=0. 

One  root  is  clearly  1. 

Dividing  by  x-  1,  we  obtain  x^  + x + 1 = 0,  of  which  the  roots 

— l+\/—  3 1—  y/  — 3 

and  . 


are 
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Hence  tlie  three  roots  are  1 

’ 2 2 ’ 

Ex.  2.  To  solve  the  e(iuation  x'*  - 1 =0. 

Two  ot  the  roots  are  evidently  + 1 und  - 1, 


Hence,  dividing  I,,,  (*-  l)(o.+  1),  tl.at  i»  i,  ,ve  obtain 

X + 1 = 0,  ot  which  the  roots  are  ^/-  1 and  - V - 1. 


Hence  the/owr  roots  are  1,  - 1,  ^/_ 


/-I. 


The  cqnation  a«-6„,=  = 7 will  in  like  manner  have  dz 
roots,  for  it  may  be  reduced,  as  in  Art.  335,  to  two  cubic 
eiiuations,  - 7 = 0 and  x^  + 1 = 0, 

each  of  which  has  three  roots,  which  in’ay  be  found  as  in 


XXVII.  ON  RATIO. 


338.  If  a and  B stand  for  two  unequal  quantities  of  the 
same  kind,  we  may  consider  their  inequality  in  two  ways  We 
may  ask 


(1)  By  what  quantity  one  is  greater  than  the  other? 

The  answer  to  this  is  made  by  stating  the  difference  be- 
tween the  two  quantities.  N ow  since  quantities  are  represented 
m Algebra  by  their  measures  (Art.  33),  if  a and  h be  the 
measures  ot  A and  B,  the  difference  between  A and  B is 
represented  algebraically  hy  a- h. 


(2)  By  hoio  many  times  one  is  greater  than  the  other  ? 

The  answer  to  this  question  is  made  by  stating  the  number 
of  times  the  one  contains  the  other. 


Note.  The  quantities  must  be  of  the  same  hind.  We  can 
not  compare  inches  with  hours,  nor  lines  with  surfaces. 


339.  The  second  method  of  comparing  A ami  B is  called 
finding  the  Ratio  of  A to  B,  and  we  give  the  following  defi- 
nition. 


Def.  Ratio  is  the  relation  which  one  quantity  bears  to 
another  of  llie  same  kind  with  respect  to  the  number  of  time,' 
the  one  contains  the  other. 
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340.  The  ratio  of  A to  B is  expressed  thus,  A \ B. 

A and  B are  called  tlie  Terms  of  the  ratio. 

A is  called  the  Antecedent  and  B the  Consequent. 

341.  Nuw  since  quantities  are  represented  in  Algebra  by 
their  measures,  we  must  represent  the  ratio  between  two 
quantities  by  the  ratio  between  their  measures.  Our  next 
step  then  must  be  to  show  how  to  estimate  the  ratio  between 
two  numbers.  This  ratio  is  determined  by  finding  how  many 
times  one  contains  the  other,  that  is,  by  obtaining  the  quotient 
resulting  from  the  division  of  one  by  the  other.  If  a and  &, 

then,  be  any  two  numbers,  the  fraction  | will  express  the  ratio 

of  a to  b.  (Art,  136.) 

342.  Thus  if  a and  b be  the  measures  of  A and  B respec- 
tively, the  ratio  of  A to  is  represented  algebraically  by  the 

fraction  r- 
b 

343.  If  a or  b or  both  are  surd  numbers,  the  fraction  ~ 

may  also  be  a surd,  and  its  approximate  value  can  be  found  by 

^11 

Art.  291.  Suppose  this  value  to  be  , where  m and  w are 

i t 

whole  numbers : then  we  should  say  that  the  ratio  A : is 

approximately  represented  by  — . 

344.  Eatios  may  be  compared  with  each  other,  by  com- 
paring the  fractions  by  which  they  are  denoted. 

Thus  the  ratios  3 ; 4 and  4 : 5 may  l>e  compared  by  coni- 
paring  the  tractions  ^ and  -. 

These  are  equivalent  to  and  resi>ectively ; and  since 

— is  greater  than  the  ratio  4:5  is  greater  than  the 
20 

ratio  3 : 4 
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Examples. — cxxviii. 


1.  Place  in  order  of  magnitude  the  ratios  2 : 3,  6 : 7,  7 ; 9. 

2.  Compare  the  ratios  x + '^y  : x + 2y  and  x-\-'2.y  \ x + y. 

3.  Compare  tlie  ratios  x~6y  : x-  4y  and  x-‘4y  : x-  2y. 

4.  What  number  must  be  added  to  eacli  of  the  terms  of  the 
ratio  a : b,  that  it  may  become  the  ratio  c : d] 

5.  The  sum  ot  the  s(piares  of  the  Antecedent  and  Conse- 
(pient  of  a Patio  is  181,  and  the  j^roduct  of  the  Antecedent 
and  Consecpient  is  90.  What  is  the  ratio? 

345.  A ratio  of  greater  inequality  is  one  whose  antecedent 
is  greater  than  its  consequent. 

A ratio  of  less  inequality  is  one  whose  antecedent  is  less  than 
its  consequent. 

Tliis  is  the  same  as  saying  a ratio  of  greater  inequality  is 
represented  by  an  Improper  Fraction,  and  a ratio  of  less  in- 
equality by  a Proper  Fraction. 

346.  A Ratio  of  greater  inequality  is  diminished  by  adding 
the  same  number  to  both  its  terms. 

Tims  if  1 be  added  to  both  terms  of  the  ratio  5 : 2 it  becomes 
6 : 3,  which  is  less  than  the  former  ratio,  since  that  is,  2,  is 

less  than 

2 

And,  in  general,  if  x be  added  to  both  terms  of  the  rario 
a : b,  where  a is  greater  than  6,  we  may  compare  the  two 
ratios  thus, 


ratio  a + x -.b  + xiii  less  than  ratio  a : b, 


if 


ft  4-  CO  , , ft 


T be  less  than 

b + x b’ 


if 


if 

if 

if 


ab  + bx  be  less  than  ab  + ax, 
bx  be  less  than  ax, 
b be  less  than  a. 


Now  b is  loss  than  a ; 

.-.  a +.r  : h-irx  is  less  than  a : b. 


347.  AVe  may  oijserve  that  Art.  346  is  merely  a repetition 
of  tliat  wliicli  we  proposed  as  an  Example  at  the  end  of  the 
chapter  on  Miscellaneous  Fractions.  There  is  not  indeed  any 
necessity  for  iis  to  weary  the  reader  Avith  examples  on  Eatio: 
for  since  Ave  exjAress  a ratio  by  a fraction,  nearly  all  that  Ave 
might  have  had  to  say  about  Katios  has  been  anticipated  iji 
our  remarks  on  Fractions. 

348.  Tlie  student  may,  hoAveA’er,  Avork;  the  folloAving  Thef)- 
rems  as  Examples. 

(1)  If  a : & be  a ratio  of  greater  inequality,  and  x a positive 
quantity,  the  ratio  a-x  : b — x \s  greater  than  the  ratio  a : h. 

(2)  li'  a : h he  a ratio  of  less  inequality,  and  x a po5^itiA^e 
cpiantity,  the  ratio  a + x : & +rc  is  greater  than  the  ratio  a : b. 

(3)  If  a : 6 be  a ratio  of  iess  inequality,  and  x a positive 
quantity,  the  ratio  a — x -.b  — x i?,  less  than  the  ratio  a : b. 

349.  In  some  cases  Ave  may  from  a single  equation  involv- 
ing tAvo  unknoAvn  symbols  determine  the  ratio  betAveen  the 
two  symbols.  In  other  Avorcls  Ave  may  be  able  to  determine  the 
relative,  values  of  the  tAvo  symbols,  though  Ave  cannot  determine 
their  absolute  A'alues. 

Thus  from  the  equation  4x  = 3y, 

. X 3 

we  get  - = 

y 4 

Again,  from  the  equation  3x^  = 2y-, 

x^  2 , . X J2 

Ave  get  „ = anti  therefore  =-T.. 

V 3 y ^/3 

Examples.— cxxix. 

Find  the  ratio  of  x to  i/  f rom  the  folloAving  equal  ions  ; 

I.  hx  = 6y.  2.  ax  = hy.  3.  ax-btj  = cx  + dy. 

4.  + 2x7/  = 5?/2.  5 . x^  - 1 2xy  = 1 6.  x^  + mxy  = nh/. 

7.  Find  tAvo  numbers  in  the  ratio  of  3:  4,  of  Avhich  the 

sum  is  to  the  sum  of  t’neir  squares  : : 7 : 50. 

8.  Tavo  numbers  are  in  the  latio  of  6:7,  and  AA^hen  12  is 
added  to  each  the  resulting  numhers  are  in  the  ratio  of  12  : 13. 
Find  the  numbei's. 


o,v  KA  no. 
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9-  The  sum  ot  two  niimhers  is  lOO,  and  the  numbers  are 
in  the  ratio  ot  7 : 13.  Find  them. 

10.  Ihe  ditterence  of  the  squares  of  two  numbers  is  48. 
and  the  sum  ot  the  numbers  is  to  the  difference  of  the  num- 
bers in  the  ratio  12:1.  Find  the  numbers. 

11.  If  5 gold  coins  and  4 silver  ones  are  worth  as  much  as 
3 gold  coins  and  12  silver  ones,  find  the  ratio  of  the  value  of  a 
gold  coin  to  that  of  a silver  one. 

12.  If  8 gold  coins  and  9 silver  ones  are  worth  as  much  as 
6 gold  coins  and  19  silver  one.s,  find  the  ratio  of  the  value  of  a 
silver  coin  to  that  of  a gold  one. 


350.  Eatios  are  compounded  by  multiplying  together  the 
fractions  by  which  they  are  denoted. 

Thus  the  ratio  compounded  oi  a \ h and  c : d is,  ac  \ bd. 


Examples. — cxxx. 

^Vrite  the  ratios  compounded  of  the  ratios 

1.  2:3  and  4 : 5. 

2.  3 ; 7,  14  : 9 and  4 : 3. 

3.  x^-y-  : x^  + y^  and  x^-xy  + i/  : x + y. 

4.  a^  — h + 2bc  - : a^  — b^-  2hc  - and  a + b + c : a — z. 

5.  m^  + n^  : and  m — n\m  + n.  ^ 

5.  x‘^  + bxAQ  : y^-1y  + \2,  and  y^-Sy  : a;2  + 3x. 


351.  The  ratio  is  called  the  Duplicate  Ratio  of  a ; h. 
Thus  100  : 64  is  the  duplicate  ratio  of  10  : 8, 
id  36a;2  ; is  the  duplicate  ratio  of  6x  : 5y. 

The  ratio  : P is  called  the  Triplicate  Ratio  of  a : 5. 
Tims  64  : 27  is  the  triplicate  ratio  of  4 ; 3, 

(1  343x2  : 1331?y2  is  the  triplicate  ratio  of  7x  : 
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352.  The  definition  of  Ratio  given  in  Euclid  is  the  same  as 
in  Algebra,  and  so  also  is  the  expression  for  the  ratio  that  one 
quantity  bears  to  another,  that  is,  A : B.  But  Euclid  cannot 
employ  fractions,  and  hence  he  cannot  represent  the  value  of  a 
ratio  as  we  do  in  Algebra. 


XXVIII  ON  PROPORTION. 


353.  Proportion  consists  in  the  equality  of  two  ratio.s. 

The  algebraic  test  of  Proportjon  is  that  the  Ueo  fractimia 
representing  the  ratios  must  be  equal. 

Thus  the  ratio  a : b will  be  equal  to  the  ratio  c : d, 

a c 

and  the  four  numbers  a,  b,  c,  d are  in  such  a case  said  to  be  in 
]U'0])ortion. 

354.  If  the  ratios  a • b and  c : d form  a proportion,  we 
express  the  fact  thus  : 

a : b = c : d. 

This  is  the  clearest  manner  of  expressing  the  equality  of  the 
ratios  a : b and  c : d,  but  there  is  another  way  of  expressing 
the  same  fact,  thus 

a : b ::  c : d, 

which  is  read  thus, 

a is  to  6 as  c is  to  d. 


I'he  two  terms  a and  d are  called  the  Extremes. 
b and  c the  Means. 

355.  When  four  numbers  are  in  proportion, 

product  of  extremes  = product  of  means. 
Bet  a,  b,  c,  d be  in  ju’oportion. 

Then  j = 

h d 
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Multiplying  both  sides  of  the  equation  by  we  gel 

ad  = he. 

Conversely,  il  ad  = hc  we  can  show  that  a : b = c : d. 

For  since  ad  = hc, 

dividing  both  sides  by  hd,  we  get 

ad  be 
bd^bd^ 

that  is,  ^ = ^ 

356.  If  ad  = he, 

Dividing  by  ed,  we  get  “ = i.e.  a : c = b : d ; 

Dividing  by  ab,  we  get  t = -,  i.e.  d : b = c : a; 

0 cc 

Dividing  by  ac,  we  get  i.e.  d : e = b : a. 

e a 

357.  From  this  it  follows  that  if  any  4 numbers  be  so 
related  that  the  product  of  two  is  equal  to  the  product  of  Vne 
other  two,  we  can  express  the  4 numbers  in  the  form  of  a ]>ro- 
portion. 

The  factors  of  one  of  the  products  must  form  the  extremes. 

The  factors  of  the  other  product  must  form  the  meams. 

358.  Three  quantities  are  said  to  be  in  Continued  Pro- 
portion when  the  ratio  of  the  first  to  the  second  is  equal 
the  ratio  of  the  second  to  the  third. 

Thus  a,  6,  c are  in  continued  proportion  if 

a : b — b : e. 

The  quantity  b is  called  a xMean  Proportional  between 
a and  c. 
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Four  fj^uantities  are  said  to  be  in  Continued  Pro])ortion 
when  the  ratios  of  tbe  first  to  the  second,  of  the  second  to 
the  third,  and  of  the  third  to  the  fourth  are  all  equal. 

Thus  a,  b,  c,  d are  in  continued  proportion  when 

a : b = b c = c : d. 

359.  We  showed  in  Art.  205  the  process  by  which  when 
two  or  more  fractions  are  known  to  be  ecpuil,  other  relations 
between  the  numbers  invoh'ed  in  them  may  be  determined 
That  process  is  of  course  applicable  to  E.xamples  in  Ratio  and 
Proportion,  as  we  shall  now  show  by  particular  instances. 


Ex.  1 . U a : b = c : d,  prove  that 

,2  .J.  7,2  . _ ^,2 

, j a c 

Since  a : b = c : a,  = 


Let  ^ = X.  Then^=X; 

0 CL 

a = \b,  and  c = \d. 


7(  '/r 


and 


Hence 
that  is, 


«2  + 62  X2F^  + h‘^J>2(x2+])_\2^l 
a'2  _ 62  - X2J2  _ 62  - 62  (X2  _ ] ) “ \2  ’ 

C^+J2  _ (\2  + 1)  ^ \2 

'^Yd2~xW-d^~d%Y-\y  x--r 

a2  + 62_c2  4-d“ 

a2_62“c‘'^_(Z2i 

0.2  + 62  : «2  _ 62  =:  g2  ^ (^2  . g2  _ fJ2^ 


Ex.  If  a b ::  c : d,  prove  that 

a-.cy.  >i/{a^  + ¥):  ^(c^  + d*). 

Let^  = X,  Then  ^ = X ; 
b d 


a = X6,  and  c = \d. 
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No\v 

a \h  1) 
c Xd  d' 

and  + i'/d  i 

4/(Vd‘+(f) 

Hence 

a + ¥) 

c“  4/(c;-‘  + d4")’ 

that  is, 

arc::  ;^/{¥  + ¥)  : ;/(c“  + dh. 

Kx.  3.  \i  a :h  = c d = e \ f,  prove  that  wich  of  these  ratios- 
is  etpial  to  tlie  ratio  «+c-fe:  h + d +/. 

Let 

’ d~^’  f-^‘ 

Then 

n = Xh,  c = Xd,  e = Xf. 

Now  +5  + 6 _ X&  + XfZ  + X/  \(})  + d+f) 

b + d •^-/  h + d+f  h + d +/ 

Hence 

a + ct  e a c e 

h+d+f~h~d~P 

chat  is, 

ct  + c + e : b + d+f  =a  : b = c : d=^e  :/. 

Ex.  4. 

If  Cl,  b,  c are  in  continued  j)ro]>ortion,  show  tliat 

a^  + ¥-.¥  + ¥=a-.c. 

Let  ? = X. 
b 

Then-^  = X. 
c 

Hence  a = 

--Xh  and  b = Xc. 

+ 6=(X2  + 1)  52  ae  a 

¥ + 0^  U^  + ¥ XV  + c-^  c'-^(X2+i)  ¥~"c 

Ex.  5. 

If  15a  + b : I5c  + d=12a  + b : 12c  + d,  prove  that 

a :b  = c : d. 

Since 

• 

15a  + b : 15c  + d=  12a  + b : 12c  + d. 

and  since  product  of  extrenies  = 2^i’<><luct  of  means, 
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(15«  + 6)  (12c  + cZ)  = (15c  + c?)  (I2a+h), 

01-,  IBOac  + 126c  + I5ad  + hd  = ISOac  + I2ad  + 156c  + hd, 

or,  126c  + 15tt(i  = 12a(Z+ 156c, 

or.  Sad  — 36c, 

or,  ci'd  = 6c. 

Whence,  by  Art.  355,  a : h — c : d. 

Additional  Examples  will  be  found  in  page  137,  to  which 
we  may  add  the  following. 


Examples. — cxxxi. 


1.  If  a ; 6 = c : d,  show  that  a + b : a = c + d :c. 

2.  If  a : 6 = c : d.  show  that  - 6^ ; 6^  = c^  — d'^  : d-. 


3.  If  : 6i  = ao : 6j,  shoAw  that  — =-p. 

4.  If  a : 6 ::  c : d,  show^  that 

+ a6  + 2b‘^  : Sa"^  - 26^  ; : 3c‘-^  + cd  + 2(/-  : 3c’  - 2d\ 

5.  a : b = c : d,  show'  that 

a’  + 3a6  6^  : c’  + Scd  + d^=2ab  + 36’  ; 2cd  + 3d’. 

6.  If  tf  : 6 = c : d=e  : f then  a : b = mc  — ne  : md  — v f. 


7.  If  —6,  any  parts  of  a,  6,  be  takc-n  from  a and  6 

respectively,  show'  that  a,  6,  and  the  remainders  form  a j)ropor- 
tioii. 


8.  If  a : 6 = c : d = e : /,  show'^  that 

ac  : bd  = la^  + ??ic’  + ne^  : Z6’  + md^  + 9?/’. 

9.  If  «i  : 6i  = a2  : b^^a-i : 63,  .show  that 

a,2  + fl,.'  + : 61’  + 6,’  + 63’  : : a^’ : b^\ 
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10. 


1 1. 


It  ; ftj  — ao  : h.,  = a.^  : sliow  tliut 

«,a,  + + a.^a^  : + h.J)y  = a^2  5^2 

If  “!— !■  + t.'*-  sl,ow  that  either  ? = ',  or  ? = -. 


a2  + rt6+62  c2  + CY^-^cF 


6 


I 2.  If  a‘2  + ; ft-  _ _ ^2  _|_  ^^2  . ^2  _ sllOW  tluit 

a : h — c : (1. 


13.  If  a : h = c : d,  show  tliat 

(a +_c)_(a2  + ^2)  ^ (ft  + f/)jft2  + f^2) 

(a-c)(«2_c2)  (b-d){h-^-d-^y 

14.  If  rtj  : b^=a^  : ft.^,  shoAv  that 

«i  : V(ai2  + d,2)  : + 


On  the  Geometrical  Treatment  of  Proportion. 

360.  The  definition  of  Proportion  (viz.  the  equality  of 
ratios)  is  the  same  in  Euclid  as  in  Algebra.  (End.  Book  v. 
Def.  6 and  8.) 

But  the  ways  of  testing  whether  two  ratios  are  equal  are 
quite  different  in  Euclid  and  in  Algebra. 

The  algebraic  test  is,  as  we  have  said,  that  the  two  fractions 
representing  the  ratios  must  be  equal. 

Euclid’s  test  is  given  in  Book  v.  Def.  5,  where  it  stands 
thus  : 

4 

‘‘  The  first  of  four  magnitudes  is  said  to  have  the  same  ratio 
to  the  second  which  the  third  has  to  the  fourth,  when  any 
equimultiples  whatsoever  of  the  first  and  third  being  taKen 
and  any  equimultiples  whatsoever  of  the  second  and  fourth  ; 

If  the  multiple  of  the  first  be  less  than  that  of  the  second 
the  multiple  of  the  third  is  also  less  than  that  of  the  fourth  ; 
or, 

“ If  the  multiple  of  the  first  be  equal  to  that  of  the  second 
the  multiple  of  the  third  i.'i»also  equal  to  that  of  the  fourth  : 
or, 
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“ If  the  multiple  of  the  first  be  greater  than  that  of  the 
second,  the  multiple  of  the  third  is  also  greater  than  that  of 
the  I'ourth.” 


We  shall  now  show,  first,  how  to  deduce  Euclid’s  test  of  thft 
equality  of  ratios  from  the  algebraic  test,  and  secondly,  how  to- 
deduce  the  algebraic  test  from  that  employed  by  Euclid. 

361.  I.  To  show  that  if  quantities  be  pro])ortional  accord' 
ing  to  the  algebraical  test  they  will  also  be  proj)ortionai 
according  to  the  geometrical  test. 


If  a,  h,  c,  d be  proportional  according  to  the  algebraical 
test, 


a _c 

b~7r 


Multiply  each  side  by  — , and  we  get 


ma  _ me 
nb  nd’ 


Now,  from  the  nature  of  fractions, 

if  ma  be  less  than  nb,  me  will  also  be  less  than  7id,  and 
if  ma  be  equal  to  nb,  me  will  also  be  equal  to  nd,  and 
if  ma  be  greater  than  nb,  me  will  also  be  greater  than  nd. 

Since  then  of  the  four  quantities  a,  b,  e,  d equimultiples  have 
been  taken  of  the  first  ami  third,  aiid  equimultiples  of  the 
second  and  fourth,  and  it  appears  that  when  the  multiple  of 
the  first  is  greater  than,  eipial  to,  or  less  than  the  multiple  of 
the  second,  the  multiple  of  the  third  is  also  greater  than, 
ecpial  to,  or  less  than  the  multiple  of  the  fourth,  it  follows  that 
a,  b,  e,  d are  proportionals  according  to  the  geometrical  test. 


362.  II.  To  deduce  the  algebraic  test  of  i:>roportionality 
from  that  given  by  Euclid. 

Let  a,  b,  c,  d be  proportional  according  to  Euclid. 


Then  if 


let 


;r  is  not  eiiual  to 
0 d 

, be  e<|ual  lo 
h + x ^ d 


.(1). 


EXAMPLES  ON  PA  770. 


2.S? 

Take  m and  n such  that 


ma  is  greater  than  nb, 
but  less  than  n (b  + x). 
Then,  by  Euclid’s  definition, 

me  is  greater  than  nd. 


,(2). 

(3). 


l>ut  since,  by  (I),  

7i{b  + x)  7ld* 

and,  by  (2),  ma  is  less  than  7i{b  + x), 

it  follows  that  wc  is  less  than  nd (4), 

Ihe  results  (3)  and  (4)  therefore  contradict  each  other. 
llL-nce  (1)  cannot  be  true. 


riierelore  ^ is  equal  to 

We  shall  conclude  this  chapter  with  a mixed  collection  of 
Examples  on  Ratio  and  Proportion. 


Examples. — cxxxii. 


I.  If  a b : b - c ::  b : c,  show  that  & is  a mean  proportional 
betw'een  a and  c. 


2.  It  a : b ::  c : d,  show  that 


and 

3- 


a+b  c+d 


a : b ::  ^(ma‘^  + 7ic^)  ; ^{mh^  + nd^). 
It  a : h c : d,  prove  that 


ma  --  nl>  _ me  - nd 
ma  + nb  me  + 7id' 

4-  If  5a  + 3?) ; 7a  + 36  ::  564-3C  : 76  + 3c, 
b is  a mean  proportional  between  a and  c. 

5.  If  4 quantities  be  proportional,  and  tlie  first  be  the 
greatest,  the  fourth  is  the  least. 

U a + b,m  + n,m-n,a-bhQ  four  such  quantities,  show  tiiat 
h is  greater  than  n. 
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manner,  and  it  also  travels  15  miles  an  hour  quicker.  Sup- 
posing the  rates  of  travelling  uniform,  what  are  they  in  miles 
per  hour  ? 

27.  An  article  is  sold  at  a loss  of  as  much  per  cent,  as  it 
is  worth  in  pounds.  Show  that  it  cannot  be  sold  for  more 
than  .£25, 
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363.  If  a sum  of  nimiey  is  put  out  at  interest  at  5 p^o.'-^ent, 
the  principal  is  20  times  as  great  as  the  annual  interest,  what- 
ever the  sum  may  be. 

Hence  if  x be  the  principal,  and  y the  interest, 

X — 20y. 

Now  if  we  change  x Ave  nuist  change  y in  the  same  propor- 
tion, for  so  long  as  the  rate  of  interest  remains  the  same,  x 
will  always  be  20  times  as  great  as  y,  and  hence  if  x be 
doubled  or  trebled,  y will  also  be  doubled  or  trebled. 

This  is  au  instance  of  what  is  called  Direct  Variation, 
of  which  we  may  give  the  following  definition. 

Def.  One  quantity  y is  said  to  vary  directly  as  another 
quantity  x,  when  y depends  on  x in  such  a iiuuiner  that  any 
increase  or  decrease  made  in  the  value  of  x produces  a propor- 
tional increase  or  decrease  in  the  value  ot  y. 

364.  If  x = my,  where  m is  a constant  quantity,  that  is,  a 
quantity  which  is  not  rdtered  by  any  change  in  the  values  of  x 
and  y, 

y will  vary  directly  as  x. 

For  any  increase  made  in  the  value  of  x must  produce  a 
proportional  increase  in  the  value  of  y.  Thus  if  x be  doulded, 
y must  also  be  doubled,  to  ju'eserve  the  ecpiality  of  x and  my, 
since  m cannot  be  changed. 
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365.  Suppose  a man  can  reap  an  acre  of  corn  in  a day. 

Then  10  men  can  reap  60  acres  in  6 clays, 
and  20  men  can  reap  60  acres  in  3 days. 

So  that  to  do  the  same  amount  of  work  if  wt  double  the 
number  of  men  we  must  ludve  the  number  of  days. 

This  IS  an  instance  of  wliat  is  called  Inverse  Variation 
ol  which  we  may  give  the  following  definition. 

Dee.  One  quantity  y is  said  to  vary  inversely  as  another 
quantity  x,  when  y depends  on  a;  in  such  a manner  that  any 
ywrease  or  decrease  made  in  the  value  of  x produces  a propor- 
tional decrease  or  increase  in  the  value  oi  y. 

366.  If  a:=— , where  m is  constant, 


y will  vary  inversely  as  x. 


For  any  increase  made  in  the  value  of  x must  produce  a pro- 
portional DECREASE  ill  the  value  of  y.  Thus  if  a;  be  doubled, 

y must  be  halved,  to  preserve  the  equality  of  x and  — 

y' 


For  2x  — ^ 

y y ■ 
2 


367.  If  1 man  can  reap  1 acre  in  1 day, 

5 men  can  reap  20  acres  in  4 days, 
and  10  men  can  reap  80  acres  in  8 days. 

That  IS  the  number  of  acres  reaped  will  depend  on  the 
product  ol  the  number  of  men  into  the  number  of  days. 

This  is  an  example  adjoint  variation,  of  which  we  may  ^ive 
the  following  definition. 

Dee.  One  quantity  x is  said  to  vary  jointly  as  two  others 

y and  2-,  when  any  change  made  in  a;  produces  a proportional 
cliange  in  the  product  of  y and  2. 


368.  One  quantity  x is  said  to  vary  directly  as  y and 
inverselj"  as  z when  x varies  as 
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manner,  and  it  also  travels  15  miles  an  hour  quicker.  Sup- 
posing the  rates  of  travelling  uniform,  what  are  they  in  miles 
per  hour  ] 

27.  An  article  is  sold  at  a loss  of  as  much  per  cent,  as  it 
is  worth  in  pounds.  Show  that  it  cannot  he  sold  for  more 
than  £25. 


XXIX.  ON  VARIATION. 


363.  Ip  a sum  of  nmnej^  is  put  out  at  interest  at  5 p^o-sient, 
the  principal  is  20  times  as  great  as  the  annual  interest,  what- 
ever the  sum  may  he. 

Hence  if  x he  the  principal,  and  y the  interest, 

X ~ 20y. 

Now  if  we  change  x we  must  change  y in  the  same  'propor- 
tion, for  so  long  as  the  rate  of  interest  remains  the  same,  x 
will  always  he  20  times  as  great  as  y,  and  hence  if  x he 
doubled  or  trebled,  y will  also  he  doubled  or  trebled. 

This  is  au  instance  of  what  is  called  Direct  Variation, 
of  wdiich  we  may  give  the  following  definition. 

Def.  One  quantity  y is  said  to  vary  directly  as  another 
quantity  x,  wlien  y depends  on  x in  such  a manner  that  any 
increase  or  decrease  made  in  the  value  of  x produces  a propor- 
tional increase  or  decrease  in  the  value  of  y. 

364.  If  'x  — 'iny,  where  m is  a constant  quantity,  that  is,  a 
([uantity  which  is  not  idtered  hy  any  change  in  the  values  of  a; 
and  y, 

y will  vary  directly  as  x. 

For  any  increase  made  in  the  value  of  x must  produce  a 
proportional  increase  in  the  value  of  y.  Thus  if  a;  he  doubled, 
y must  also  he  douhlrd,  to  })rcserve  the  e(piality  of  x and  my, 
since  m cannot  he  changed. 
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365.  Suppose  a man  can  reap  an  acre  of  corn  in  a day. 
Then  10  men  can  reaj?  60  acres  in  6 days, 
and  20  men  can  reap  60  acres  in  3 days. 

So  that  to  do  the  same  amount  of  work  if  we  douhU  the 
number  ot  men  we  must  halve  the  number  of  days. 

This  IS  an  instance  of  what  is  called  Inverse  Variation 
ol  ^vhlcll  we  may  give  the  following  definition.  ^ 

Dee.  One  quantity  y is  said  to  vary  inversely  as  another 
quantity  a:,  when  y depends  on  a;  in  such  a manner  that  any 
vncrease  or  decrease  made  in  the  value  of  a:  produces  a pro.ior- 
tioiial  decrease  or  increase  in  the  value  oiy. 

Tfb 

366.  Ifa;=— , where  m is  constant, 

y 

y will  vary  inversely  as  x. 

For  any  increase  made  in  the  value  of  a:  must  produce  a pro- 
portional DECREASE  in  the  value  of  y.  Thus  if  a;  be  doubled, 

y must  be  halved,  to  preserve  the  equality  of  x and  — 

y’ 

For  2a:  = — = — 

y y ■ 

2 

367.  If  1 man  can  reap  1 acre  in  1 day, 

6 men  can  reap  20  acres  in  4 days, 
and  10  men  can  reap  80  acres  in  8 days. 

That  IS  the  number  of  acres  reaped  will  depend  on  the 
product  oi  the  number  of  men  into  the  nuinlier  of  days. 

This  is  an  example  ofjomt  variation,  of  which  we  may  c^ve 
the  following  definition.  ' 

Dee.  One  quantity  x is  said  to  vary  jointly  as  two  others 

y and  s',  when  any  change  made  in  tr  produces  a proportional 
change  111  the  product  of  y and  2. 

368.  One  quantity  a:  is  said  to  vary  directly  as  y and 
inversely  as  z when  x varies  as 

z 
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3G9.  Theorem.  If  x varies  as  y wlien  z is  constant,  and 
fts  z when  y is  constant,  then  when  y and  z are  both  variable, 

X varies  as  yz. 

i 

Let  x=m.yz. 

Then  we  have  to  show  that  m is  constant. 

Now  when  z is  constant, 

X varies  as  y ; 
mz  is  constant. 

Now  s cannot  involve  y,  since  2:  is  constant  when  y changes, 
and  therefore  m cannot  involve  y. 

Similarly  it  may  be  shown  that  m cannot  involve  z ; 

m is  constant, 
and  X varies  as  yz. 

370.  The  symbol  oc  is  nsc'd  to  express  variation  ; thus  xocy 
stands  for  the  words  x varies  as  y. 

371.  Variation  is  only  an  alibreviated  form  of  expressing 

proportion.  / 

Thus  when  we  say  that  x varies  as  y,  we  mean  that  x bears 
to  y the  same  ratio  that  any  given  value  of  x bears  to  the 
corresponding  value  of  y,  or 

^ y — ^ given  value  of  x : the  corresponding  value  oi  y. 

And  similarly  for  the  other  kinds  of  variation,  as  will  be 
seen  from  our  examples. 

Ex.  1 . If  cc C5C  ^ and  7/  oc  2,  to  show  that  xcxz. 

Let  x = my,  and  y = nz. 

Then  substituting  this  value  of  y in  the  first  equation, 

x = 7rinz  ; 

and  therefore,  since  mn  is  constant, 


XCC.Z. 
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Ex.  2.  It  xacy  and  xccz,  then  will  xoz 

x^my,  and  x = nz. 

^^isn  X-  = mnyz ; 

x=  ^l{mn) . sj{yz). 

Now  is/(mn)  is  constant; 

oc  ^/(yz). 

Ex.  3.  If  y vary  as  x,  and  when  x=l,  y = 2,  what  will  be 
the  value  of  y when  x = 21 

Here  y : x=  a given  value  of  y ; corresponding  value  ofdc; 

'•y‘. 

y = 2x. 

Hence,  when  x = 2,  y = 4. 

Ex.  4.  If  ^ vary  inversely  as  B,  and  when  A = 2 B=12 
what  will  B become  when  4=9  ? ’ ' 


Here  4 : g=  a given  value  of  4 : 


1 


1 


Hence,  when  4 = 9, 


whence 


4-  =2 • — 

. j4  2 
" 12 


^_2 

12~B^ 

9 3 


corresponding  valiTe  of  JS  ‘ 
1 


Ex.  5.  If  4 vary  jointly  as  B and  G,  and  when  4 = 6,  B=t. 
and  C=  15,  find  the  value  of  4 when  B=  10  and  6^=3.  ^ ’ 

Here 

4 : BC=  a give^^  value  of  4 : corresponding  value  of  BG; 

4 : BG  = 6 ; 6x15; 

9{)A=QBG. 
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Hence,  when  B=10  and  (7—3, 

90vl  = 6x  10x3; 

■ ^ = 1^  = 2. 

■■  90 


Ex.  6.  If  2 vary  as  x directly  and  y inversely,  and  if  when 
z = 2,  x = 3 and  y = 4,  what  is  the  value  of  z when  x=15  and 

y = 8l 


X , corresponding  value  ot  x _ 

Here  » : -==a  given  value  oi  . : o^^  y ’ 

a:  3 

!3  : -=2  : 

y 4 

3z  _ 2cc 

■■ 


Hence,  when  x = 15  and  ^ = 8, 


32;  30 

4 “ 8 ’ 

120  _ 
•••  "=  ^-=6- 


Ex  AMPLES.— cxxxiii. 

1.  If  ^ oc  4 and  Bcc^  then  will  A<x0. 

B ^ 

A B 

2.  li  A ozB  then  will  p°=  p- 

3.  If  AccB  and  C oc  D then  will  ACocBD. 

4.  If  xozy^  and  when  x = 7,y  = b,  find  the  value  of  x wlien 
y = \2. 

5.  If  Xcc  -,  and  when  lO,  y = 2,  find  the  value  of  y when 


cc  = 4. 
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6.  II  xocv/:.',  ;n;d  when  x=  1,  ?/  = 2,  = (im 

when  a;  = 4 and  2 = 2. 


tl 


le  value  ol 


V 


7- 


» 7/ 

It  and  wdien  x = 6,  y = -i,  and  2 = 3,  lind  the  value 


of«  when  y = 5 and  2 = 7. 

8.  If  3.x:  + 5// oc  5a;  + 3//,  and  when  a:  = 2,  y = 5,  tiiid  the  value 

p X 

ut  . 

y 

9.  If  AccJ!  and  B^ocO-,  express  how  A varies  in  respect 

of  C.  ' 

10.  If  2 vary  conjointly  as  x and  y,  and  2=4  Avlien  a;=l 
and  y = 2,  Avhat  will  he  the  value  of  x when  2 = 30  and  y = 'i  'l 

11.  If  and  when  ^ is  8,  i?  is  12;  express  A in 

terms  of  B. 


12.  If  the  square  of  a;  A^ary  as  the  cube  of  y,  and  a;  = 3 Avhen 
find  the  equation  between  x and  y. 

13.  It  the  square  of  a;  vaiy  inversely  as  the  cube  of  and 
r = 2 Avhen  y = 3,  find  the  equation  between  x and  y. 

14-  If  the  cube  of  a;  vary  as  the  sriuare  of  y and  a;  = 3 when 
y = 2,  find  the  equation  betAveen  x and  y. 

15.  If  a;c3c2  and  yoc-,  shoAv  that  a:cc- 

2 y 

16.  Show  that  in  triangles  of  equal  area  the  altitudes  varv 
inversely  as  the  bases. 


17.  Show  that  in  parallelograms  of  equal  area  the  altitudes 
vary  inversely  as  the  bases. 

18.  If  y=p  + q + r,  Avhere  p is  invarialde,  q varies  as  and 
r varies  as  x-,  find  the  relation  between  y and  x,  supposing 

£hat  Avhen  x=\,  y = 6;  when  x = 2,  y=ll  ; and  Avhen  x = S 
y=l8.  ’ 

19.  The  volume  of  a pyramid  varies  jointly  as  the  area  of 
Its  base  and  its  altitude.  A pyramid,  the  base  of  Avhich  is  .9 
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feet  .square  and  tlie  lieiglit  of  wliich  is  10  feet,  is  found  to  con- 
tain 10  cul)ic  yards.  What  niu.st  be  tlie  lieiqlit  of  a ])yraniid 
upon  a base  3 feet  square  in  order  that  it  may  contain  2 cubic 
yards  ? 

20.  The  amount  of  glass  in  a window,  tlie  panes  of  which 
are  in  every  respect  equal,  varies  as  the  number,  length,  and 
breadth  of  the  panes  jointly.  Show  that  if  their  number  varies 
as  the  square  of  their  breadth  inversely,  and  their  length  varies 
as  their  breadth  inversely,  the  whole  area  of  glass  varies  as  the 
square  of  the  length  of  the  panes. 


XXX.  ON  ARITHMETICAL  PROGRESSION. 

372.  An  Arithmetical  Progression  is  a series  of 
numbers  which  increase  or  decrease  by  a constant  difference. 

Thus,  the  following  series  are  Arithmetical  Progressions  : 

2,  4,  6,  8,  10; 

9,  7,  5,  3,  1. 

The  Constant  Difference  being  2 in  the  first  series  and  -2 
in  the  second. 

373.  In  Algebra  we  express  an  Arithmetical  Progression 
thus  : taking  a to  represent  the  first  term  and  d to  represent 
the  constant  dillerence,  we  shall  have  as  a series  of  numbers  in 
Arithmetical  Progression 

a,  a -f-  d,  a + 2d,  a + 3d, 

and  .so  on. 

We  observe  that  the  terms  of  the  series  differ  only  in  the 
coefficient  of  d,  and  that  each  «oefficient  of  d is  always  less  by  1 
than  the  numlier  of  the  term  in  which  that  particular  coefficient 
stands.  Thus 

the  coefficient  of  d in  the  3rd  term  is  2, 


in  the  4th  3, 

in  the  5th  4. 
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Consequently  the  coefficient  of  d in  the  n***  term  will  be 

71  - 1. 

Therefore  the  w***  term  of  the  series  will  bea  + (ti-  Ij  d. 

374.  If  the  series  be 

a,  a + d,  a -h  2d,  

and  z the  last  term,  the  term  next  before  z will  clearly  hez  — d, 
and  the  term  next  before  it  will  be  - 2d,  and  so  on. 

Hence,  the  series  written  backwards  will  be 

z,  z — d,  z — 2d,  a + 2d,  a + d,  a. 

375.  To  fi7id  the  simi  of  a series  of  numbers  in  Arithmetical 
Progression, 

Let  a denote  tlie  first  term. 


• ••  d the  constant  difference. 

...  z the  last  term. 

...  n the  number  of  terms. 

...  A' tlie  sum  of  the  n terms. 


Then  s = a+ {a  + d)  + (a  + 2d)  + +{z-2d)  + {z-d)+z. 

Also  s^z  + {z-d)+  {z-2d)+  +{a+2d)  + {a  + d)  + a, 

the  series  in  the  second  case  being  the  same  as  in  the  first,  but 
written  in  the  reverse  order. 

Therefore,  by  adding  the  two  series  together,  we  get 

2s=(ci  + z)  + {cv  + z)  + {a  + z)  + +{a  + z)  + {a  + z)  + {aAz)', 

and  since  on  the  right-hand  side  of  this  equation  we  have  a 
series  of  w numbers  each  equal  to  we. get 

2s  = 71  (a  + z) ; 

••  ^ = 2(^  + 4 

This  result  may  be  put  in  another  form,  because  in  the 
place  of  !S  we  may  put  a + {n-\)  d,  by  Article  373. 

71 

Hence  s=-\a  + aA  {n- l)a\, 

= '^\2a  + {n-l)d\. 


that  i3, 


Ul 
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376.  vVe  have  now  obtained  llie  i'ollowing  results  : 


z = a + (n-  1)  d (A), 

s = l{a  + z) (B), 

S=|j2a  + (re-  1)  d\ (C). 


From  one  or  more  of  these  equations  we  have  in  Examples 
to  determine  the  values  of  a,  d,  n,  s or  z.  We  shall  now  pro- 
ceed to  give  instances  of  such  Examples. 


Ex.  1.  Find  the  last  terji  of  the  series 
7,  10,  13,  to  20  terms. 

Taking  the  equation  z = a+  ('Jt  — 1)  d, 
for  a put  7 and  for  oi  put  20,  and  we  get 

z = 1 + (20-l)d, 

or,  2 = 7 + 19(1 


Now  d is  always  found  by  taking  the  first  term  from  the  second, 
and  in  this  case, 


fZ=10-7  = 3 , 


.-.  2 = 7 + 19x3  = 7 + 57  = 6+ 


Ex,  2.  Find  tlu;  last  term  of  the  series 
12,  8,  4,  to  11  terms. 


In  the  equation 
put 
Then 
Now 
Hence 


2=rt+  [n—  1)  d, 
a=  12  and  ?i=  1 1. 
2=12  + 10(1 
d = 8-  12=  -4. 
2=12-40=  -28. 


Examples. — cxxxiv. 

Find  the  last  term  of  eacii  of  the  following  series 

1.  2,  5,  8 . 

2.  4,8,12 


to  17  terms. 

. to  50  terms. 
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29  15 

7,  “ , to  16  terms. 


5 

2’  ’2 


5- 

6. 

7- 

8. 


5 11 
6’  2’  6 


to  23  terms. 

to  12  terms. 


- 12,  —8,  —4 to  14  terms. 

— 3,  5,  13  to  16  terms. 


n-\  ?i  — 2 w — 3 
n ’ 11  ’ n 


to  u terms. 


9,  {x  + y)'^,  x^  + y^,  {x-yY to  n terms. 

a-b  4a -'3b  7a  — 5b 


10. 


a+V  a+b  ’ a+b 


to  n terms. 


377.  Ex.  1.  Find  the  sum  of  tlie  series 
3,  5,  7 to  12  terms. 


71/ 

In  the  equation  s = - | 2<x  + (n  - 1)  d\ 

put  3 for  a and  12  for  w,  and  we  get 

1 2 

s = -|6  + ll(^[. 

N ow  f?  = 5 - 3 = 2,  and  so 


12, 


6 + 22}=6x28  = 168. 


Ex.  2.  Find  the  sum  of  the  series 

10,  7,  4 to  10  terms. 


n. 


s = -|2a  + (w-  1)  d\; 


put  10  for  a and  10  for  71,  tlien 


s = -j|^}20  + 9i[. 

jU 
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Now  (^  = 7-  10=  —3,  and  therefore 

s = ^{20-97[=5x(-7)=-35. 

Ex  AMPLES.— CXXXV . 

Find  the  sum  of  the  following  series  : 

1.  1,  2,  3 to  100  terms. 

2.  2,  4,  6 to  50  terms. 

3.  3,  7,  11  to  20  terms. 

113 

4-  4>  2’  4 terms, 

5*  — 5 to  12  terim.. 

A 5 1 1 

o.  - to  17  terms. 

7.  1,  2,  3 to  n terms. 

8.  1,  4,  7 to  n terms. 

9’  1,  8,  15  to  % terms. 

w - 1 - 2 — 3 

lO-  — 1 , to  n terms 

« u n 

378.  Ex.  What  is  the  Constant  Difference  wnen  the 
first  term  is  24  and  tlie  tenth  term  is  - 12? 

Taking  the  equation  (A), 

z = a + (n-  l)d, 

and  regarding  the  tenth  as  the  last  term,  we  gel 
- 12  = 24  + (10-1)(£, 
or  - 36  = 9d, 

whence  we  obt,ain  d=  -4. 
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Examples. — cxxxvi. 


^\  hat  is  the  Constant  Difference  in  the  following  cases  ? 

I.  When  the  first  term  is  100  and  the  twentieth  is  —14. 

2  fifty-first  is  - x. 

3  forty-ninth  is  5^. 

4  twenty-fifth  is  -21? 


— 10 sixth  is  - 20. 

150  ninety-first  is  0. 


379.  Ex.  What  is  the  First  Term  when 

the  40th  term  is  28  and  the  43rd  term  is  32  ? 

Taking  equation  (A), 

% = a + {n-  l)d, 

and  regarding  the  last  term  to  be  the  40th,  we  get 

28  = « + 39rZ 

Again,  regarding  the  last  term  to  be  the  43rd,  we  get 

32  = a-t-42d (2), 

From  equations  (1)  and  (2)  we  may  find  the  value  of  a to 
be  —24. 


Examples.— cxxxvii. 

I.  What  is  the  first  term  when 

(1)  The  59th  term  is  70  and  the  66th  term  is  84; 

( 2)  The  20th  term  is  93  - 356  and  the  21st  is  98  - 376 ; 

(3)  The  second  term  is  ? and  the  55th  is  5-8 ; 

(4)  The  second  term  is  4 and  the  87th  is  -CO ? 
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2.  The  sum  of  the  3rd  and  8th  terms  of  a series  is  31,  and 
the  sum  of  the  5th  and  10th  terms  is  43.  Find  the  sum  of 
10  terms. 

3.  The  sum  of  the  1st  and  3rd  terms  of  a series  is  0,  and 
the  sum  of  the  2nd  and  7th  terms  is  40.  Find  the  sum  of 
7 terms. 

4.  If  24  and  33  be  the  fourth  and  fifth  terms  of  a series, 
what  is  the  100th  term  % 

5.  Of  how  many  terms  does  an  Arithmetical  Progression 
consist,  whose  difference  is  3,  first  term  5 and  last  term  302  ? 

6.  Supposing  that  a body  falls  through  a space  of  16—  feet 
in  the  first  second  of  its  fall,  and  in  each  succeeding  second 
32^  feet  more  than  in  the  next  preceding  one,  how  fiir  will  a 
body  fall  in  20  seconds  ? 

7.  What  debt  can  be  discharged  in  a year  l>y  weekly  pay- 
ments in  aritliiuetical  progression  ; the  first  payment  being  1 
shilling  and  the  last  il5.  3s.  ? 

8.  Find  the  41st  term  and  the  sum  of  41  terms  in  each  of 
the  following  series  : 

(1)  -5,4,13 

(2)  4a^,  0,  -4a’  

(3)  1 + X,  5 -p  3.r,  9 + 5a; 

4)  -4 -1-4 

,.19 

4’  20 

9.  To  how  many  terms  do  the  following  series  extend,  and 
what  is  the  sum  of  all  the  terms  ? 

(1)  1002 10,  2. 

(2)  -0,2 ,18G. 
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(3)  2~x,  Sx - 72’3x. 

(4)  I -24 

(5)  w-1 137(1 -m),  139(1 -m). 

(6)  x+254, a: + 2,  a; -2. 

580.  To  insert  3 arithmetic  means  between  2 and  iO. 

The  nuiuher  of  terms  will  be  5. 

Taking  the  equation  z = a-<r{n-\)d, 

we  have  10  = 2 -f-  (5  - 1)  6?. 

W lienee  8 = 4(Z  ; cZ = 2. 

Hence  the  series  will  be 

2.  4,  6,  8,  10. 


I. 


2. 


3- 

4. 


Examples.— cxxxviii. 

Insert  4 arithmetic  means  between  3 and  18. 
Insert  5 arithmetic  means  between  2 and  - 2. 
Insert  3 arithmetic  means  between  3 and 

3 

Insert  4 arithmetic  means  between  - and  - 

2 3’ 


381.  To  insert  3 arithmetic  means  between  a and  b. 

The  number  of  terms  in  the  series  will  be  5,  since  there 
are  to  be  3 terms  in  addition  to  the  lii-st  term  a and  the  last 
term  h. 

Taking  the  equation  z=  a+  [n  — 1)  dy 
we  have  to  find  d,  having  given 

a,  z = h and  w = 5. 
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Hence 


i = a + (5  - 1)  (/, 


or, 


Ad  = h-a,  d 


Hence  the  series  will  be 


b — a 


a,a  + —~, 


that  is 


TVtl  IV./  tl.  1 L/  vl/  ^ tJU  m 


3ff  A b Cl  A b (t  A 36 


Examples. — cxxxix, 


1.  Insert  3 arithmetic  means  between  vi  and  n. 

2.  Insert  4 arithmetic  means  between  m + 1 and  ??i  — 1. 

3.  Insert  4 arithmetic  means  between  and  + x. 

4.  Insert  3 arithmetic  means  between  and  x~  - if. 

382.  We  shall  now  give  the  general  form  of  the  in'oxmsition 
“ To  imert  m arithmetic  means  between  a and  b.” 

The  number  of  terms  in  the  series  will  be  m + 2 

Then  taking  the  equation  2 = a + (?i  - 1 ) d, 
we  have  in  this  case  b = aA  (m  + 2 - 1 ) d, 
or,  6 = a+(m+l)d. 


m + 1’ 

and  the  form  of  the  series  will  be 


Hence  d = ~^ 


2b -2a  b-a  , 


that  is. 


am  + b am  - a + 26 
’ m + 1 ’ m + 1 


6m  - 6 + 2rt.  hm  + , 

m+1  ’ 


XXXI.  ON  GEOMETRICAL  PROGRESSION. 


383.  A Geometrical  Progression  is  a series  of  mimbers 
AvliicU  increase  or  decrease  hy  a constant  factor. 

Thus  the  following  series  are  Geometrical  Progressions, 


2,  4,  8,  16,  32,  64; 


12,  3, 


4’ 


A A . 

16’  64’ 


’ 2’  16’  128’  1024’ 

The  Constant  Factors  being  2 in  the  first  series,  ^ in  the 

second,  and  — ^ in  the  third, 
o 

Note.  That  whicli  we  shall  call  the  Constant  Factor  is 
usually  called  the  Common  Ratio. 

384.  In  Algebra  we  express  a Geometrical  Progression 
thus  : taking  a to  reiwesent  the  first  term  and  / to  represent 
the  Constant  Factor,  we  shall  have  as  a series  of  numbers  in 
Geometrical  Progression 

a,  af,  ap,  cp,  and  so  on. 

We  observe  that  the  terms  of  the  series  differ  only  in  the 
mdex  of/,  and  that  each  index  of/ is  always  less  by  1 than  the 
number  of  the  term  in  which  that  particular  index  stands. 

Thus  the  index  of  / in  the  3rd  term  is  2, 


in  the  4th  3, 

in  the  5th  4: 


Consequently  the  index  of / in  the  7ith  term  will  be  n - 1. 
Therefore  the  nth  term  of  the  series  will  be  a/"~h 
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Hence  if  z be  the  last  term, 

z — 


385.  If  the  series  contain  n terms,  a being  the  first  term 
and/ the  Constant  Factor, 

the  last  term  will  be 

the  last  term  but  one  will  be 

the  last  term  but  two  will  be 

Now  a/”-i  x/i  = a/”-i+i  = a/'*, 

a/"-2  x/=  af”-^  x/i  = a/’-2+i  = af"-\ 

^jrn-3  ^ y i ^ 


386.  We  may  now  proceed  to  find  the  mm  of  a scries  of 
numbers  in  Geometrical  Progression. 

Let  a denote  the  first  term, 

/ the  constant  factor, 

n the  number  of  terms, 

•s  the  sum  of  the  n terms. 

Then  s = a + af+  af+...+  + af"~\ 

Now  multiply  both  sides  of  this  equation  bv/  then 
fs  = af+ap  4-  a/®  + . . . + + af"~^  + af’'. 

Hence,  subtracting  the  first  equation  from  the  second, 

fs-s  = af”-a. 

S{f-l)  = a(f‘-l); 

/-I  • 


Note.  The  proposition  just  proved  presents  a 
a beginner,  which  we  shall  endeavour  to  explain, 
multiply  the  series  of  n terms 


difficulty  to 
When  we 


a + af+  afi  -f- 
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Si  we  sluill  obtain  aiiotlier  series 

a/+  a/  + + + a/"-*  + a/"-  ‘ 

which  also  contains  ix  terms. 

Though  we  cannot  fill  u])  the  gap  in  each  series  completely, 
we  see  that  the  terms  in  the  two  series  must  be  the  same, 
except  the  Tirsf  term  in  the  former  series,  and  the  last  term  in 
the  latter.  Hence,  when  we  subtract,  all  the  terms  will  dis- 
appear except  these  two. 


387.  From  the  formul£e  : 


« = (A), 


prove  the  following  ; 


(a) 

fz- a 

(7) 

(/^) 

z 

^ T. 

(S) 

r_s  — a 
^ s — z' 

388.  Ex.  Find  the  last 

TERM  of  the  series 

3,  6,  12  .... 

0 

The  Constant  Factor  is  -,  that  is,  2. 

O 

In  the  formula 


z = af”-\ 

putting  3 for  a,  2 for  /,  and  9 for  n,  Ave  get 

« = 3 X 2^  = 3 X 256  = 708. 


Examples.— cxl. 

Find  the  last  term  of  the  following  series 

1.  1,  2,  4 to  7 terms. 

2.  4,  12,  36  to  10  terms. 

3.  5,  20,  80  to  9 terms. 
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4- 

5- 
6. 

7- 


8,  4,  2 to  15  terms. 

2,  6,  18  to  9 terms. 

— , T to  11  terms. 

64’  16’  4 

9 1 1 

__  _ — to  7 terms. 

3’  3’  6 


389.  Ex.  Find  the  sum  of  the  series 

O 

6,  3,  ^ to  8 terms. 


Generally, 


s = 


g (/"-!) 
/-I 


anci 


here 


« = ?i  = 8, 


^6  ' 256 _ 765 

l i ' 1 * 

2 2 


EXAMPLES.— CXli. 
Find  the  sum  of  the  following  series  ; 

I 2,  4,  8 to  15  terms. 

2.  1,  3,  9 to  6 terms. 

3.  a,  a.x",  to  13  terms. 

a a 4.  n <- 

4.  «.  to  9 terms 

.7;  y' 

it  Xj 

’ a-^  X 


U)  7 terms. 
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6.  2,  6,  18 to  terms. 

7.  7,  14,  28 to  terms. 

8.  5,  - 10,  20 to  8 terms. 

2 11 

9-  ~ 2’  3’  “ (5 ' terms. 

390.  To  find  the  sum  of  an  Infinite  Series  in  Geometrical 
Progression,  when  the  Constant  Factor  is  a proper  fraction. 

If/ be  a proper  fraction  and  n very  large, 

/"  is  a veiy  small  number. 

Hence  if  the  number  of  terms  be  in  finite,  /"  is  so  small  that 
we  may  neglect  it  in  the  expression 

«(/’*-!) 

/-I,  ’ 

and  we  get 

- a 
a 

^ r-7' 

43 

391.  Ex.  1.  Find  the  sum  of  the  series  - + 1 +-7  + to 

3 4 

infinity. 

Here 

4 

a 3 16  ^1 

^ 4 

3 2 8 

Ex.  2.  Sum  to  infinity  the  series  5 “0+57“ 

fj  2il 

Tj  .234 

Here 

3 3 

a 2 2 27 
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Examples. — cxlii. 


Find  the  sum  of  the  following  infinite  series : 


I. 

1 i . 

’ 2’  4’  ■■■  ■ 

9- 

4=,  2‘ 

2. 

1 i i-  . 

’ 4’  16’  ■■■ 

10. 

2x^,  - '25x,  . 

3- 

3 1 I. 

’ 3’  27’  

II. 

a,  b, 

4- 

2 1 1 
3’  3’  6’ 

12. 

1 1 

10’  102’  

5- 

3 1 

4’  4’  

13- 

Hi 

6. 

1 1 

2’  3 

14. 

86  86 
100’  10000’ 

7- 

*•1’ 

15- 

•54444, 

8. 

-5 

*2’  ’ 

16. 

•83636,  

392. 

To  insert  3 geometric  means  beticeen  10  and 

Taking  the  equation 

we  put  10  for  a,  160  for  z,  and  5 for  and  we  obtain 


160=10./*-'; 

16=/h 

Now  16  = 2x2x2x2  = 2*; 

2^=/^ 

Hence /=  2,  and  the  series  will  he 

10,  20,  40,  80,  160. 


ox  CE0Af/i7'AVCAA  P/WCA’ f:SS/()/V. 
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Examples.— cxliii. 

1.  Insert  3 geometric  means  between  3 and  243. 

2.  Insert  4 geometric  means  between  1 and  1024, 

3.  Insert  3 geometric  means  between  1 and  16. 

4.  Insert  4 geometric  means  between  - and 

2 64 


o93.  7 0 insert  in  geometric  means  between  a and  b. 

1 be  number  of  terms  in  tlie  series  will  be  m + 2. 


In  the  formula 

quitting  h lor  z,  and  w + 2 for  n,  we  get 
or, 


or, 


1 


a”‘+^ 


Hence  the  series  will  be, 
1 2 


Im+V 

/r+i 

a, 

ax—y, 

a X 

tliat  is, 

a"‘+^ 

1 

1 

a,  (a”* . 

JL  j_ 

, 64- -3-, 

a”Ai 


h, 


, {a.h^'Y+\  /,. 


394.  We  shall  now  give  some  mixed  Examjdes  on  Arith- 
metical and  Geometrical  Progression. 


Examples.— cxiiv. 

I.  Sum  the  following  series: 

(1)  8+15-t-22-f  to  12  terms. 

(2)  116  + 108  + 100  + to  10  terms. 


28o 


ON  GEOMETRICAL  PROGRESSION. 


(3)  3 + | + to  infinity. 

(4)  + to  infinity. 

(c)  1--  — ^-  to  13  terms. 

(6)  + 1“  ^ terms. 

(7)  to  29  terms. 

2 2 

(8)  s + 1 + 1= + to  8 terms.  . 

(9)  ^ + § + 17+  to  infinity. 

/ N 3 14  51  . 

5-l0-r5-  to  10  terms. 

( 1 1 ) - v'6  + 2 ^/(l 5)  - to  8 terms. 

7 7 35 

(12)  + terms. 

2.  If  the  continned  product  of  5 terms  in  Geometrical 
Trogression  be  32,  show  that  the  middle  term  is  2. 

3.  If  a,  h,  c are  in  arithmetic  progression,  and  a,  //,  c are 
in  geometrical  progression,  show  that 

4.  Sliow  that  the  arithmetical  mean  between  a and  h is 
greater  than  the  geometrical  mean. 

5.  Tlie  snm  of  the  first  three  terms  of  an  arithmetic  series 
is  12,  and  the  sixth  term  is  12  also.  Find  the  snm  of  the  first 
6 terms. 

6.  Wliat  is  necessary  that  a,  6,  c may  be  in  geometric  pro- 
grc^s-^ion  I 
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7.  n 2w,  X and  are  in  geometi-ic  progression,  wliat  is  x? 

8.  If  2n,  y and  ~ are  in  arithmetic  ])rogression,  what  is  yl 

9-  Tlie  sum  ot  a geometric  progression  whose  first  term  is 
1,  consl  int  factor  ,3,  and  number  of  terms  4,  is  e^ual  to  the  sum 
of  an  arithmetic  progression,  whose  first  term  is  4 and  constant 
difference  4 ; how  many  terms  are  there  in  tlie  arithmetic  pro- 
gression? 

10.  The  first  (7  + ?i)  natural  numbers  when  added  together 
make  153.  Find  n. 

11.  Prove  that  the  sum  of  any  number  of  terms  of  the 

series  1,  3,  5,  is  the  sipiare  of  tlie  number  of  terms. 

12.  If  the  sum  of  a series  of  5 terms  in  arithmetic  progres- 
sion be  95,  slioAv  that  the  middle  term  is  19. 

13.  There  is  an  arithmetical  progression  whose  first  term  is 

1 4 

3.^,  the  constant  difference  is  1—,  and  the  sum  of  the  terms  is 

22.  Required  the  number  of  terms. 

\ 

14.  The  3 digits  of  a certain  number  are  in  arithmetical 
progression ; if  the  number  be  divided  by  the  sum  of  the  digits 
in  the  units’  and  tens’  place,  the  quotient  is  107.  If  396  be 
subtracted  from  the  number,  its  digits  will  be  inverted. 
Required  the  number. 

15.  If  the  (p  + qy^  term  of  a geometric  progression  be  m, 
and  the  {p~q)^  term  be  n,  show  that  the  p’**  term  is  s^(mn). 

16.  The  difference  between  two  numbers  is  48,  and  the 
arithmetic  mean  exceeds  the  geometric  by  18.  Find  the 
numbers. 

17.  Place  three  arithmetic  means  between  1 and  11, 

18.  The  first  term  of  an  increasing  aritlimetic  series  is  *034, 
the  constant  difference  '0004,  and  the  sum  2’748.  Find  the 
number  of  terms. 


19.  Place  nine  arithmetic  means  between  1 and  - 1. 


282 


ON  HARMONIC AL  PROGRESSION. 


20.  Prove  tliat  every  term  of  the  series  1,  2,  4,  

greater  hy  unity  than  the  sum  of  all  that  precede  it. 

21.  Show  that  if  a series  of  terms  forming  a geometrical 
progression  whose  constant  factor  is  r be  divided  into  sets  ol‘  p 
consecutive  terms,  the  sums  of  the  sets  will  form  a geometrical 
progression  whose  constant  factor  is  P. 

22.  Find  five  numbers  in  arithmetical  progression,  such 
that  their  sum  is  55,  and  the  sum  of  their  squares  705. 

23.  In  a geometrical  progression  of  5 terms  the  difference 
of  the  e.vtremes  is  to  the  dillerence  of  the  2nd  and  4th  terms 
as  10  to  3,  and  the  sum  of  the  2nd  and  4th  terms  equals  twice 
the  product  of  the  1st  and  2nd.  Find  the  series. 

24.  Show  that  the  amounts  of  a sum  of  money  put  out  at 
Compound  Interest  forjii  a series  in  geometrical  progression. 

25.  A certain  number  consists  of  three  digits  in  geometrical 
progression.  The  sum  of  the  digits  is  13,  and  if  792  be  added 
to  the  number,  the  digits  will  he  inverted.  Find  the  number. 

26.  The  population  of  a county  increases  in  4 years  from 
10000  to  14041 ; what  is  the  rate  of  increase  ? 


XXXII.  ON  HARMONICAL  PROGRESSION. 

395.  A Harmonicai  Progression  is  a series  of  numbers 
of  which  the  reciprocals  form  an  Arithmetical  Progression. 

Thus  the  series  of  iiumhers  a,  b,  c,  d, is  a Harmonical 

Progression,  if  the  series  is  an  Arithmetical 

(t  u C CL 

Progres.sion. 

If  a,  h,  c he  in  Harmonical  Progression,  h is  called  the 
Harmonical  Mean  between  a and  c. 

Note.  There  is  no  way  of  finding  a general  expression  for 
the  sum  of  a Harmonical  Series,  hut  many  prohlems  with 
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retereiu'e  to  siicli  a series  iiuiy])e  solved  Ly  inverting  tlie  terms 
and  treating  the  reciprocals  as  an  Ax  itliinetical  Series. 


-396.  If  a,  1),  c he  in  Harmonical  1 Progression,  to  show  that 

a : c ::  a — h : h — c. 

Since  y,  are  in  Arithmetical  Progression, 
a 0 e 


or 

or 

or 


c h h o’ 

h — c_^a  — h 
he  ah  * 

ah  _^a-h 
he  b — c’ 

a a — h 
c h — c' 


397.  To  insert  m harmonic  means  between  a and  b. 

First  to  insert  m arithmetic  means  between  - and  i, 

a ^ 

Proceeding  Jis  in  Art  357,  yxe  have 

11/  .XJ 

j=-  + (m+lK 

or  a = h + {m  + V)  .ahd 

a-h 

ah{m+V) 

Hence  the  arithmetic  series  will  be 


1 1 I 1 I 2(g-?))  1 m(a-h)  1 

a’  a ai{m+iy  a ab{m+iy  a'^ah(m+iy  Td 

1 hm  + a hm  + 2a-h  am + 6 i 

’ a’  ab(m  + iy  ab{m+l)’  ah{m+iyb' 

Therefore  the  Harmonic  Series  is 

^ ah  (m+ 1)  ah{m  + l)  ah(m  + }) 

P h/n  + a ’ hm-\-2n-h'  umTl)  ' 
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398.  Given  a and  h the  first  two  terms  of  a series  in  Har- 
monical  Progression,  to  find  the  term. 

4 fi^re  the  first  two  terms  of  an  Arithmetical  Series  of 
a 0 

which  the  common  difference  is  t — 

0 a 

The  n.***  term  of  this  Arithmetical  Series  is 


a \b  a/ 


1 (n—l){a-b)_h  + na-a  — nh  + b 

a.  ah  ab 

(iia  — a)  - {nh  - 2b)  _ (?i  - 1 ) a.  — (n  — 2)6 
~ ab  ""  ab  ’ 

the  term  of  the  Hamionical  Series  is 

ab 

{n-V)  a—  {n  - 2)  6‘ 


399.  Let  a and  c he  any  two  numbers, 

6 the  Hamionical  ]\Iean  between  tuenu 


Then 


or 


1_1_1 _1 
6 a c 6’ 

2_a  + c _ 
b^  ac  ’ 

, 2ac 

.•.  6 = . 

a + c 


400.  The  following  results  should  be  remembered. 
Aritiimetical  Mean  between  a and  c = — — . 

Geometrical  Mean  between  a and  c=  ^Jac. 

• 2ctc 

Hamionical  IVlean  between  a and  r — 

a h c 
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Hence  it  we  denote  the  Means  by  the  letters  G,  H 
respectively, 


. jr  2ac 

A X H=-—  X 

= ac 
= G^; 

that  is,  (t  is  a mean  proportional  betAveen  A and  H. 

401.  To  show  that  A,  G,  H are  in  descending  order  of 
magnitude. 

Since  ( sja—  sjc)^  must  be  a positive  quantity. 

{ sjii-  sJcY  is  greater  than  0, 
or  a — 2 sjac  + c greater  than  0, 

or  a Ac  greater  than  2 fjac, 


or 


a + c , , — 

greater  than  yjac ; 


that  is,  A is  greater  than  G. 

Also,  since  a + c is  greater  than  2 Jac, 

sjac  {a  + c)  is  greater  than  2ac ; 

, - . , 2rtc 

sJac  IS  greater  than  — — ; 

0/  ~T  C 

i.e.  G is  greater  than  H. 


Examples. — cxlv. 

r.  Insert  two  harmonic  means  between  6 and  24. 

2  four 2 and  3. 

3  three  and 

3 2 

1.1 

3 I8- 


4* 


four 
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5.  Insert  five  harmonic  means  between 

6  five  

7  


— 1 and  2 h 


.3  ana 


• A 

23‘ 


8 n 2x  and  3y. 

q.  The  sum  of  three  terms  of  a liarmonical  series  is  and 
the  first  term  is  find  tlie  series,  and  continue  it  both  ways. 

10.  The  arithmetical  mean  between  two  numbers  exceeds 
the  (geometrical  bv  13,  and  the  (reometrical  exceeds  the  har- 
monical  by  12.  Wliat  are  the  numbers  ? 


II.  There  are  four  numbers  a,  h,  c,  d,  the  first  three  in 
arithmetical,  the  last  three  in  liarmonical  progression;  show 
that  a :b  = c : d. 


12. 


If  X is  the  harmonic  mean  between  m and  n,  show  that 


1 


x-m 


+ 


x — n m n 


13.  The  sum  of  three  terms  of  a harmonic  series  is  11,  and 
the  sum  of  their  squares  is  49  ; find  the  numbers. 

14.  If  X,  y,  z be  the  and  ?•“'  terms  of  a h.p.,  show 

that  (r  - q)  V-i  + {v  ~r)xz  + (q  - p)  xy  = 0. 


15.  If  the  H.M.  between  each  pair  of  the  numbers,  a,  ft,  c 
be  in  a.p.,  then  ft^,  a-,  C“  will  be  in  h.p.  : and  if  the  h.m.  be  in 
H.P.,  ft,  a,  c will  be  in  h.p. 


16. 


Show  that 


c + 2a  c -{■  2ft 
c-b  c — a 


> 7,  or  > 10,  according  as 


c is  the  A..  G.  or  H.  mean  between  a and  0. 


xxxm.  pilrmutations. 


402.  Tfte  (lifFerent  arrangements  in  resi)eet  of  older  of  suc- 
cession w'liich  can  be  made  of  a given  number  of  tbim>-s  are 

called  Permutations. 


Thus  if  from  a box  of  letters  I select  two,  P and  Q,  \ 
make  two  permutations  of  them,  ])lacing  P first  on  the  left 
then  on  the  right  of  Q,  thus: 


can 

ami 


P,  Q and  Q,  P. 


If  I now  take  three  loUors,  P,  Q and  B,  I can  make  six  per 
mutations  of  them,  thus: 


A ; 1 , K,  Q,  two  in  which  P stands  first 

Q,  P,  R ■ Q,  R,  P,  Q 

R,  P,  Q ; R,  Q,  P, p 


403.  In  tlie  Examples  just  given  all  the  things  in  each  case 
are  taken  together ; but  we  maybe  required  to  lind  bowr-any 
permutations  can  be  made  out  of  a numlier  of  things,  wlien  a 
certain  number  only  of  them  are  taken  at  a time.  ° ' 

Thus  the  permutations  that  can  be  formed  out  of  the  letters 
P , Q,  and  R taken  two  at  a time  are  six  in  number  thus  • 

P,  Q ; P,  R ; Q,P;  Q,R  ; p . R^ 

404.  To  find  the  number  of  permutations  of  n different  thim^.i 
ca/cen  r at  a time. 

Let  a,  h,  c,  d ...  stand  for  n different  things. 

First  to  find  the  number  of  permutations  of  the  n things 
taken  two  at  a time. 

If  a be  placed  before  each  of  the  other  things  b,  c d ... 
which  the  number  is  n-\,  we  shall  have  n- l^’permutations 
in  which  a stands  first,  thus 

ab,  ae,  ad,  
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If  fc  be  placed  before  each  of  the  other  things,  o,  c,  d ...  we 
shall  have  n-  \ permutations  in  which  b stands  first,  thus: 

ha,  be,  bd,  

Similarly  there  will  be  - 1 permutations  in  which  c stands 
first : and  so  of  the  rest.  In  this  way  we  get  every  possible 
permutation  of  the  n things  taken  two  at  a time. 

Hence  there  will  be  n.  (n-l)  permutations  of  n things  taken 
two  at  a time. 

Hext  to  find  the  number  of  permutations  of  the  n things 
taken  three  at  a time. 

Leaving  a out,  we  can  form  . (n-2)  permutations  of 

the  remaining  (w— 1)  things  taken  tico  at  a time,  and  if  we 
place  a before  each  of  these  permutations  we  shall  ha^•e 

_ 1) . (;i,_  2)  permutations  of  the  n things  taken  three  at  a 
time  in  which  a stands  first. 

Similarly  there  will  be  {n-l)  .{n-2)  permutations  of  the 
n things  taken  three  at  a time  in  which  b stands  first : and  so 
for  the  rest. 

Hence  the  whole  number  of  permutations  of  the  n thingvi 
taken  three  at  a time  will  be  n.  {n-l) . {n-2),  the  fiictors  oi' 
tlui4ormula  decreasing  each  by  1,  and  the  figure  in  the  last  factor 
being  1 less  than  the  number  taken  at  a time. 

We  now  assume  that  the  formula  holds  good  for  the  numbeii 
of  permutations  of  n things  taken  r-  1 at  a time,  and  we  shall 
proceed  to  show  that  it  will  hold  good  for  the  number  of  per, 
mutations  of  n things  taken  r at  a time. 

The  number  of  permutations  of  the  n things  taken  r — 1 a't 
a time  will  be 

n.  {n-l). {n-2) [?i-  | (r- 1)  - 1 1], 

that  is  n.  {n-l)  .{n-2) {n  — r + 2). 

Leaving  a out  we  can  form  {n-l)  . {n-2) (a  - 1 - r + i) 

jiermutations  of  the  {n-l)  remaining  things  tabu  r - 1 at  a 
time. 

Putting  a before  each  of  these,  Ave  shall  have 
{n-  1)  .{n-2) {n-r+l) 

permutations  of  the  n things  taken  r at  a time  in  which  a 
stands  first. 
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So  again  we  shall  have  (w-l).(?i-2)  (?i-r+l)  per- 

mutations of  the  n things  taken  r at  a time  in  which  h stands 
first ; and  so  on. 

Hence  the  whole  nunii)er  of  permutations  of  the  n things 
taken  r ut  a time  will  be  ° 

?t.(?i-l).(n-2) 

If  then  the  forimila  holds  good  Avheii  the  n things  are  taken 

r - 1 at  a time,  it  will  hold  good  wlum  they  are  taken  r at  a 
time. 

fjiit  we  have  shown  it  to  hold  when  they  are  taken  3 at  a 
time;  hence  it  will  hold  when  they  are  taken  4 at  a time,  and 
so  on  : therefore  it  is  true  for  all  integral  values  of  r.* 

405.  If  the  n things  be  taken  all  together,  r = n,  and  the 
formula  gives  « 

n.  (n-1) . (?i-2) {n~n+  ])  ; 

that  is,  n.{n—l).{n-2) 1 

as  the  number  of  permutations  that  can  be  formed  of  n dif- 
ferent things  taken  all  together. 

For  brevity  the  formula 

n.{n-\).{n-2) 1, 

Avhich  is  the  same  as  1.2.3  n, 

is  Avritten  This  symbol  is  called /actona^  n. 

Similarly  [j^is  put  for  1.2.3 r ; 

k-  I for  1.2.3 k-1). 

Ohs.  \n  = n.\n-l=n.{n-l).\n-2  = kc, 

406.  To  find  the  number  of  permutations  of  w things  taken  all 
together  when  certain  of  the  things  are  ahlce. 

Let  the  n things  be  rein’esented  by  the  letters  a,  b,  c,  d 


and  suppose  that 

a 

recurs  p times, 

b 

and  so  on. 

c 

Another  proof  of  11 
Is.  A.  1 

I is  Theorem  may  be  .seen  in  Art.  475. 

T 
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Let  P represent  the  whole  nuniher  of  permutations. 

Then  if  all  the  7;  letters  a were  changed  into  f other  letters, 
different  from  each  other  and  from  all  the  rest  of  the  n letters, 
the  places  of  these  p letters  in  any  one  permutation  could  now 
he  interchanged,  each  interchange  giving  rise  to  a new  permu- 
tation, and  thus  from  each  single  permutation  we  could  form 
1.2 p permutations  in  all,  and  the  whole  number  of  per- 
mutations would  be  (1 . 2 ...  p)  P,  that  is  \ • P- 

Similarly  if  in  addition  the  q letters  h were  changed  into  q 
letters  different  from  each  other  and  from  all  the  rest  of  the  n 
letters,  the  whole  number  of  permutations  would  be 

and  if  the  r letters  c were  also  similarly  changed,  the  whole 
number  of  permutations  would  be 

1^.  [?  . [p  . P; 

and  so  on,  if  more  were  alike. 

But  when  the  p,  q,  and  r,  &c.,  letters  have  thus  been  changed, 
we  shall  have  ti  letters  all  difl’erent,  and  the  number  of  permu- 
tations that  can  be  formed  of  them  is  | n (Art.  405). 

Hence  P.|p.|g.|r = |w; 


Ip  . |g  . \r 


Examples.— cxlvi. 

1.  How  many  permutations  can  be  formed  out  of  12  thinf^s 
taken  2 at  a time  ? 

2.  How  many  permutations  can  be  f ormed  out  of  16  things 
taken  3 at  a time  1 

3.  How  many  permutations  can  be  formed  out  of  20  things 
taken  4 at  a time  1 

4.  How  many  changes  can  be  rung  with  5 bells  out  of  8 ? 

5.  How  many  permutations  can  be  made  of  the  letters  in 
the  word  Examination  taken  all  togi'tluu'  ! 

6.  In  how  many  ways  cau  8 men  be  jdaced  side  by  side? 
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7.  In  liow  niiiiiy  uays  cun  10  men  Le  placed  side  by  side  ? 

8.  Tliree  flags  are  recpnred  to  make  a signal.  How  many 

signals  can  be  given  by  20  flags  of  5 diflbrent  colours,  there 
being  4 of  each  colour  ? 

9.  How  many  diflerent  permutations  can  be  formed  out  of 
the  letters  in  Alyehra  taken  all  together  ] 

10.  The  numlier  of  things  : number  of  permutations  of  the 
things  taken  3 at  a time  = 1 : 20.  How  many  things  are  there  I 

11.  The  number  of  permutations  of  m things  taken  3 at  a 
time  : the  number  of  permutations  of  m + 2 things  taken  3 at 
a time  = 1:5.  Find  m. 

12  In  the  permutations  of  a,  b,  c,  d,  e,  f,  g taken  all 
together,  And  how  many  begin  with  cd. 

13-  Find  the  number  of  permutations  of  the  letters  of  the 
product  written  at  full  length. 

14.  Find  the  number  of  permutations  that  can  be  formed 
out  ol  the  letters  in  each  of  the  following  words  : Conceit 
TcilcLveTd)  Cnlcuttd^  PToposition^  Mississippi, 


XXXIV.  COMBINATIONS. 

407.  The  Combinations  of  a number  of  things  are  the 
different  collections  that  can  be  formed  out  of  them  by  taking 
a certain  number  at  a time,  without  regard  to  the  order  in 
which  the  things  stand  in  each  collection. 

Thus  the  combinations  of  a,  h,  c,  d taken  two  at  a time  are 
ah,  ac,  ad,  be,  bd,  cd. 

Here  from  each  combination  M^e  could  make  hvo  permuta- 
tions : thus  ab,  ba ; ac,  ca ; and  so  on : for  ab,  ba  are  the  same 
combination,  and  so  are  ac,  ca. 

Similarly  the  combinations  of  a,  b,  c,  d taken  three  at  a time 
are  ahe,  ahd,  acd,  bed. 

Here  from  each  combination  we  could  make  six  permuta^ 
tions;  thus  abc,  acb,  hue,  bca,  cab,  eba : and  so  on, 
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And,  generally,  in  accordance  ^vitll  Art.  405,  any  combina- 
tion of  n tilings  may  be  made  into  1 . 2 . 3 ...  n permutations. 

408.  To  find  the  number  of  combinations  of  n different  things 
taken  r at  a time. 

Let  G,  denote  the  number  of  combinations  required. 

Since  each  combination  contains  r things  it  can  be  made 
into  I ?•  permutations  (Art.  405); 

.'.  the  Avhole  number  of  permutations  = \r  . 0^. 

But  also  (from  Art.  40-J)  the  whole  number  of  jiernmtations 
of  n thiims  taken  r at  a time 

O 

= n (n  — 1) (?i-r+l); 

|r  . Cr  = n{n-  1) (a  — r+  1); 

...  (»  - ?•  4- 1) 
r 


409.  To  show  that  the  number  of  combinations  of  n things 
taken  t at  a time  is  the  same  as  the  n amber  taken  n — r at  a 
time. 

r (^i--  1) (n-r+  1)  _ 


and 


a 


n . (11  - 1)  . ....fi  n-{n-  ) + 1 [ 
1.2.3 (a  - r) 


_n  .(n-  1) (>■  + 1) 

I .2.3 (a-r)  ‘ 

Hence 

Gr  ^ n.  (n- I ) (a-r  ) 1.2.3 (n-r) 

G„-r  1.2.3 r ^ n . ( a - 1) (?*  + 1) 

_ t^n  - 1) (a-r  + 1) . (a-r) 3.2.1 

1-2.3 r . (r  + 1) {n  -1)  .n 

\n 

= 1. 


That  is, 


Gr=G„^ 
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4i0.  iUakiiig  r = 1 , 2,  3 r - 1 , r,  r + 1 in  ordoi-. 


C,  = n,  = ^ = 

’ " 1 2 ’ 1 2 ■ 3 ' 


•^r+l 


n . (n  — 1) 

r + 2) 

1 . 2 

. (r  - 1) 

_n  . (u-  1) 

.(n  — r + 2) 

1 .2. 

(^-1)  • 

n . (n—1) 

r— ( 

+ 

1 

1 .2... 

(r+  1) 

0.  = 1. 


ileix<N'‘  the  general  expression  for  the  factor  connecting  (7,, 
of  the  set  of  nunihers  C„  G.^ ^+1 C;,  with 

that  which  stands  next  before  it,  is  ^ 


that  is, 


n _w-r+l 

j* 


With  regard  to  this  factor 


r 

n — r+l 


, we  observe 


(1)  It  is  always  positive,  because  w+  1 is  greater  than  r. 

(2)  Its  value  ^continually  decreases,  for 

w-r+1  n+l 


r r 

which  decreases  as  r increases. 


-1, 


(3)  Though  continually  decreases,  yet  for  several 

successive  values  of  t it  is  greater  tlian  unity,  and  therefore 
each  of  the  corresponding  terms  is  greater  than  the  nrecedino 

(4)  When  r is  such  that  — is  less  than  unity  the  cor- 
responding term  is  less  than  the  preceding. 
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(5)  If  n and  r be  such  that  — ^ — = and  C^_i  are  a 

pair  of  equal  terms,  eacli  treater  tlian  any  ])icce(lin^  or  subse- 
quent term. 

Hence  up  to  a certain  term  (or  pair  of  terms)  the  terms  in- 
crease, and  after  that  decrease:  this  term  (or  pair  of  terms)  is 
the  greatest  of  the  series,  and  it  is  tlie  object  of  the  next  Article 
to  determine  what  value  of  r gives  this  greatest  term  (or  pair 
of  tenns). 

411.  To  find  the  value  of  r for  which  the  number  of  combina- 
tions of  n things  taken  r together  is  the  greatest. 

^ _n.{n-l) {n-r  + 2) 

" 1.2 (r-1) 

?i.(w-l) (7?-r  + 2')  (n-r+l) 

1.2 (r-1)  ■ ^r 

^ _n.{n-l) (n-r+l)  n-.r 

1 . 2 r ^ r+  1’ 

Hence,  if  denote  the  number  of  combinations  required, 

C G 

and  j-f-  must  neither  of  t hem  be  less  than  1. 

Gr-\ 

^ ^ G,  n-r+l 

But 

, c.  r + 1 

and  77—  = 

n~r 

Hence is  not  less  than  1 and is  not  less  than  1, 

r n — r 

or,  n-r-t- 1 is  not  less  than  r and  r-f- 1 not  less  than  n-r, 

or,  n+  1 is  not  less  than  2r  and  2r  not  less  than  71  — 1; 

.•.  2?’  is  not  greater  than  n+  1 and  not  h-ss  tlian  1. 

Hi-nce  2r  can  have  only  tliree  values,  71— 1,  n,  7i+  1. 

Now  2r  must  be  an  even  number,  and  therefore 

(!)  If  n be  odd,  n-l  and  7i+  1 being  both  even  numbers 
2r  may  be  equal  to  7i  - 1 or  n-t- 1 ; 
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V — I 

^‘  = — or  r 

y 


n + ] 
~2  ' 


(2)  If  n 1)6  even,  ?i,  — 1 and  ?i+l  being  both  odd  numbers, 
2r  can  only  be  equal  to  w ; 


r 


n 


2‘ 


Ex.  1.  Of  eight  things  how  many  must  be  taken  together 
that  the  number  of  combinations  may  be  the  greatest  pos- 
sible ? 


Here  ?i  = 8,  an  even  number,  therefore  the  number  to  be 
taken  is  4,  which  will  give  or  70  combinations. 


Ex.- 2.  If  the  number  of  things  be  9,  then  the  number 
to  be  taken  is  — or  — that  is  4 or  5,  which  will  givt 
respectively 

9 X 8 X 7 X 6 

1^  2 X 3 X 4’  combinations,  and 


9x8x7x6x5 

2 X 3x4Vi’  combinations. 


Examples.— cxlvii. 

1.  Out  of  100  soldiers  how  many  different  parties  of  4 can 
be  chosen  ? 

2.  How  many  combinations  can  be  made  of  6 things  taken 
5 at  a time  f 

3.  Of  the  combinations  of  the  first  10  letters  of  the  alphabet 
taken  5 together,  in  how  many  will  a occur  ? 

4.  How  many  words  can  be  formed,  consisting  of  3 con- 
sonants and  one  vowel,  in  a language  containing  19  consonants 
and  5 vowels  ? 

5.  The  number  of  combinations  of  n things  taken  4 at  a 
time  : the  number  taken  2 at  a time  = 15  : 2.  Find  n. 

6.  The  number  of  combinations  of  n thiugs,  taken  5 at 
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a iiiiie,  is  3^  times  the  number  of  combinations  taken  3 at  a 
time.  Find  n. 

7-  Out  of  17  consonants  and  5 vowels,  how  many  words 
can  be  formed,  each  containing  2 vowels  and  3 consonants  ? 

8.  Out  of  12  consonants  and  5 vowels  how  manv  words  can 
be  lormed,  each  containing  6 consonants  and  3 vowels  ? 

9.  Tlie  number  of  permutations  of  n things,  3 at  a time,  is 
6 times  the  number  of  combinations,  4 at  a time.  Find  ix. 

10.  How  many  different  sums  niay  be  formed  with  a guinea, 
a hall-guinea,  a crown,  a half-crown,  a shilling,  and  a sixpence  ? 

11.  At  a game  of  cards,  3 being  dealt  to  each  person,  any 
one  can  have  425  times  as  many  hands  as  there  are  cards  in 
the  pack.  How  many  cards  are  thei-e  ? 

12.  Theie  are  12  soldiers  and  16  sailors.  How  many  dif- 
ferent parties  of  6 can  be  made,  each  party  consi.sting  of  3 
soldiers  and  3 sailors  \ 

13.  On  how  many  nights  can  a different  jiatrol  of  5 men  be 
draughted  irom  a corps  of  36  ? On  how  many  of  these  would 
any  one  man  be  taken  ? 


XXXV.  THE  BINOMIAL  THEOREM. 

. POSITIVE  INTEGRAL  INDEX. 

412.  Thr  Binomial  Theorem,  f,r.st  explained  by 
Newton,  is  a method  of  raising  a binomial  expression  to  any 
liower  without  going  through  the  process  of  actual  multipli- 
cation. 

413.  To  investi(jate  the  Binomial  Theorem  for  a Positwe 
Integral  Index. 
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B.y  actual  nmltiplicatioii  we  can  show  that 
[x  + a^  )(x  + a.,)  = + (a^  + a.^)  x + a^a.^ 

(x  + tti)  (x  + a. 2)  (x  + a-i)  = 4-  (a^  + a, 2 + ag)  x^ 

+ (aptg  + 'X  4-  a^a^ds 

(x  4 tti)  {x  4-  C1.2)  (x  + ftg)  (x  + 04)  = 4 («!  4-  a,  4 rtg  4 «4)  x^ 

4 {ciia.2  4 ftiUg  4 aia4  4 a.^Ug  4 a.^a^  4 a^a^)  x^ 

4 (aia2%  4 aiCiM^  4 a.^a.2a4  4 x 4 a^a./i^a^. 

In  these  results  we  observe  the  following  laws  : 

I.  Each  product  is  composed  of  a descending  series  of 
])owers  of  x.  The  index  of  x in  the  first  term  is  the  same  as 
the  number  of  factors,  and  the  indices  of  x decrease  by  unity 
in  each  succeeding  term. 

IT.  The  number  of  terms  is  greater  by  1 than  the  number 
of  factors. 

III.  The  coehicient  of  the  first  term  is  unity. 

of  the  second  the  sum  of  «i,  a^,  a, ... 
of  the  third  the  sum  of  the  products  of 
tti,  ...  taken  hvo  at  a tirne. 
of  t\iQ  fourth  the  sum  of  the  products  of 
^1?  •••  taken  three  at  a time. 

and  the  last  term  is  the  product  of  all  the  quantities 

«1,  «3 

S^ippose  now  tins  law  to  liold  for  n-l  factors,  so  that 

(x  4 dj)  (x  4 u-a)  (x  4 (ig) (x  4 a„_i) 

= X”-l  4 . x"-2  4 . x"-3  4 >S'g  . x"-4  4 4 S„_i, 

where  = aj  4 Ug  + «g  4 . . . 4 a„_i, 

that  is,  the  sum  of  %,  a.2,  Ug ...  a„_j, 

^2  ~ + • • • 4 aia„_j  4 4 . . . 

that  is,  the  sum  of  ull0  products  of  a^,  a^,  Ug  ... 
taken  two  at  a time. 
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/S3  = ait<2'^<3  + «1«2«4  + . . . + a\(.l-Nn-\  + + • • • 

that  is,  tlie  sum  of  the  j^roducts  of  a-j,  a2...a„_i, 
taken  three  at  a time, 


Sn—I  — ■ • • <^n— 1> 

that  is,  the  product  of  a^,  a^,  ... 

Now  inulti^dy  both  sides  by  x + a„. 

Then 

(x  + ai)  (x  + a^)  . . . (x  + (x  + a„) 

= X"  + x-‘  + x"-2  + .^3  x-s  + . . . 

+ a„  x"-!  + .x"-2  + x”-^  + . . . + a„S„ 

= X"  + (Si  + a„)  x"-i  + (S2  + a,.Si)  x’’-'-^ 

+ (>^3  + + . . . + a„S„_i. 

Now  Si  + a„  = ai4-a2  + a3  + ...  +a„_i  + a„, 

tliat  is,  tlie  sum  of  Uj,  a.^,  ...  a„, 

^2  (^I  ^2  "b  •••  "t" 

that  is,  the  sum  of  the  products  of  a^...a„, 
taken  two  at  a time, 

^3  + = Si  + a„  (rt lUa  + aj«3  +...), 

that  is,  the  sum  of  the  products  of  Oj,  a.2...a„, 
taken  three  at  a time. 


^n^n-\  — . . . U„_1  a„, 

that  is,  tlie  product  of  a,,  a^,  ...  a„. 

If  then  the  law  holds  good  for  n-  1 factors,  it  will  hold  good 
for  n factors  : and  as  we  have  shown  that  it  holds  good  up  to  4 
factors  it  will  hold  for  5 factors  : and  hence  for  6 factors  : and 
so  on  for  any  number. 
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l\o\v  let  eacli  of  the  n quantities  a^,  a.2,  a^...  a„  he  equal  to 
((,  and  let  us  write  our  result  thus : 

(a;  + rti)  (x  + a.) . . . (x  + a„)  =x"  + . x"“'  + . x"-“  + ...  +A„. 

T^he  lelt-hand  side  hecomes 

(x  + a)  (x  + rt) . . . (x  + a)  to  n factors,  that  is,  (x  + a)". 

And  on  the  right-hand  side 

A 1 = (t  -t-  a -t-  a + ...  to  n terms =-na, 

.l2  = a“  + «--|-a^-l-  ...to  as  many  terms  as  are  equal  to  the 
number  of  combinations  of  n things  taken  hvo  at  a time,  that 
. n.(n-l) 

1.2  ’ 

2 12  • } 


Ag  — ...to  as  many  terms  as  are  equal  to  the 
number  of  combinations  ol  n things  taken  three  at  a time  that 

is  . 


• A 1)  • (^-2) 

® 1.2. 3' 


y 


A„  = a . a . a...  to  n factors  = a”. 
Hence  we  obtain  as  our  final  result 

(x  -I-  a)”  = x"  -t-  nax"~^  -1-  — ‘ ~ a-x"~'^ 

1.2 


n . (v  — 1)  . [n  — 2) 

mri 


...  -ha”. 


414.  Ex.  Expand  (x  + a)®. 

Here  the  number  of  terms  will  be  seven,  and  we  have 

(X  -h  a)6  = x6  -h  6ax^  -h  ^ ^ a^~x*  -h  a^x^ 

1 • ^ 1 • ^ . 3 


6 . 5 . 4 . 3 

1 . 2 . 3 . 4 


a^x^  -h 


6 . 5 . 4 . 3 . 2 

1 .2.37175 


a^x  + a® 


= x^  + eax'"’  -h  1 5cf  V -h  20a  V -h  1 5a‘‘x^-h  6a^x  -h  a^. 
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Note.  The  coefficients  of  terms  equidistant  from  the  end 
and  from  the  beginning  are  the  same.  The  general  proof  of 
this  will  be  given  in  Art.  420. 

Hence  in  the  E.vainple  just  given  when  the  coefficients  ot 
four  terms  had  been  found  those  of  the  other  three  might  have 
been  wuitten  down  at  once. 


Examples.— cxlviii. 


Expand  the  following  expressions  : 


I. 

(a  + x)‘*. 

2.  (fc  + C)6. 

3- 

(a  + by. 

4- 

(x  + 2/)6. 

5.  (5+ da)-*. 

6. 

(a^  4-  bey, 

415. 

Since 

(x  + a)”  = x" 

, n.(n-\) 

+ nax”  ^2 

, a-x"-2  4- 

...  +a”, 

we  put  x = 1,  we 

shall  have 

(1  +a)'* 

= l+7ia+  — ' 

,a^+  ... 

+ a\ 

416.  Every  binomial  may  be  reduced  to  such  a form  that 
the  part  to  be  expanded  may  have  1 for  its  first  term. 

Thus  since  x + a = x^l  + 

(«  + a)”  = X"  ^ 1 + •, 

and  we  may  then  expand  ^1+-^  and  multiply  each  term  of 
the  result  by  x". 


Ex.  Expand  (2x  + 3y)^ 
(2x  + 3y)«  = (2*)‘.(l 


1 + 5. 


^ 5^ 

2x'^i72  ■ 


/3?/Y  5.4.3 
V2x/  .2.3'\2x/ 


= 32x6. 


5. 4^3. 2 (?,y^ 
1.2.3.4’V2x/  j 
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= :)2o.S<  1 + . 4".V  243J,5) 

1 2a:  4a;-  8,ir’  ^ J 6x*  ^ 32x-'  ) 

= 32n/>  + 240x*y  + 72()jyhf  + lOSOxh/  + HlOxy*  + 24'4y^ 

417.  The  expansion  of  (x  — a)"  will  ])e  precisely  the  same  as 
tliat  of  (x  + rt)",  except  that  the  sign  of  terms  in  whicli  the  odd 
powers  of  a enter,  that  is  the  second,  fourth,  sixth,  and  other 
even  terms,  will  be  negative. 


Thus  {x  - a)"  = a:"  - — D . 

1*2 


n.{n-l).{n-2) 
• ^ 1 

1.2.3 


. ... 

X • ^ • O 

for  (x-ay=\x  + {-a)\’' 

= x"  + n{- a)  ( - a)  V-=“  + &c. 

= x”-  nax”-^  + ^ 

Ex,  Expand  (a  - c)®. 

(a  - cf  = a-~  5a^c  f-  - c^. 

= a^  — 5a^c  + lOa^c^  — lOa^c^  + 5ac^  — c® 


Examples.— cxlix. 

Expand  the  following  expressions : 

I.  (a-xy.  2.  (b  — cy.  2-  (2x  — 3yy. 

4.  {l-2xy.  5,  (l-a:)io.  6.  (a^-h^. 

418.  A trinomial,  as  a + b + c,  may  be  raised  to  any  power 
by  the  Binomial  Theorem,  if  we  regard  two  terms  as  one,  thus : 

{a4-b  + cy  = (a4-by  + n.(a  + by~^ . c 
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Ex.  Expand  ( 1 + x + 

( H-,a;  + a;‘^)3  = (i  + a:)^  + 3 (1  + + ^|  ( 1 + s) . 

= (1  +3x  + 3x2  + x^)  + 3(l  + 2x  + x2)x^ 

+ 3(1  +x)x-*  + x'’ 

= 1 + 3x  + 3x^  + x^  + 3x2  ^ ^ 3^.4  ^ 3,,;4 

+ '3.C'  + x'’ 

= 1 + 3x  + 6x2  ^ 7a;3  ^ QyA  + 3aj5  3.6 
Examples.— cl. 

Expand  the  following  expressions ; 
j_  (a  + 2b-c)'L  2.  (1-2X  + 3x2)3.  3.  (a;3-x2  + x)3. 

4.  (3x3  + 2x« + 1)3.  5.  (^x  + 1-1).  6.  {(0  + h*-c-^f. 

419.  To  find  the  or  general  term  of  the  expansion  of 
(x  + a)”. 

We  have  to  determine  three  things  to  enable  us  to  write 
down  the  r***  term  of  the  expansion  of  (x  + a)". 

1.  The  index  of  x in  that  term. 

2.  The  index  of  a in  that  term. 

3.  The  coefficient  of  that  term. 

Now  the  index  of  x,  decreasing  by  1 in  each  term,  is  in  the 
r^  term  ?i.-r  + 1 ; and  the  index  of  a,  increasing  by  1 in  each 
term,  is  in  the  r“‘  term  r-  1. 

For  example,  in  the  third  term 

the  index  o!  x is  w - 3 + 1,  that  is,  ?i  - 2 ; 
the  index  ol  a is  3 — 1,  that  is,  2. 

m assigning  its  prop(n-  coefficient  to  the  r‘''  term  we  have  to 
determine  the  last  factor  in  the  denominator  and  also  in  the 
numerator  of  the  fraction 

71 . (n  — 1) . (n  - 2) . (n  — 3) 

1.2. 374 
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Kuw  the  last  iuctor  of  the  (lejioniiiiator  is  less  liy  1 tlj.-m  the 
iiimilnT  ot  the  term  to  wliich  it  l)e]on<,^s.  Thus  in  tlic  term 
the  lust  tiictor  of  the  denominator  is  2,  and  in  the  term  the 
last  factor  of  the  denominator  is  r — 1. 

The  lust  factor  of  the  numerator  is  formed  by  subtracting 
from  71  the  number  of  the  term  to  which  it  belongs  and  adding 
2 to  the  result. 

Thus  in  the  term  tlie  last  factor  of  the  numerator  is 

n - 3 + 2,  that  is  77  — 1 ; 

intheT*' 77  - 4 + 2,  that  is  77  - 2 ; 

and  so  in  the  r“* 2. 

Observe  also  that  tlie  factors  of  the  numerator  decrease  by 
unity,  and  the  factors  of  the  denominator  increase  by  unity,  so 
that  the  coefficient  of  the  7'‘*“  term  is 

77 . (77  - 1) . (77  - 2) (77  - r + 2) 

1.2.3 (7--1)  • 

Collecting  our  results,  we  write  the  term  of  the  expansion 
of  {x  + a)”  thus  : 

n.(n-\).{n-2) (B-r  + 2) 

1.2.3 (r-1) 

Ohs.  The  index  of  a is  the  same  as  the  last  factor  in  the 
denominator.  The  sum  of  the  indices  of  a and  x is  77. 


Find 


Examples.— cli. 

1.  The  8“  term  of  (1  +a;)^h 

2.  The  5“*  term  of  - 62)12^ 

3.  The  term  of  {a  - hy^. 

4.  The  9“*  term  of  (2a6  — cdy*. 

5.  The  middle  term  of  {a  — hy^\ 

6.  The  middle  term  of  (a^  + 6^)8 

7.  The  two  middle  terms  of  (a  - h)^^. 

8.  The  two  middle  terms  of  (a  + xy^. 
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9.  Show  tliat  the  coefficient  of  the  middle  term  of 

1^3^  5 (4a  - 1) 

.2.3 271 


(a  + xf"’  is  2^"  X 


lo.'  ^low  that  the  coefficient  of  the  middle  term  of 

(a  + is  2"+i  x + 3)  + 5) (4n  - 1)  {4n  + 1) 

^ ^ 1.2 n 


420,  To  .<,hoio  that  the  coefficient  of  the  r‘'“  term  from  the 
heginnincj  of  the  expansion  of  {x  + a)"  is  identical  with  the  coeffi- 
cient of  the  r**"  term  from  the  end. 

Since  the  number  of  terms  in  the  expansion  is  a+l,  tliere 
are  71+  1 - r terms  before  the  r*"  term  from  the  end,  and  there- 
fore the  7-“^  term  from  the  end  is  tlie  {n-r  + iTffi  term  from  the 
beginning. 

Tluis  in  tlie  expansion  of  {x  + aY,  that  is, 

+ bax*  + 100,3x2  5^4^  ^ ^5^ 

the  3rd  term  from  the  end  is  the  (5  - 3 + 2)““,  that  is  the  4*^  term 
from  the  beginning. 


Now  if  we  denote  the  coefficient  of  the  term  by 
and  the  coefficient  of  the  (7i-r  + 2)“‘  term  by  6Vh-2? 
we  have 


G^- 


r+i- 


" 1.2... 

71  . (71  - 1 ) 

. }7i-(7i-r-f-2)-t-2[ 

1.2.... 

..  {n-r  + 2-  1) 

n.  (n-l)  ... 

...  r 

Hence 

a 


• 

n.  (n-l)  ... 

...(n-r  + 2)  1.2 (n-r^  li 

1.2.... 

a.  (71-  1) 

. . (r - 1)  “a 7(a  - 1)T.T^" 

(7i-r-|-2) . (77,-r-f- 1) 2. 1 

1.2 

(n-l).n 

|7l 

1,  which 
pn 

proves  tlie  proposition. 
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421.  To  find  the  greatest  term  in  the  expansion  of  (x  + a)",  n 
tieing  a positive  integer. 


Tlie  r‘^  term  of  the  expansion  (x  + «)"  is 

+ 2)  j 

.a'  .a; 


(n-r  + 2) 


1.2 


(r-1) 


The  (r+  1)**  term  of  the  expansion  (rr  + n)’*  is 

n.{n-l) (^i-r  + 2).(n-r  + l) 

1.2 (r-l).r  • 

Hence  it  follows  that  we  obtain  the  (r+  1)“*  term  by  multi- 
plying the  r“*  term  by 

- ?•  -H 1 a 

r " x‘ 

When  this  multiplier  is  first  less  than  1,  the  term  is  the 
greatest  in  the  expansion. 


Now 

n r + 1 « than  1 

r X 

wlieiL 

na-ra  + a is  first  less  than  rx, 

or 

mt  + a iirst  less  than  rx  + ra, 

or 

r (re  + d)  first  greater  than  a {n  + 1), 

or 

r first  greater  than  . 

x + a 

If  r 

, , , nfri-f-l)  n-r+l  a ^ 

be  efiual  to then  .-  = 1.  and 

x + a r X 

the 

(r+iy*' 

term  is  e<|ual  to  the  ?•“*,  and  each  is  greater  than 

any 

other  term. 


Ex.  Find  the  greatest  term  in  the  expansion  of  (4  + a)h 

when  a = \. 

2 


Here 


a{n+  1) 
x + a 


2 


(7  4- iy 


12  24 


U 11 

2' 


2-" 

‘"11* 


The  first  whole  nnml>er  greater  than  2^2-  is  3^  therefore 
greatest  term  of  the  expansion  is  tluj  3rd. 

[S.A.J 


the. 


u 
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422.  To  find  the  sum  of  all  the  coejficients  in  the  expansion 
of  {I +xy. 

Sinne  n + = 1 4-  nx  + ^ ‘ ~ + 

Ji  » ju 

n.(n~  1)  , 

4 — ) „ - ^x’‘~^  + nx’*-^  + af 

putting  cc=l,  weget 

T n.(n-i)  n.(7i—l) 

2"  = 1+m  + — J 2 + + — ^^■^+71+1; 

or,  2"  = the  sum  of  all  the  coetHcients. 

423.  To  show  that  the  sum  of  the  coefficients  of  the  odd  tei'm 
in  the  expansion  of  (1  +a:)"  is  equal  to  the  sum  of  the  coefiicients 
of  the  even  terms. 

Since 

/-I  , 1 , 9 n.(n-l).(n-2)  „ 

(1  +xY  = l+nx  + — ^-^V  + — ^ ^ ^ ^ -V+ 

putting  o:=  - 1,  we  get 

a - 11”  = 1 - n + — + 

’ 1.2  1.2.3  

I 

} 

= sum  of  coefficients  of  odd  terms  - sum  of  co- 
efficients of  even  terms; 

sum  of  coefficients  of  odd  terras  = sum  of  coefficients  of 
even  terms. 

Hence,  hy  the  preceding  Article, 

9" 

sum  of  coefficients  of  odd  terras  = — = 2"~'^« 

2 ’ 

sum  of  coefficients  of  even  terms  = — =2"-' 

2 • 


XXXVI.  THE  3INOMIAL  THEOREM. 
fractional  and  negative  INDICES. 


424.  We  have  shown  tliat  when  m is  a positive  integer, 
( 1 + x)”  = 1 + mx  + — ~ D 


1.2 


We  have  now  to  show  that  this  equation  holds  good  when 
m is  a positive  fraction,  as  |,  a negative  intej^er 


iger,  as  - 3,  or  a 


negative  fraction,  as  — 

4 


We  sl)all  give  the  ju-oof  devised  by  Euler. 

425.  If  m be  a positive  integer  we  know  that 

( 1 + x)  ” = 1 + mx  + — ^ 1 ) • (w  - 2) 

1-2  1.2.3 

Let  us  agree  to  represent  a series  of  the  form 

T , m.  (m-  1)  „ 

1 c — x^  + 


x^  + 


1.2 


by  the  symbol  /(m),  whatever  the  value  ofm  may  he. 

Then  we  know  that  when  m is  a positive  integer 

(1  +x)"*=/(m)  ; 

and  we  have  to  show  that,  also,  when  m is  fractional  or 


negative 


j{m)  = 1 + mx  H > — ! 


1.2 


x^  + 


/•/  ' I ,n  , (n  ~ 1)  , 

/(;(  — I -r  )>x  H ^ 


] . 2 


•Since 
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If  we  multiply  together  the  two  series,  we  shall  obtain  an 
expression  of  the  form 

1 + ax  + + cx®  + + 

that  is,  a series  of  ascending  powers  ot  x in  which  the  coetli- 

cients  a,  h,  c are  formed  by  various  combinations 

ni  and  n. 


To  determine  the  mode  in  which  a and  h are  formed,  let  us 
commence  the  multiplication  ot  the  tw'o  series  and  continue  it 
as  far  as  terms  involving  x“,  thus 


y(m)  = 1 + mx  + 


m 


T72  + 


f(n)  = 1 +nx  + 


n.  (n-1)  2 


1 .2 


x-^  + 


/{ill)  X f{n)  = 1 + inx  + — + 


+ nx  + vinx-  + 

4 


«■(»-!)  ^2  + 


1.2 


, , ( m . (m  — 1) 

I + (m  + n)  .x+  j 2 


71  . (?i  — 1 ) 1 o 
4-77771  + j-  x2  + 


Comparing  this  product  with  the  assumed  expression 

1 + a-x  + hx^  + cx^  + dx^  + 

we  see  that  a = m + n, 


and 


, 771  .(777-1)  77.(?l— 1) 

h=  ) +77177+ — b v,  ‘ 

1.2  1.2 

777^  - 777  + 2 77777  + 77"  — 77 


(m  + n)  . {m  + n—  1) 
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Kiimilarly  we  could  show  h\j  actual  imiltiplication  that 
_ (wfc  + n) . (m  + 71  — 1) . {m  + n - 2) 

" ^ iTsT.-i ’ 

A — ('^  + • (wi'  + ^ — 1)  . (t?7  4-  71  — 2)  . (777  + 71  - 3) 

TTITsTl  ' 

Ihus  we  iiiiglit  determine  the  successive  coefficients  to  any 
extent,  but  we  may  ascertain  the  law  of  their  formation  by  the 
following  considerations. 

J lie  forms  of  the  coefficients,  that  is,  the  way  in  which  m 
and  n are  involved  in  them,  do  not  depend  in  any  way  on  the 
values  of  m and  n,  but  will  be  precisely  the  same  whether  m 
and  n be  positive  integers  or  any  numbers  whatsoever. 

It  then  we  can  determine  the  law  of  their  formation  when 
m and  n are  positive  integers,  we  shall  know  the  law  of  theii 
formation  for  all  values  of  m and  n. 


Now  when  m and  n are  positive  integers, 
/(77i)  = (l+a;)”‘, 

/(7i)  = (l+a:)”; 

f(m)  xf(n)  = (l  +a;)"‘  x (1  +xy 


= (1  4-rc)"‘+’‘ 

1 , / , \ , (777  + 7l)  . (777  + 77  - 1 ) „ 

= 1 +(777+7l)x  + ^ Cf  V+... 

= f{m  + n). 


Hence  we  conclude  that  whatever  he  the  values  of  m and  n 
f{m)xf{n)=f{mAn). 

Hence  f {7U  + n+p)=^f  (m) ./ (77  + p) 

=/(w)  ./(77)  .f{p), 

and  so  generally 

/ (77?  +U+P  + ...)  =f(m)  .f{n)  .f{p)... 
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Now  let  m = n=p=  ...  =p  h and  k being  positive  integers, 
then 

^ V + ...  to  A:  terms^ 


or. 


or. 


.•.(i+#=/(|) 


h Ik 


(1-0 


. h k 

m 


■.r-'+  ... 


which  proves  the  theorem  for  a positive  fractional  index. 


Again,  since  f{m).f(n)=f{m  + n)  for  all  values  of  m and  n, 
let  n=  - m,  then 

/(m)./(-m)=/(m-m) 

=/(0). 

m . (rTi  - 1) 

N ow  the  series  1 + vix  + ^ ^ + . . . 


becomes  1 when  in  = 0,  that  is,/ (0)  = 1 ; 


. N_  1 ^ 

■■  J { ^(^rn)  (I  + x)' 

(l  +x)^=/(-to) 


= (1  +x)-^ ; 


= 1 4-(  -m)  x + 


— m (■ 


02  ""  ^ 


which  proves  the  theorem  for  a negative  index,  integral  or 
Iractional. 


FI^ACT/ONAL  AND  NEGATIVE  INDICES. 


3fT 


426.  Ex.  Expand  (a  + x)^  to  four  terms. 

(a  + = . a:  + — ^ ~ . x^  + 

1 /I  ,\/l 


111  4 3 

= rt  2 + - . rt  2 . a;  + ^ ^ 3.2  + 2 ^ ^3 


•2 


= ai  + -5^--*L+_^!_ 

2a2  8«2  I6a2 


1.2.3 
3 

8 -1 
6 


.a^  * . ... 


Oi  n’e  might  proceed  thus,  as  is  explained  in  Art.  416. 
(c.  + x)^  = a^(^  1+^)2 

l-d-O  §(r')(-2-^)  ,;: 


( 

1 

1-4. 

X 2 

a 

= a^  11+-"^ 

x^ 

( 2a 

Sa^ 

A , ^ 

x2 

= «“+-T- 

2u2 

8a2 

1 . 2 


a 


2 + 


1.2.3 


a 


3 

3 ... 


+ 


x^ 


Examples.— clii. 

Expand  the  following  expressions : 

1 


1.  (1  +x)2  to  five  terms. 

2.  (1  +f()-^  to  four  terms. 

.1 

3.  (« + x)^  to  five  terms. 

1 

4 (1  + 2x)2  to  five  terms. 


5 


■ (”f)‘ 


to  four  terms. 


1 14 

6.  (a^  + x*)-'>  to  four  terms. 


7.  (1  -x2)2  to  five  terms. 

8.  (1  to  four  terms. 

9.  (1  -3x)^  to  four  terms. 

10.  - ^^2  to  four  terms. 

11.  ( 1 - x)  ^ to  foil  r terms. 

12.  ( y - hJ  three  terms. 
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427.  To  expand  {I  + X) 

. V , / X -n . (-n—V)  „ 

(1  + a;)“"  = 1 + ( - n) . cc  H 


1 . 2 


+ 


■n 


• ( ~ ~ ^).^3  4. 


1.2.3 


-i  nx+  12  1.2.3 

the  terms  being  alternately  positive  and  negative. 

Ex.  Expand  (1  +x)~^  to  five  terms. 

a + xl-3  - 1 - 3x  + 3. 4. 5^6 

(1+x)  -1  3.c+^^^x  12.3  1.2.3. 4‘ 

= 1 -3x + 6x2- 10x3+ ISx'*- 

428.  To  expand  (1— x)~”. 

(1  - x)“^  = 1 -(-n)  . xH ^ . .x2 

-n{-n-\){-n-'2)  ^3  , 
1.2.3  ^ 


, 1 4. (±+ 1) . + ”■■■■(’»+ 


X-^  + 


the  terms  being  all  positive. 

Ex.  PZxpand  (1  -z)~^  to  five  ternis. 

3.4  , 3.4.,5  „ 3.4.S.6  , 
(l-x)“3  = l + ,3a;+  --x2+  + 

1.2  1.2.3  1.2. 3. 4 

= 1 4 3.r  + 6x2  iq^3  ^ 1 5^4  ^ _ _ 


Examples. — cliii. 

Expand 

/ cc\*~^ 

1.  (1  +a)“2  to  five  terms.  4.  1 ~ ^ j to  five  terms. 

2.  (1  - 3x)"M,o  five  terms.  5,  (a^  _ 2x)“''’>  to  five  terms, 

t.  (1-7)  1"  terms.  6.  (a^  -x'^y^’  to  lour  terms. 
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429.  'I'o  expand  [ \ +u')~n, 

(1  +x)"«  = l + ( 


+ 


1 

1) 

? 

V n 

x^ 

1.2 

4( 

1 

1— 1 1 
1 

{ -1-2) 

n\ 

n / 

\ n / 

1.2.3 


.X'^+  ... 


= 1 _ a;2  _ (^+l  )_(j^l  )^3 


1 n 


n‘  2ii^ 


6?i^ 


Examples. — cliv. 

Expand 

I.  (1  +a;2)  ^to  five  terms. 

-Ik 


2.  (1  2 to  five  terms. 

/ - 

3 {af  + z^)  •'»  to  four  terms. 


4.  (1  + 2x)~^  to  five  terms. 

5.  (a^  + x^)  2 to  four  terms. 

« 

6.  {a^  + x^)  ^ to  four  terms. 


430.  Observations  on  the  general  expression  for  the  term  involvwq 
X'"  in  the  expansions  (1  + a;)”  and  (1  - x)". 

The  general  expression  for  the  term  involving  xT,  that  is  the 
(r+  I)***  term,  in  the  expansion  of  (1  +x)’*  is 

n.  {n-l) ...  (w-r-hl) 

1.2 r ■ * • 


From  this  we  must  deduce  the  form  in  all  cases. 

Thus  the  (r+  I)***  term  of  the  expansion  of  (1  -x)*  k found 
hv  changing  x into  ( — a;),  and  therefore  it  is 

n.(n—\)...{n  — r+l) 

1T2.7.V r 


or. 


(-1)’- 


n.(n-  1) ...  (n-r+  1) 

' ' /y»>* 

1 . 2 r • ^ • 
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if  n be  iic'^ative  cUid  = — the  (r+  1)“*  teiin  of  the  expaii- 
siOD  of  (I  + 03)"  is 

( — v\)  ( - 7ft  — 1 ) . . . - TJi  — r + 1)^^ 

— 3/  9 

1.2 r 

(-!)’■.  { 7ft  . (771  + 1)  . ..  (7ft  + r — ] ) (a3^ 

n 2 7- 

If  n be  negative  and  = —771,  the  (r+  I)***  terin  of  the  expan- 
sion of  (1  +«)"  i.s 

( - 1)' . { 7/7 . (/77  + 1)  . . . (771  + r - 1)  [ ^ , 

l. 2 ,...:.r 

m.  (771+ 1) ...  (7ft  + r- 1)  ^ 


Examples. — civ. 

Find  the  r*''  terms  (7f  the  following  expansions: 

I.  (l+a;)h  2.  (l-ic)^2  2.  (a-£c)®.  4.  (5x  + 2^)-. 

5.  (l+o:)''2.  6.  (l-3,x)  h 7.  8.  (a+x)K 

9.  (i-2x)~^.  10. 

1 1.  Find  the  (r+  1)“"  term  of  (1 

_x 

12.  Find  the  (r  + I)"*  term  of  (1  -4.x) 

13.  Find  the  (r+  1)‘’'  term  of  (1  +x)-'. 

14.  Show  that  the  coefficient  of  in  (1  +x)"+^  is  the  sum 
of  the  coefficieiits  of  x'  and  in  (1  +x)". 

1 What  is  the  fourth  term  of  ^ i 

16.  What  ir  the  fifth  term  of  (a^  — 6“'*)-  ] 

17.  ^^'hat  is  the  ninth  term  of  (a2  + 2x-)-  I 

18.  What  is  the  tenth  term  of  {a  + h)~”'  1 

p 

19.  What  13  tlf'  seventh  term  of  {a-\  h'T  ? 
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431.  Ihe  lollowiug  are  examples  of  tlie  application  of  tlie 
Hinomial  Theorem  to  the  approximation  to  roots  of  numhers, 

(I)  To  approximate  to  tlie  sipiare  root  of  104. 

V104=.  V(lUtl+4)  = 10(l  +j|‘-p 


( 

i( 

1 ^ 

= 10 

) 1+i. 

4 2' 
1- 

.2  / / 4 Y 

{ 2 

] 00 

1.2  \ioo7 

,j(-2-‘)(b 

1.2.3 

= 10. 

fl+  2 

2 

' 4 

j 

t 100 

10000 

1000000 

= 10T9804  nearly. 

(2)  To  approximate  to  the  fifth  root  of  2. 
4/2  =(1  + 1)  5 


= i+l_l+A_JL+ 

5 25  250  2500 


= 1 


3 


9 


nearly 


25  2500 

= IT 236  nearly. 

(3)  To  approximate  to  the  cul)e  root  of  26. 

4/25=  4/(27  - 2i  =3-[  1-A^^. 

( 27f 

Here  Ave  take  the  cube  next  above  25,  so  as  to  make  the 
second  term  of  the  binomial  as  small  as  possible,  and  then 
proceed  as  before. 


Examples.— clvi. 

Approximate  to  the  following  roots  : 

I.  4^31.  2.  4/108.*  3.  4/260. 


4-  4/'31. 
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432.  The  symbols  employed  in  our  common  system  of 
Arithmetical  Notation  are  the  nine  digits  and  zero.  These 
digits  when  written  consecutively  acquire  local  values  from 
their  positions  Avith  respect  to  the  place  of  units,  the  value  of 
every  digit  increasing  ten-fold  as  we  advance  towards  the  left 
hand,  and  hence  the  number  ten  is  called  the  Radix  of  the 
Scale. 

If  we  agree  to  represent  the  number  ten  by  the  letter  t,  a 
number,  expressed  according  to  the  conventions  of  Arithmetical 
Notation  by  3245,  would  assume  the  form 

3«3  + 2i2  + 4i  + 5 

if  expressed  according  to  the  com'entions  of  Algebra. 

433.  Let  us  now  su]>pose  that  some  other  number,  as  five, 
is  the  radi.x  of  a scale  of  notation,  then  a number  expressed  in 
this  scale  aritlimetically  by  2341  will,  if  five  be  represented  by 
/,  assume  the  form 

2/3  + 3/^  + 4/+l 
if  expressed  algebraically. 

And,  generally,  if  r be  the  radix  of  a scale  of  notation,  a 
number  expressed  arithmetically  in  that  scale  by  6789  will, 
when  expressed  algebraically,  since  the  value  of  each  digit 
increases  r-fold  as  we  advance  towards  the  left  hand,  be  repre- 
sented by 

(5, .3  ^ 7r*-t-  8r-t-  9. 

434.  The  number  which  denotes  the  radix  of  any  scale  will 
be  represented  in  that  scale  by  10. 

Thus  in  the  scale  whose  radix  is  five,  the  number  five  will 
be  repreBi  ntcd  by  10. 
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In  the  same  scale  seven,  being  equal  to  five  + two,  will 
therefore  be  rej)resented  by  12.  ^ 


Hence  the  series  of  natural  numbers  as  far  as  twenty-fiv«  will 
be  represented  in  the  scale  whose  radix  is  five  tliiis  : 

1,  2,  3,  4,  10,  11,  12,  13,  14,  20,  21,  22,  23,  24,  30,  31, 

32,  33,  34,  40,  41,  42,  43,  44,  100. 


435.  In  the  scale  whose  radix  is  eleven  we  shall  require 
a new  symbol  to  exjiress  the  number  ten,  for  in  that  scale  the 
number  eleven  is  represented  by  10.  If  ^ve  agree  I0  express 
ten  in  this  scale  by  the  symbol  t,  the  series  of  natural  numbers 
as  tar  as  twenty-three  will  be  represented  in  this  scale  thus  : 

I5  2,  3,  4,  5,  6,  7,  8,  9,  t,  10,  11,  12,  13,  14,  15,  16,  17, 

18,  19,  \t,  20,  21 


436.  In  the  scale  whose  radix  is  twelve  we  shall  require 
another  new  symbol  to  express  the  number  eleven.  If  we 
agree  to  express  this  number  by  the  symbol  e,  the  natural 
numbers  from  nine  to  thirteen  will  be  represented  in  the  scale 
whose  radix  is  twelve  thus  : 


9,  t,  e,  10,  11. 

Again,  the  natural  numbers  from  twenty  to  twenty-five  will 
be  represented  thus  : 


18,  19,  It,  le,  20,  21. 

437.  The  scale  of  notation  ol  which  the  radix  is  two  is 

called  the  Binary  Scale.  ’ 

The  names  given  to  the  scales,  up  to  that  of  which  the 
radix  is  twelve,  are  Ternary,  Quaternary,  Quinary,  Senarv 
Septenary,  Octonary,  Nonary,  Denary,  Undenary  a’nd  Duo- 
denary. 

438.  To  perform  the  operations  of  Addition,  Subtraction 
Multiplication,  and  Division  in  a scale  of  notation  whose  index 
is  r,  we  proceed  in  the  same  way  as  we  do  for  numbers  ex- 
pressed in  the  common  scale,  with  this  difference  only,  that  r 
must  be  used  where  ten  would  be  used  in  the  common'  scale  ; 
which  will  be  understood  better  by  the  following  examples. 
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Ex.  1.  Find  tlie  sum  of  4325  and  5234  in  the  senary  scale. 

4325 

5234 

the  sum  ■"  14003 

which  is  obtained  by  adding  the  numbers  in  vertical  lines, 
carrying  1 for  every  six  contained  in  the  several  results,  and 
setting  down  the  excesses  above  it. 

Thus  4 units  and  5 units  make  nine  units,  that  is,  six  units 
together  with  3 units,  so  we  set  down  3 and  cany  1 to  the 
next  column. 

Ex.  2.  Find  the  difference  between  62345  and  53466  in 
the  septenary  scale. 

62345 

53466 

the  difference  = 5546 

which  is  obtained  by  the  following  process.  We  cannot  take 
six  units  from  five  units,  we  therefore  add  se,mn  units  to  tlie 
five  units,  making  12  units,  and  take  six  units  from  twelve 
units,  and  then  we  add  1 to  the  lower  figure  in  the  second 
column,  and  so  on. 

Ex,  3.  Multiply  2471  by  358  in  the  dyodenary  scale. 

2 4 7 1 
3 5 8 

1 7 0 8 8 
e t e 5 
7 19  3 

833318 

Ex.  4.  Divide  367286  by  8 in  the  nonary  scale. 

8 ; 367286 
"~42033 

The  following  is  the  process.  We  ask  how  often  8 is  contained 
in  36,  which  in  the  nonary  scale  represents  thirty-three  units  ; 
the  answer  is  4 and  1 over.  We  then  ask  how  often  8 is  con- 
tained in  17,  which  in  the  nonary  scale  represents  sixteen  units; 
the  answer  is  2 and  no  remaindei’.  And  so  for  the  other  digits. 
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Ex.  5.  Divide  1184323  by  589  in  the  duodenary  scale. 

589;  1184323  (2483 
e5d 

22^3 

UeO 

3e32 

39^0 

1523 

1523 


Ex.  0.  Extract  the  square  root  of  10534521  in  the  senary 
5cale. 


16534521  ( 2345 
4 


43  253 

213 

504  4045 

3224 


5125 


42121 

42121 


Examples.— clvii. 

1.  Add  23561,  42513,  645325  in  the  septenary  scale. 

2.  Add  3074852,  4635628,  1247653  in  the  nonary  scale. 

3.  Subtract  267862  from  358423  in  the  nonary  scale. 

4.  Subtract  124321  from  211010  in  the  quinaiy  scale. 

5.  Multiply  57264  by  675  in  the  octonary  scale. 

6.  Multiply  1456  by  6541  in  the  .septenary  scale. 

7.  Divide  243012  by  5 in  the  senary  scale. 

8.  Divide  3756025  by  6 in  the  octonary  scale. 

9.  Extract  the  square  root  of  25400544  in  the  senary  scale. 

10.  Extract  the  square  root  of  56898H  in  the  duodenary- 

scale. 
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439.  To  transform  a given  integral  number  from  one  scale  to 
another. 

Let  tlie  given  integ(;r  expressed  in  the  first  scale, 

r the  radix  of  the  new  scale  in  which  the  nuniher  is  to 
he  expressed, 

a^h,  c m,  p,  g the  digits,  w + 1 in  number,  expressing 

the  number  in  the  new  scale  ; 

so  that  the  number  in  the  new  scale  will  l)e  expressed  thus  : 
a?-”  + + cr"-2  + +mr“+pr  + g'. 

We  have  now  from  the  equation 

N=ar” + + cr"~^  + +mr‘^+pr  + g 

to  determine  the  values  of  a,  b,  c m,  p,  q. 

Divide  N by  r,  the  remainder  is  q.  Let  A be  the  quotient  •. 
then 

A = ar”~^  + + + mr  + p. 

Divide  A by  r,  the  remainder  is  p.  Let  B be  the  quotient  _• 
then 

B = ar"~2  + 4-  cr"~^  + + m, 

> 

Hence  the 

first  digit  to  the  right  of  the  number  expressed  in  the 

new  scale  is  q,  the  first  remainder  ; 


second p,  tlie  second  remainder  ; 

tliird  vi,  the  third  reiiiainder  ; 


and  thus  all  the  digits  may  be  determined. 


Ex.  1.  Transform  235791  from  the  common  scale  to  the 
scale  whose  radix  is  6. 


6 

6 

6 

6 

(5 

0 

6 


235791 

39298  remainder  3 
6549  retnaiuder  4 
1091  remainder  3 
181  remainder  5 
30  remainder  1 
5 remainder  0 


i 0 remainder  5 

The  number  re(pured  is  tlierefijre  5015343. 
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Ihe  digits  by  which  a number  can  be  expressed  in  a scale 

whose  radix  is  r will  be  1,  2,  3 r-  1,  because  these,  with  0, 

are_  the  only  remainders  which  can  arise  from  a division  in 
which  the  divisor  is  r. 


Ex,  2.  Express  3598  in  the  scale  whose  radix  is  12. 
12  I 3598 


12 

12 

12 


299  remainder  t 


24  remainder  e 


2 remainder  0 


0 remainder  2 
the  number  required  is  20e^. 


440.  Phe  method  of  transforming  a given  integer  from  one 
scale  to  another  is  of  course  applicable  to  cases  in  which  both 
scales  are  other  than  the  common  scale.  We  must,  however, 
he  careful  to  perform  the  operation  of  division  in  accordance 
with  the  principles  explained  in  Art.  438,  Ex.  4. 


Ex.  Transform  142532  from  the  scale  whose  radix  is  6 to 
the  scale  whose  radix  is  5. 


5 


142532 


5 

5 

5 

5 

5 


20330  remainder  2 
2303  remainder  3 
300  remainder  3 
33  remainder  3 
4 remainder  1 
0 remainder  4 


The  required  number  is  therefore  413332. 


Examples.— clviii. 

Express 

r.  1828  in  the  septenary  scale. 

2.  1820  in  the  senary  scale. 

3.  43751  in  the  duodenarv  scale. 

rs.A.] 
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4.  370(i  ill  the  quinary  scale. 

5.  7631  in  the  binary  scale. 

6.  215855  in  the  duodenary  scale. 

7.  790158  in  the  septenary  scale. 

Transform 

8.  34002  from  the  quinary  to  the  quaternary  scale. 

9.  8978  from  the  undenary  to  the  duodenary  scale. 

10.  3256  from  the  septenary  to  the  duodenary  scale. 

1 1.  37704  from  the  nonary  to  the  octonary  scale. 

12.  5056  from  the  septenary  to  tlie  quaternary  scale. 

13.  654321  from  the  duodenary  to  the  sejitenary  scale. 

14.  2304  from  the  quinary  to  the  undenary  scale. 

441.  In  any  scale  the  positive  integral  powers  of  the  nuin- 
bei  which  denotes  the  radix  of  the  scale  are  expressed  by 
10,  100,  1000 

Thus  twenty -five,  which  is  the  square  of  five,  is  expressed  in 
the  scale  whose  radix  is  five  by  100;  one  hundred  and  twenty- 
five  will  be  expressed  by  1000,  and  so  on. 

Generally,  the  power  of  the  number  denoting  tlie  radix 
in  any  scale  is  expressed  by  1 followed  by  n cyjdiers. 

The  highest  number  that  can  be  expressed  by  p digits  in  a 
scale  whose  raOix  is  r is  expressed  by  r'’-  1. 

Thus  the  highest  number  that  can  be  expressed  by  4 digits 
in  the  scale  whose  radix  is  five  is 

10^  — 1,  or  10000  - 1,  that  is  4444. 

The  least  number  that  can  be  exj)ressed  by  p digits  in  a 
scale  whose  radix  is  r is  expressed  by 

Thus  the  least  number  that  can  be  expressed  by  4 digits  in 
the  scale  whose  radix  is  five  is 

10^“'  or  1(>\  that  is  1000. 
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442.  In  a scale  wliose  radix-  is  r,  llie  sum  of  tlie  dibits  of 
aif  integer  divided  liy  (r  - 1)  will  leave  the  same  remainder  a,s 
the  integer  leaves  when  divided  by  r-  1. 

» 

Let  iV  be  the  number,  and  sujijjose 

iV  = ar"  + ^ir"-i  + cr«-2+  + 

Then 

A-  = a(r"-l)  + 6(r-.-i)  + c(r-^_l)+  ...  +m(r=- i) +y  j) 
+ \d  + h-^c+  -jf-m  +p  + q\. 

Now  all  the  expressions  r-'-Lr"-!-!  1 ~ i 

divisible  by  r-1;  i,r-iare 

•••  an  integer  m+p  + y ^ 

^ A r- 1 ’ 

which  proves  the  proposition,  for  since  the  quotients  differ  by 
an  integer,  their  fractional  parts  must  be  the  same,  that  is  the 
remainders  after  division  are  the  same.  ’ 


Note.  From  this  proposition  i.s  derived  the  test  of  the 
accuracy  of  the  result  of  Multiplication  in  Arithmetic  by  mst- 
mg  out  the  nines. 


For  let 
and 


A=^m  + a, 
B = ^n  + h ; 


then 


AB  = 9(9mn  + an  + hm)  + ah  ; 


that  is,  AB  and  ah  wiien  divided  by  9 will  leave  the 
remainder. 


same 


Radical  Fractions. 

443.  As  the  local  value  of  each  digit  in  a scale  whose  radix 
IS  r increases  r-fold  as  we  advance  from  right  to  left,  so  does 
the  local  value  of  each  decrease  in  the  same  proportion  as  we 
advance  from  left  to  right. 

If  tlien  we  affix  a line  of  digits  to  the  right  of  the  units’ 
place,  each  one  of  these  having  from  its  position  a value 
one-r*'‘  part  of  tlie  value  it  would  have  if  it  were  one  place 
further  to  the  left,  we  sliall  have  on  the  right  hand  of  tlie 
units’  place  a series  of  Fractions  of  which  the  denominators 
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are  successively  r,  > while  the  numerators  may  be 

any  numbers  between  r— 1 and  zero.  These  are  called 
Radical  Fractions. 

In  our  common  system  of  notation  the  word  Hailical  is 
rejilaced  by  Decimal,  because  ten  is  tlie  radix  of  the  scale. 

Now  adopting  the  ordinary  system  of  notation,  and  marking 
the  place  of  units  by  putting  a dot  * to  the  right  of  it,  we  have 
the  following  results  : 

In  the  denary  scale 

4 V 8 9 

246'4789  = 2 x 10^  + 4 x 10  + 6 + + HF’ 

in  the  quinary  scale 

324-4213  = 3x102 + 2x10  + 4 + — + + — -g  + 

remembering  that  in  this  scale  10  stands  ilov  Jive  and  not  for  teji 
(Art.  434). 

444.  To  show  that  in  any  scale  a radical  fraction  is  a x>roper 
fraction. 

Suppose  the  fraction  to  contain  n digits,  a,  h,  c 

Then,  since  r - 1 is  the  highest  value  that  each  of  tlie  digits 
can  have, 

- + 4 + ...  is  not  greater  than  (r-  l)f-+4+  ...  to  n terms) 
not  greater  than  (r—  1) 

( r”  — 1 

not  greater  than  (r  - 1)  1 

^ ^ ^(r’'(r-l) 

r"-  1 
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llencc  tbeoi\  en  Iraction  ia  leaa  than  1,  and  is  therefore  a 
]>roper  fraction. 

445.  l_o  transform  a fraction  expressed  in  a given  scale  into 
a radical  fraction  in  any  other  scale. 

Let  F be  the  given  fraction  expressed  in  the  fir.st  scale, 

r the  radix  of  tlie  new  scale  in  which  the  fraction  is  to 
be  expressed, 

a,  h,  c...the  digits  expressing  the  fraction  in  the  new 
scale,  so  that 

n 1)  c 

F=~-\-~,  + ~+  ... 

r r-  r^ 

fiom  which  equation  the  values  of  a,  6,  c,..are  to  be  deter- 
mined. 


Multiplying  botli  sides  of  the  equation  by  r. 


77T  he 

Fr  = aA-  + -+  ... 
r 


Now  - + ~+  ...  is 


r 


IS  a proper  fraction  by  Art.  444. 


Hence  the  integral  part  of  Fr  will  =a,  the  first  digit  of  the 
new  fraction,  and  the  fractional  part  of  Fr  will 


h c 

1-  -0  + ... 

r 


Giving  to  this  fractional  part  of  Fr  the  symbol  F-^  we  have 


ip ^ 1 ^ I 

■^1  — — h -o  + ... 

r 


Multiplying  both  sides  of  the  equation  by  r. 


F-p'=h  + -+  ... 

r 


Hence  the  integral  part  of  Fp’=^h,  the  second  digit  of  I 
fraction,  and  thus,  by  a similar  process,  all  the  digit^ 
iii’W  fraction  may  be  found.  / 
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Ex.  1.  Express  y as  a radical  fraction  in  the  quinary 
scale : 


I- 


■ 7 


1 5^5 
_x5=  ^ =0  + ^, 

5 . 25  4 

_x5=y  = 3 + =, 

7 7 7’ 

6 . 30  2 

-X6=y  = 4+J, 

2 . 10  , 3 

wXU  = — =1+1=1 

/ i i 

therefore  fraction  is  -203241  recurring. 

Ex.  2.  Express  -84375  in  the  octoiiary  scale : 

-84375 

8 


6-75000 

8 


6-00000 

The  fraction  required  is  -66. 

Ex.  3.  Transform  -42765  from  the  nonary  to  the  senary 
scale. 

-42765 

6 


2- 78133 

6 

5-23820 

6 

1-55430 

6 

3- 65800 

The  fraction  required  is  -2513  ... 
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Ex.  A.  Truiisroriu 
•luateniaiy  .scale  : 


el24‘^27o  Irom  the  duodenary  to  tlie 


el24 

•?275 

2937 -remainder  0 

4 

83  ^ — remainder  3 

3-4^58 



4 

20 e - remainder  2 

1'75?8 

62  - remainder  3 

4 

16  - remainder  2 

2-5e68 

4 - remainder  2 

4 

1 - reniaindei  0 
0 - remainder  1 

l-e<28 

Number  required  is  10223230-3121 ... 


Examples.— clix. 

25 

1.  Express  ^ in  tlie  senary  scale, 

2.  Express  — in  the  septenary  scale. 

3-  Express  23‘125  in  the  nonarv  scale. 

4.  Express  1820-3375  in  the  senary  scale. 

5-  In  what  scale  is  17486  written  212542? 

6.  In  what  scale  is  511173  written  1746305  ? 

7.  Show  that  a number  m the  Common  scale  is  divisible  : 

(1)  by  3 if  the  sum  of  its  digits  is  divisible  by  3. 

(2)  by  4 if  the  last  two  digits  be  divisible  by  4. 

(3)  by  8 if  the  last  three  digits  be  divisible  by  8. 

(4)  by  5 if  the  number  ends  with  5 or  0. 
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(5)  by  11  if  llie  difference  between  the  sum  of  the  digits 
in  the  odd  places  and  the  sum  of  those  in  the  even 
places  be  divisible  by  11. 

8.  If  TV  be  a number  in  the  scale  whose  radix  is  r,  and  n 
be  the  number  resulting  when  the  digits  of  N are  reversed, 
show  that  iV-n  is  divisible  by  r-  1. 


XXXVIII.  ON  LOGARITHMS. 

44d.  Def.  The  Logarith.ni  of  a number  to  a given  base 
is  the  index  of  the  power  to  which  the  base  must  be  raised  to 
give  the  number. 

Thus  if  m = a*,  x is  called  the  logarithm  of  m to  the  base  a. 

For  instance,  if  ihe  base  of  a system  of  Logarithms  be  2, 

3 is  the  logarithm  of  the  number  8, 
because  8 = 2^: 
and  if  the  base  be  5,  then 

3 is  the  logarithm  of  the  number  125, 
because  125  = 5-h 

447.  The  logarithm  of  a number  to  the  base  a is  written 
thus,  log.m ; and  so,  if  m = a*, 

a:  = log„m. 

Hence  it  follows  that  m = 

448.  Since  l=a®,  the  logarithm’  of  unity  to  any  base  is 

zero. 

Since  a = a\  the  logarithm  of  the  base  of  any  system 
is  unity. 

44‘).  We  now  proceed  to  describe  that  wliieh  is  called  the 
(Joinnion  System  of  logarithms. 

The  base  of  the  system  is  10. 
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By  a system  ot  logarithms  to  tlie  base  10,  we  mean  a Bucces- 
sion  ot  values  of  x which  satisfy  the  e(j[uation 

m=10* 

for  all  positive  values  of  m,  integral  or  fractional. 

Such  a system  is  formed  hy  the  series  of  logarithms  of 
the  natural  numhers  from  1 to  100000,  wliich  constitute  the 
logarithms  registered  in  our  ordinary  tables,  and  which  are 
therefore  called  tabular  logarithms. 

450.  Now  1 = 10'’, 

10=101, 

100=102, 

1000  = 102, 

and  so  on. 

Hence  the  logarithm  of  1 is  0, 

of  10  is  1, 
of  100  is  2, 
of  1000  is  3, 

and  so  on. 

Hence  for  all  numbers  between  1 and  10  the  logarithm  is  a 
decimal  less  than  1, 

between  10  and  100  the  logarithm  is  a decimal  between  1 
and  2, 

between  100  and  1000  a decimal  between  2 

and  3,  and  so  on. 

451.  The  logarithms  of  the  natural  numbers  from  1 to  12 
stand  thus  in  the  tables  : 


No. 

Log 

No. 

Log 

1 

0-0000000 

7 

0-8450980 

2 

0-3010300 

8 

0-9030900 

3 

0-4771213 

9 

0-9542425 

4 

0-6020600 

10 

1-0000000 

" 5 

0-6989700 

11 

1-0413927 

6 

0 7781513 

12 

1-0791812 

The  logarit 

mis  are  calculated  tn  seven  places  of  decimals 
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452.  The  integral  parts  of  the  logaritlims  of  numbers 
higher  than  10  are  called  the  characteristics  of  those  logarithms, 
and  the  decimal  parts  of  the  logarithms  are  called  the  mantissce. 

Thus  1 is  the  characteristic, 

•0791812  the  mantissa, 
of  the  logarithm  of  12. 

453.  The  logarithms  for  100  and  the  numbers  that  succeed 
it  (and  in  some  tables  those  that  precede  100)  have  no  charac- 
teristic prefixed,  because  it  can  be  supplied  by  the  reader,  being 
2 for  all  numbers  between  100  and  1000,  3 for  all  between 
1000  and  10000,  and  so  on.  Thus  in  the  Tables  we  shall 
find 


No. 

Log 

100 

0000000 

101 

0043214 

102 

0086002 

, 103 

0128372 

104 

0170,333 

105 

0211893 

which  we  read  thus  ; 

the  logarithm  of  100  is  2, 

of  101  is  2-0043214. 

of  102  is  2-0086002;  and  so  on. 

454.  Logarithms  are  of  great  use  in  making  arithmetical 
computations  more  easy,  for  by  means  of  a Table  of  Logarithms 
the  operation 

of  Multiplication  is  changed  into  that  of  Addition, 

...  Division  Subtraction, 

...  Involution  Multiplication, 

...Evolution  Division, 

as  we  .shall  sliow  in  tlie  next  four  Artich's. 

455.  The  logarithm  of  a 'product  is  equal  to  the  sum.  of  the 
logarithms  of  its  factors. 
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m = a*, 

. :nul  n = a\ 

Then  rrm  = ; 

/.  \ogj)in  = x + y 

— log„m  + log.-M. 

Hence  it  follows  that 

log„m/?.j9  = log„m  + log„?i  + log49, 

and  similarly  it  may  he  shown  that  the  Theorem  holds  good 
for  any  numlier  of  factors. 

Thus  the  o2x*ration  of  Multiplication  is  changed  into  that  of 
Addition. 

Suppose,  for  instance,  we  want  to  find  the  product  of  246 
and  357,  we  add  the  logarithms  of  the  factors,  and  the  sum  is 
the  logarithm  of  the  product : thus 

log  246-2-3909351 
log  357  = 2-5526682 

their  sum  = 4-9436033 

which  is  the  logarithm  of  87822,  the  product  required. 

Note.  We  do  not  write  logio246,  for  so  long  as  we  are 
treating  of  logarithms  to  the  particular  base  10,  we  may  omit 
the  sufli.x. 

456.  "The  logarithm  of  a quotient  is  equal  to  the  logarithm  of 
the  dividend  diminished  Inj  the  logarithm  of  the  divisor. 

Let  m = a^, 

and  n = a\ 

m 

Then  --a*-*'; 

n 

, m 

= log„m-log„7n 

Thus  the  operation  of  Division  is  changed  into  that  of  Sub- 
traction. 
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If,  for  example,  we  are  required  to  divide  37r49  by  52’376, 
we  proceed  thus, 

log  371-49  = 2-5699471 
log  52-376  = 1-7191323 

their  difference  = -8508148 

which  is  the  logarithm  of  7-092752,  the  quotient  required. 


457.  The  locjarithm  of  amj  poicer  of  a number  is  equal  to  the 
product  of  the  logarithm  of  the  number  and  the  index  denoting  the 
]jower. 

Let  ru  = a*. 

Then  7?i’"  = «’-*; 

logjn''  — rx 

= r . log^77l. 

Thus  the  operation  of  Involution  is  changed  into  Multipli- 
cation. 

Suppose,  for  instance,  we  have  to  find  the  fourth  power  of 
13,  we  may  proceed  thus, 

log  13=1-1139434 
4 

4-4557736 

which  is  the  logarithm  of  28561,  the  number  required. 


458.  The  logarithm  of  any  root  of  a number  is  equal  to  the 
quotient  arising  from  the  division  of  the  logarithm  of  the  number 
by  the  number  denoting  the  root. 


Let 

Then 


m = a*. 


m’-  = a’'; 


X 


.-.  log„m’'=- 
r 


= T-log„m. 


Thus  the  operation  of  Evolution  is  changed  into  Division. 
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11,  for  excuii])k‘,  we  have  to  find  the  filth  root  of  16807,  we 
proceed  thus, 

5 I 4-2254902,  the  log  of  10807 
•8450980 

wliich  is  the  logarithm  of  7,  the  root  required. 

459.  The  common  system  of  Logarithms  has  this  advantage 
over  all  others  for  numerical  calculations,  that  its  base  is  the 
same  as  the  radix  of  the  common  scale  of  notation. 

Hence  it  is  that  the  same  mantissa  serves  for  all  numbers 
which  have  the  same  significant  digits  and  differ  only  in  the 
position  of  the  place  of  units  relatively  to  those  digits. 

F or,  since  log  60  = log  10  + log  6 = 1 + log  6, 
log  600  = log  100  + log  6 = 2+  log  6, 
log  6000  = log  1000  + log  6 = 3 + log  6, 

it  is  clear  that  if  we  know  the  logarithm  of  any  number,  as  6, 
we  also  know  the  logarithms  of  the  numbers  resulting  from 
multiplying  that  number  by  the  powers  of  10. 

So  again,  if  we  know  that 

log  1-7692  is  -247783, 

we  also  know  that 

log  17-692  is  1-247783, 
log  176-92  is  2-247783, 
log  1769-2  is  3-247783, 
log  17692  is  4-247783, 
log  176920  is  5-247783. 

460.  We  must  now  treat  of  the  logarithms  of  numbers  less 
than  unity. 


Since 


1 = 100, 
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Uie  logarithm  of  a number 

between  1 and  •!  lies  betw^een  0 and  - 1, 

between  '1  and  ’01  — 1 and  — 2, 

between  ’01  and  ’001  — 2 and  - 3, 

and  so  on. 

Hence  the  logarithms  of  all  numbers  less  than  unity  are 
negative. 

We  do  not  require  a separate  table  for  these  logarithms,  for 
■sve  can  deduce  them  from  the  logarithms  of  numbers  greater 
than  unity  by  the  following  process  : 

log  -6  =log  ^ =log  6 - log  10  =log  6-1, 

0 

log  -06  = log  — - =log  6 - log  100  = log  ()  - 2, 

log  -006  = log  = 6 -log  1000  = log  6-3. 

Now  the  logarithm  of  6 is  •7781513. 

Hence 

log  ’6  = — 1 + •7781513,  which  is  written  1-7781513, 

log  -06  = - 2 + •7781."*!  3,  which  is  written  2-7781513, 
log  -006=  -3  + -7781513,  which  is  written  3-7781513, 

the  characteristics  only  being  negative  and  the  mantissje 
positive. 

461.  Thus  the  same  mantissas  serve  for  the  logarithms  of 
all  nitmbers,  whether  greater  or  less  than  unity,  which  have  the 
same  significant  digits,  and  differ  only  in  the  position  of  the 
place  of  units  relatively  to  those  digits. 

It  is  best  to  regard  the  Table  as  a register  of  the  logarithms 
of  numbers  which  have  one  significant  digit  before  the  decimal 
point. 
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No.  I Log 

For  instance,  wlien  we  read  in  the  tables  144  j 1583625,  we 
interjiret  the  entry  thus  * 

log  1-44  is  -1583625.  ' 

We  then  obtain  the  following  rules  for  the  characteristic  to 
be  attaclied  in  each  case. 

I.  If  the  decimal  point  be  shifted  one,  two,  three... ?t 
places  to  the  right,  prefix  as  a characteristic  1,  2,  3 ...  n. 

II.  If  the  decimal  point  be  shifted  one,  two,  three  ...  a 
places  to  the  left,  prefix  as  a cliaracteristic  f,  2,  3 ...  w. 


log 

1-44  is  -1583625, 

log 

14-4  is  1-158362.5, 

log 

144  is  2-1583625, 

log 

1440  is  3-1583625, 

log 

-144  is  1-1583625 

log 

-0144  is  2-1583625, 

log 

-00144  is  3-1583625. 

462.  In  calculations  with  negative  characteristics  we  follow 
me  rules  of  algebra.  Thus, 

(1)  If  we  have  to  add  tlie  logarithms  3-64628  and  2-4236., 
we  first  add  the  mantis.sse,  and  the  result  is  1 -06995,  and  then 
add  the  characteristics,  and  this  result  is  1. 

The  final  result  is  1 + 1 -06995,  that  is,  -06995. 

(2)  To  subtract  5-6249372  from  3-2456973,  we  may  arrange 
the  numbers  thus, 

- 3 4-  -2456973 

- 5 + -6249372 

1 + -6207601 

the  1 carried  on  from  the  last  subtraction  in  the  decimal  ]>laces 
chansriiiij  — 5 into  — 4,  and  then  — 4 subtracted  from  — 3 uivino: 
1 as  a result. 

Hence  the  resulting  logaritlim  is  1-6207601. 
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(•3)  To  multiply  3’74825G9  by  5. 

374825C9 

5 

12-7412845 

the  3 curried  on  from  the  last  niultiplicatioi»  of  the  decimal 
l)laces  being  added  to  - 15,  and  thus  giving  - 12  as  a result. 

(4)  To  divide  14-2456736  by  4. 

Increase  the  negative  characteristic  so  that  it  may  be  exactly 
divisible  by  4,  making  a proper  compensation,  thus, 

14-2456736  = 16  + 2-2456736. 

14-2456736  16  + 2-2456736  - 
Then  = ^ =4  + -5614184 ; 

and  so  the  result  is  4-5614184. 


Examples.— clx. 

1.  Add  3-1651553,  4-7505855,  6-6879746,  2-6150026. 

2.  Add  4-6843785,  5-6650657,  3-8905196,  3-4675284. 

3.  Add  2-5324716,  3-6650657,  5-8905196,  -3156215, 

4.  From  2-483269  take  3-742891. 

5.  From  2-352678  take  5-428619. 

6.  From  5-349162  take  3-624329. 

7.  Multiply  2-4596721  by  3. 

8.  Multiply  7-429683  by  6. 

9.  Multiply  9-2843617  l.iy  7. 

10.  Divide  6-3725409  by  3. 

1 1.  Divide  14-432962  by  6. 

1 2.  Divide  4-53627188  by  9. 

463.  We  shall  now  explain  how  a system  of  logarithms 
calculated  to  a base  a may  be  transformed  into  another 
of  which  the  base  is  6. 
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Let  m be  a number  of  which  the  logarithm  in  the  hrst 
system  is  a;  and  in  the  second  y. 


Then 

and 


m = a’°, 
m = h^. 


Hence 


b = a‘' ; 


X 


* “ = loo*  h : 

• ' y f 


. y 

X log„&’ 


•••  y- 


>g^ 

1 


log.6 


X. 


Hence  if  we  multiply  the  logarithm  of  any  number  in  the 

system  of  which  the  base  is  a by  we  shall  obtain  the 

logarithm  of  the  same  number  in  the  system  of  which  the  base 
is  h. 

This  constant  multiplier  is  called  The  Modulus  of  the 

system  of  which  the  base  is  b with  reference  to  the  system  of 
which  the  base  is  a. 

464.  The  common  system  of  logarithms  is  used  in  all 
numerical  calculations,  but  there  is  another  system,  which  we 
must  notice,  empl?)yed  by  the  discoverer  of  logarithms,  Napier, 
and  hence  called  The  Napierian  System. 


The  base  of  this  system,  denoted  by  the  symbol  e,  is  the 
number  which  is  the  sum  of  the  series 


3 . 4 


+ ...ad  inf, 


of  which  sum  the  first  eight  digits  are  2-7182818. 


465.  Our  common  logarithms  are  formed  from  the  Loga- 
rithms of  the  Na]nerian  System  by  multiplying  each  of  the 


[S.A.] 


V 
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latter  by  a common  multiplier  called  Tlie  Modulus  of  the 
Common  System 


This  modulus  is, 

Art.  463,  ~ — . 

^ locr  lo- 


in accordance  with  the  conclusion  of 


That  is,  if  I and  N be  the  logarithms  of  the  same  number  in 
the  common  and  Napierian  systems  respectively, 

1 V 

log.  10-"^- 

Now  log,  10  is  2-30258509  ; 

Iog7r0  2^2^^'  -43429448, 

and  so  the  modulus  ol  the  common  system  is  -43429448. 


466. 

To  prove  that  log,6  x log^a 

Let 

a:=log<.6. 

Then 

6 = a* ; 

1 

b‘  = a ; 

^ = lW- 

Thus 

log„6  X logja  = ic  X - 

= 1. 

467.  The  following  are  simple  examples  of  the  method  ot 
applying  the  principles  explained  in  this  Chapter. 

Ex.  1.  Oiven  log  2 = -30l0300,  log  3 = -477l213  and 
log  7 = ‘8450980,  find  log  42. 

Since  42  = 2x3x7 

log  42  = log  2+ log  3 + log  7 

= -3010300  + -4771213  + -8450980 
= 1-6232493. 
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Ex.  2.  Given  log 2 = -3010300  and  log 3 = -4771213,  find 
tlie  logarithms  of  64,  81  and  96. 

log  64  = log  2®  = 6 log  2 

log  2 = -3010300 
6 

log  64=  1-8061800 

log  81  = log  3^  = 4 log  3 

log  3 = -4771213 
4 

log  81  = 1-9084852 

log  96  = log  (32  X 3)  = log  32  + log  3, 
and  log32  = log2-'’  = 5log2; 

log  96  = 5 log  2 + log  3 = 1-5051500  + -4771213  = 1-9822713. 

Ex.  3.  Given  log  5 = -6989700,  find  the  logarithm  of 
-^(6-25). 

11  1 1 

log  (6-25)7  = - log  6-25  = - log  = y (log  625  - log  100) 

= \ (log  54  - 2)  = ^ (4  log  5-2) 

= i (2-7958800  - 2)  = -1136657. 

Examples.— clxi. 

1.  Given  log  2 = -3010300,  find  log  128,  log  125  and 
log  2500. 

2.  Given  log  2 = -3010300  and  log  7 = -8450980,  find  the 
logarithms  of  50,  -005  and  196. 

3.  Given  log  2 = -3010300,  and  log  3 = -4771213,  find  tlie 
logarithms  of  6,  27,  54  and  576. 

4.  Given  log  2 = -3010300,  log  3 = -4771213,  log  7 = -8450980, 
find  log  60,  log  -03,  log  1-05,  and  log  -0000432. 
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5.  Given  log  2 = -3010300,  log  18=  1-2552725  and 

log  21  = 1-3222193,  find  log -00075  and  log  31-5. 

6.  Given  log  5 = -6989700,  find  the  logarithms  of  2,  -064, 

J. 

/ 260x14 

and  . 

7.  Given  log  2 = -3010300,  find  the  logarithms  of  5,  -125, 
(2T0)  • 

8.  What  are  the  logarithms  of  -01,  1 and  100  to  the  base 
10  ] What  to  the  base  -01  ? 

9.  What  is  the  characteristic  of  log  1593,  (1)  to  base  10, 
(2)  to  base  12  ? 

4* 

10.  Given  ^^  = 8,  and  x = 2>y^  find  x and  y. 

1 1.  Given  log  4 = -6020600,  log  1-04  = -0170333 : 

(a)  Find  the  logarithms  of  2,  25,  83-2,  (-625)^®®. 

(h)  How  many  digits  are  there  in  the  integral  part  ot 
(1-04)6000? 

12.  Given  log  25  = 1-3979400,  log  1 -03  = -0128372  : 

X 

(а)  Find  the  logarithms  of  5,  4,  51-5,  (-064)'®®. 

(б)  How  many  digits  are  there  in  the  integral  part  of 
(1-03)600? 

13.  Having  given  log  3 = '4771213,  log  7 = '8450980, 

log  11  = 1-0413927: 

find  the  logarithms  of  7623,  and  --  . 

ov.*ij  ooy 

14.  Solve  the  equations : 

(1)  4096*= (4)  a’^h^=c. 

(2)  (.1^)  =6-25.  (5) 

(3)  = (6)  all)”'  =c'~^. 
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4()8.  e have  explaitied  in  Arts.  459 — 461  the  advantages 
ol  the  Vonunon  bysteni  of  Logarithms,  wliich  niay  be  stated  in 
a more  general  form  thus  : 

Let  A be  any  sequence  of  figures  (sucli  as  2-35916),  having 
one  digit  in  the  integral  part. 

Then  any  number  N having  tlie  same  secpience  of  figures 
(sucb  as  235  916  or  '00235916)  is  of  the  form  A x 10",  where  n 
is  an  integer,  positive  or  negative. 

Therefore  log,oxV=log,,(A  x 10")  = log,,A  +m. 

Now  A lies  between  10®  and  10^,  and  therefore  log  A lies 
^xjtween  0 and  1,  and  is  therefore  a jH'oper  fraction. 

Bnt  log^gN  and  logj^^T  differ  only  by  the  integer  ?i ; 

logipA  is  the  fractional  part  of  logj^A^. 

Hence  ifie  logarithms  of  all  numbers  having  the  same 
SEQUENCE  OP  FIGURES  have  the  same  mantissa. 

Therefore  one  register  serves  for  the  rnantissa  of  logarithms  of  all 
such  numbers.  This  renders  the  tables  more  comprehensive. 

Again,  considering  all  numbers  which  have  the  same 
sequence  of  figures,  the  number  containing  tioo  digits  in  the 
integral  part  =10.  A,  and  therefore  the  characteristic  of  its 
logarithm  is  1. 

Similarly  the  number  containing  m digits  in  the  integral 
part  =10"*.  A,  and  therefore  the  characteristic  of  its  logarithm 
is  m. 

Also  numbers  v'hicli  have  no  digit  in  the  integral  part  and 
one  cypher  after  the  decimal  jioint  are  ec[ual  to  A . 10~^  and 
A . 10~2  respective!}-,  and  therefore  the  characteristics  of  their 
logarithms  are  -1  and  — 2 respectively. 

Similarly  the  number  having  m cyphers  following  the  decimal 
point  = ^ . 10-'”*+^>; 

.-.  the  characteristic  of  its  ' logarithm  is  ~{m+  1). 

Hence  we  see  that  the  characteristics  of  the  logarithms  of  all 
numbers  can  be  determined  by  inspection  and  therefore  need  not  be 
registered,.  This  renders  the  tables  less  bulky. 
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469.  The  method  of  using  Tables  of  Logarithms  does 
not  fall  within  the  scope  of  this  treatise,  but  an  account  of 
it  may  be  found  in  the  Author’s  work  on  Elementary 
Trigonometry. 

470.  We  proceed  to  give  a short  explanation  of  the  way 
in  which  Logarithms  nre  applied  to  the  solution  of  ([uestions 
relating  to  Compound  Interest. 

471.  Suppose  r to  represent  the  interest  on  .£1  for  a year, 
then  the  interest  on  P pounds  for  a year  is  represented  by 
Pr,  and  the  amount  of  P pounds  for  a year  is  represented 
hy  P + Pr. 

472.  To  find  the  amount  of  a given  sum  for  any  time  at 
compound  interest. 

Let  P be  the  original  principal, 

r the  interest  on  £1  for  a year, 
n the  number  of  years. 

Then  if  Pi,  Pg,  P^...P„  be  the  amounts  at  the  end  of 
1,  2,  3 ...  ■/!  years, 

Pj  = P +Pr  = P (l+r), 

P2  = Pj  + Pjr  = Pj  (1  +?')  = P(i  +r)2 
P^  = P,  + P,r  = P,{l+r)  = P{l+rf, 


P„  = P(l+r)». 

473.  Now  suppose  P,„  P and  r to  be  given : then  by  the  aid 
of  Logarithms  we  can  find  n,  for 

log  P„  = log  jP(l  + r)"j 

= log  P + n log  (l+r)  ; 

■ „_log^^.-logi^ 

log  (l+r) 
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474.  If  the  interest  l)e  payable  at  interv’^als  other  than  a 
year,  the  tornmla  = P {\  +r)”  is  applicable  to  the  solution  of 
the  (jnestion,  it  being  observed  that  r represents  the  interest 
on  .£1  lor  the  period  on  which  the  interest  is  calculated,  half- 
yearly,  quarterly,  or  for  any  other  period,  and  n represents  the 
number  of  such  periods. 


For  example,  to  find  the  interest  on  P pounds  for  4 years 
at  compound  interest,  reckoned  quarterly,  at  5 per  cent,  per 
annum. 


Here 


_1  ,5  1-25 

^ 4^^  100  “100“ 

w = 4 X 4=  16  ; 

.-.  P„  = P(l-t--0125y6 


•0125, 


Examples.— clxii. 

N.B. — The  Logarithms  required  may  be  found  from  the 
extracts  from  the  Tables  given  in  i)ages  329,  330. 

1.  In  how  niaiiy  years  will  a sum  of  money  double  itself 
at  4 per  cent,  compound  interest  ? 

2.  In  how  many  years  will  a .sum  of  money  double  itself 
at  3 per  cent,  compound  interest  ? 

3.  In  how  many  years  will  a sum  of  money  double  itself 
at  10  per  cent,  compound  interest  ? 

4.  In  how  many  years  will  a sum  of  money  treble  itself 
at  5 per  cent,  compound  interest  ? 

5.  If  £P  at  compound  interest,  rate  r,  double  itself  in  n 
years,  and  at  rate  2r  in  m years ; show  that  m : n is  greater 
than  i ; 2. 

6.  In  how  many  years  will  £1000  amount  to  £1800  at 
5 per  cent,  compound  interest  1 

7.  In  how  many  years  will  £P  double  itself  at  6 per  cent, 
per  ann.  compound  interest  payable  half-yearly? 


APPENDIX. 

476,  The  following  is  another  method  of  proving  the  prin- 
cipal theorem  in  Permutations,  to  which  reference  is  made  in 
the  note  o i page  289, 

To  prove  that  the  number  of  permutations  of  n things  taken  r at 
a time  is  n , (n  - 1) (n  _ i-  + i 

Let  there  he  n things  a,  b,  c,  d 

If  n things  he  taken  1 at  a time,  the  number  of  permutations 
is  of  course  n. 

Now  take  any  one  of  them,  as  a,  then  1 are  left,  and 
any  one  of  th^e  may  he  put  after  a to  form  a permutation, 

2 at  a time,  in*hich  a stands  first:  and  hence  since  there  are 
n things  which  may  begin  and  each  of  these  n may  have  n—\ 
put  after  it,  there  are  altogether  n(n  — l)  permutations  of  n 
things  taken  2 at  a time. 

Take  any  one  of  these,  as  ah,  then  there  are  n - 2 left,  and 
any  one  of  these  may  be  put  after  a 6,  to  I'orm  a jjermutatioii, 

3 at  a time,  in  which  ab  stands  first  : and  hence  since  there 
are  n{n  - 1)  things  which  may  begin,  and  each  of  these  n{n  - 1) 
may  have  w - 2 put  after  it,  there  are  altogether  n{n-l)  {n-  2) 
permutations  of  n things  taken  3 at  a time. 

If  we  take  any  one  of  these  as  ahc,  there  ar,.  n - 3 left,  and 
so  the  number  of  permutations  of  n things  taken  4 at  a time  is 
71 , (?i  — 1)  (w  - 2)  (?i  - 3), 

So  we  see  that  to  find  the  number  of  permutations,  taken 
?■  at  a time,  we  must  multiply  the  number  of  permutations 
taken  r-1  at  a time,  by  the  number  formed  by  subtracting 
r—  1 from  n,  since  this  will  be  the  number  of  endings  any  one 
of  these  permutations  may  have. 

Hence  the  number  of  permutations  of  n things  taken  5 at  a 
time  is 

n(n-l)(n-2)  (?r  - 3)  x (7v-4),  or  7i(n- 1)  (n- 2)  (ri-3)  (n-4); 
and  since  each  time  we  multiply  by  an  additional  factor  the 
number  of  factors  is  equal  to  the  number  of  things  taken  at  a 
time,  it  follows  that  the  number  of  permutations  of  n things 
taken  r at  a time  is  tin;  product  of  the  factors 

n.(7t- 1)671-2) (7i-r  + l), 
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+ m^n  + &c. 


3.  a — 1,  — a + 1,  + &c.,  tt®  — a^  + &c.,  — a®  + &c. 

4.  y + 1,  + 1,  y*  + y'-^  + &c.,  y^  + y^  + &c.,  y^  + y"^  + &c. 


xvii.  (Page  43.) 

I.  5x(x-3).  2.  3x  (cc^  + 6x  - 2).  3.  7 (7^^  - 2y  + 1). 

4.  4xy(x^-3xy  + 2y^).  5.  a;(x^  — aa;‘^  + 6a;  + c). 

6.  3x^i/2  - 7x  + 9i/^).  7.  21  aW  (2  + - 9a^b^). 

8,  45x^2/^  (x^^^  — 2x  - 8^). 

xviii.  (Page  44.) 

I.  (x-a)(x  — 6).  2.  (a  — x)  (6 x).  3.  {o  — y)(c  + 7j). 

4.  (ci  + m)  (6  + ri).  5.  (ax  + y)  {bx  - y).  6.  (a6  + cfZ)  (x  - 1/). 

7.  (cx  + rmj)  (dx  - nyy  8.  (a^-hd)  (hx  — dy). 


xix.  (Page  45.) 

I.  (x  + 5)(x  + 6).  2.  (x  + 5)(x+12).  3.  (^+12)(^+1). 

4.  (y  + ll)(i/+ 10).  5.  (m  + 20)(w  + 15).  6.  (m  + 6)(m+17). 

7.  (a  + 8&)(a  + &).  8.  (x  + 4j}i.)(x  + 9ni).  9.  (y  + 3n)(^+ 16w). 


10. 

(2  + Af)  (z  + 25^). 

1 1. 

(x‘-^  + 2)(x2  + 3). 

12. 

(x^  4- 1)  (x^  + 3). 

13- 

(x?/  4-  2)  (xy  + 16). 

14. 

(xY  + 3)  (xV  + 4). 

15- 

(m^  4-  8)  (m°  4-  2). 

16. 

(n  + 2O7)  (n  + Iq). 

> (x  - 5)  (x  — 2). 

3-  (2/-11)(?/-12). 

5.  (%  - 23)  (?i  — 20). 

7.  (x^  — 4)  (x^  - 3). 

9.  (b'^c^  — 5)  - 6), 


(Page  45.) 

2.  (x  - 19)  (x  - 10). 

4.  (2/-20)  (y-10). 

6.  (n-50)  (ii- 1). 

8.  (ah  — 26)  (a/>  — 1). 
10.  (w^-n){^xyz~2). 
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xxi.  (P;i,i(e  40.) 

I.  (x  4- 12) (a; -5).  2.  (x+15)(x-3).  3.  (a  t 12)  (a -1). 

4.  (a + 20)  (a -7).  5.  (/>  + 25)  (fe  - 12).  6.  (/^  + 30)  (6  - 5'). 

7.  (:c^  + 4)  (x-i- 1).  8.  (xij  + 14)  (xy-U). 

9.  (m-’’ + 20)  (m‘*  — 5).  10.  (n  + 30)  (?i— 13). 


xxii.  (Page  46.) 

I.  (x-ll)(x  + 6).  2.  (x-9)(x  + 2).  3.  (m- 12)(?a  + 3). 

4.  (n-15)(w  + 4).  5.  (y-14)(y+l).  6.  (z-20)(z  + 5). 

7.  (x5- 10)(x»+l).  8.  (cfZ  - 30)  (aZ  + 6). 

9.  (m%  - 2)  (m%  + 1).  TO.  - 12)  (pV  + 7). 


xxiii. 

I.  (x  - 3)  (x  - 12). 

3.  (a6— 18)  («&  + 2). 

5.  (y^+ 10)  — 9). 

7 . X (aj“  + 3ax  + 4^*^). 

9.  (?/^-3)(?/-l). 

II.  (x+a)(x-6). 

1 3.  {ah  - d)  {b  - c). 


(x  + 9)  (x  - 5), 

(x‘*  - 5m)  (x'*  + 2?a). 
(x2+10)  (x2-ll). 
(x  + m)  (x  + w). 

(xT/  - ab)  (x-c). 

(x  — c)  (x  + d). 
4.(x-4y)  (x-3y). 


I.  (x  + oy-^, 

5,  (2! +100)2. 
9.  (x"+12)=^. 


I.  (x-4)‘^. 

5 . (z-bi  ))'i 
9,  (x^-ig)'-^. 


xxiv. 

2.  (x+13)2 
6.  (x2+7)2. 


XXV. 

2.  (x-14)^. 
6.  (x2-ll)^. 


(Page  47.) 

2. 

4- 

6. 

8. 

10. 

1 2. 

14. 

(Page  48.) 

3.  (x+17)^. 


(Page  48.) 

3-  (■f-18)2 

7.  {x-lbyyi 


4-  (2/  + 1) 

8.  (m^  + 8n^)\ 


4.  (2/ -20)2 

8.  (m2-l6n2)2 


7.  (x  + 5?/)2 
10.  (xy  + 81)2. 
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xxvi.  (Page  50.) 

I.  {x  + y){x-y).  2.  (x  + 3)(x-3).  3.  (2k  + 5)  (2x  - 5). 

4.  {a?  + x^){a^~x^.  5.  (k+1)(k-1).  6.  (a;3+ 1)  (x^  - 1). 

7.  (s'*  + 1)  1 ).  8.  (■//i^ 4-  4)  (m^  - 4). 

9.  {(iy  + 7z){6y-7z).  10.  (9x?/  + llafc)  (9x^- lluft). 

II.  {a  — b + c){a-h  — c).  12.  (x  + m-n)  (x-m  + n). 

13.  (a  + b + c + d)  (a  + h — c- d).  14.  2xx2y. 

15.  (x-y  + z)  (x-y-z). 

16.  (a  — b + m + n){a-b  — on-n). 

17.  (a  - c + b + d)  (a  - c - b - d).  18.  (a  + b-c)  (a -b  + c). 

19.  (x  + y + z){x-\  y-z).  20.  (a-6  + m-?i)  (a-fe  — m + n). 

21.  (ax  + by  + 1)  {ax + by — 1).  22.  2axx2by. 

23.  (1 +rt  — fe)  (I -a  + 6).  24.  {I +x-y)  {I -x  + y). 

25.  (x  + y + 2!)  (x-^-z).  26.  (a  + 2b-2c)  (a-2b  + 'Sc). 

27.  (a^  + 4/))  (11^- 4&).  28.  (1  + 7c)  (1  - 7c). 

29.  (a-b  + c + d)  {a-b- c — d).  30.  {a-\-b  — c — d){a-b  — cA  d). 

31.  3xx  (ax  + 3)  (ax  — 3).  32.  {a%'^  + c^)  {a^V^  — c^). 

33.  12(x-l)  (2x+l).  34.  (9x  + 7?/)  (5x  + y). 

35.  1000x506. 


xxvii.  (Page  51.) 


I.  {a  + b)  {oP‘-abAb‘^).  2.  {a-b)  {a‘^  + ab  + h'^). 

3.  {a  - 2)  («2  + 2a  + 4). 

4.  (x  + 7)  (x2-7x4-49). 

5 . (i  - 5)  (62  + 56  + 25).  6.  (x  + Ay)  (x-  - 4.ry  + 1 6y^). 

7.  (a  - 6)  ((t‘2  4-  6a  4-  36).  8.  (2x  4-  3y)  (4x^  - 6x^  + 9y^). 

9.  (4a  - 106)  (16a2  4-  40a6  + 1006‘2). 

1 o.  (9x  4-8?/)  (8 1 x‘2  - 7 2o:y  + 64  y^) . 

II.  {x  + y)  (x‘2  - xy  + y-)  (x  - y)  (x^  + xy  + ?/2). 
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12.  (a:  + 1)  (a;2  - a:  + 1)  (o;  - 1)  {x^  + x + 1). 

13.  (a  + 2)  - 2a  + 4)  (a  - 2)  (a^  + 2a  4). 

14.  (3  + y)  (9  - 37/  + 7/2)  (3  - y)  (9  4 3t/  + 7j2). 


I. 


3- 

7. 

13- 

16. 
17- 
2 2. 
27. 

31. 


1. 

2, 

j- 

4- 

5- 

6. 

7. 

8. 
9- 

[O. 

1 1. 


xxviii.  (Page  51.) 


a + b. 

2 

Take  b from  a 

and  add  c 

to  the  result. 

2x. 

4- 

a- 

5. 

5.  a:  + l. 

6.  X 

— 2,  X-  1,  : 

X,  x+  1, 

x + 2. 

0. 

8. 

0. 

9- 

da.  10. 

. c. 

• 

II.  x~y. 

12. 

x-y. 

365- 

6x. 

14.  x-10. 

15.  x + 5a. 

A has 

x + 5 shillings,  B has 

7/ -5  shillings. 

X — 8. 

18. 

xy. 

19.  12- 

x-y. 

20.  nq. 

21.  25  — X. 

y — 2b. 

23' 

. 256?a®.  24. 

4b. 

25.  X - 5. 

26. 

y+7. 

x2  - ^2 

j8. 

(x  + 7/)  (x- 

y)- 

29.  2. 

30- 

2. 

28. 

32. 

7. 

33-  23. 

34*  5. 

35. 

10. 

xxix.  (Page  53.) 

To  a add  b. 

From  the  square  of  a take  the  square  of  b. 

To  four  times  tlie  square  of  a add  the  cube  of  b. 

Take  four  times  the  sum  of  the  squares  of  a aud  b. 

From  tlie  square  of  a take  twice  h,  aud  add  to  the  result 
three  times  c. 

To  a add  the  product  of  m and  b,  and  take  c from  the 
result. 

To  a add  m.  From  b take  c.  Multiply  the  results 
together. 

O 

Take  the  square  root  of  the  cube  of  x. 

Take  the  square  root  of  the  sum  of  the  squares  of  x and  y. 
Add  to  a twice  the  excess  of  3 above  c. 

Multiply  the  sum  of  a and  2 by  the  excess  of  3 above  c. 
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12.  Divide  the  sum  of  the  SQuares  of  a,  and  h by  four  times 

the  product  of  a and  h. 

13.  hrom  the  square  of  x subtract  tlie  square  of  and  take 

the  square  root  of  tlie  result.  Then  divide  this  result 
by  the  excess  of  x above  y. 

14.  To  the  square  of  rc  add  the  square  of  y,  and  take  the 

square  root  of  the  result.  Then  divide  this  result  by 
the  square  root  of  the  sum  of  x and  y. 


XXX. 

(Page  53.) 

I. 

2. 

2. 

0. 

3- 

17. 

4- 

31. 

5- 

20. 

6. 

33. 

7- 

105. 

8. 

27. 

9- 

14. 

10. 

120. 

1 1. 

210. 

12. 

1458. 

13- 

30. 

14. 

5. 

15- 

3. 

16. 

4. 

17. 

49. 

18. 

10. 

19. 

12. 

20.  4. 

, 21. 

43. 

22. 

20. 

23.  29. 

24 

..  41536. 

2 

5.  52. 

xxxi.  (Page  54.) 

I.  0.  2.  0.  3.  2ac.  4.  2xy.  5. 

6.  Ax^  4-  (6m  - 6n)  - {Atri^  + 9m??  + An"^)  x^ 

+ {6mhi  — X + Anihi^. 

7.  cr^  + dr  + e.  8.  - + ib-cK 

When  c = 0,  this  becomes  - -¥ + 2a^b'^.  When 

h + c = a,  the  product  becomes  0.  When  a = h = c it 
becomes  3a'*.  9.  0.  jq.  34 

12.  (a)  {aAh)x^+(c  + d.)x.  (^)  {a-h)x^-{c  + d~^)x‘^-. 

(7)  {A-a)x^-(:A  + h)x}-(J,  + c)x.  (5)  -¥  + {^a  + 2h)x. 

(e)  (m2-  /r=^)x*  + (2m.g-2vny)a:'>+(2m-2?i)a:2. 

13.  a;3-(a  + 6 + c)  x^  ■¥{ah  + acAhc)x-ahc. 

14.  4-  (a  + 6 + c)  x^  4-  (ah  +ac  + bc)x  + abc. 

15.  (a  4-  6 4-  c)3  = a^  4-  3a‘^b  + 3a¥  + b^  + ¥ + 3a-c 

4-  6a6c  4-  36-c  4-  3ac2  4-  3hc^. 
(a,  + b-cY  = a^  + 3a% 4-  3((¥  + ¥-¥-  ?,a-c 

- i^nhc  - 3b-c.  4-  3ac~  4-  3k". 
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{b  + c-ay=  -a^  + 3a^b - Zalf-  + h^  + c^  + \ia\ 

- Qabc  + Zbh  ~ Sac^  + SJc^. 

{c  + a~hf  = a^~ 3a2&  + 3,,ft2 _ 53  + ^3  + 3^20 

- 6a6c  + 'ih'k  + Sac^  - 

The  sum  ot  tlie  last  three  subtracted  from  the  first  mves 
24a6c\ 

16.  9a2  + 6ac  — 3a6  + 46c  - 662. 

1 8.  2ac  — 26c  — 2«rf  + 26c?,  The  value  of  the  result  is  — 26c. 

19.  «6  + a;y  + (6+  1 +2a)a:+(2a-6-  l)y. 


20, 

. 9. 

21.  a6  + 

a:“  + (a  - 6 + 1) 

3/  — (ct  + 6 + £ 

)y- 

22. 

, 2. 

23.  (^m 

+ 4?i  + 1)  a:+  (1 

- On 

— 4m)  y 

25- 

4cc2  + 6ac  + 2c(6 

+ 96c  — 6&3.  26. 

3;  128;  3; 

118 

27. 

9. 

28.  44. 

29. 

20.  30. 

35. 

31- 

28. 

xxxii. 

(Page  60.) 

I. 

3. 

2.  2. 

3-  1. 

4-  7.  5.  2. 

6.  2. 

7- 

3. 

8. 

4. 

9.  9. 

10. 

Ans.  54. 

II. 

2. 

12.  9. 

13.  9. 

14.  -7. 

15- 

3. 

16. 

7. 

17- 

2. 

18.  8. 

19.  10. 

20.  6. 

21. 

4. 

22. 

10. 

23* 

3. 

24.  15. 

25.  1. 

26.  2. 

27. 

3. 

28. 

4. 

29. 

6. 

30.  -1. 

xxxiii. 

(Page  62.) 

I. 

70. 

2.  43. 

3-  23. 

4.  7,  21. 

5- 

36,  26, 

18, 

12. 

6. 

12,  8. 

7.  50, 

30.  8. 

10,  14,  18,  22 

,26, 

30.  9.  £68. 

10. 

12  shillings,  24 

shillings. 

II.  52. 

12.  A has  X130,  B £150,  G .£130,  D £'90. 

13.  152  men,  76  Avomen,  38  children.  14.  £350,  £450,  £720. 

15.  21,  13.  16.  £8.  15s.  17.  84,  26.  18.  62,  28. 

19.  The  wife  £4000,  each  son,  £1000,  each  daughter  £500. 
do.  49  gallons.  21.  £14.  £24,  £38.  22.  31,17 
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23.  ^21. 

27.  60,  24. 
32.  57,  19. 
36.  200,  100. 


24.  48,  36.  25.  50,  40.  26.  42,  18. 

28.  8,  12.  29.  88.  30.  18.  31.  40, 

33.  4.  34.  80,  128.  35-  19,  22. 

37.  23,  20.  38.  53,  318.  39.  5,  10,  15. 


I.  a^. 

6.  a%'^. 


2.  xhj^z, 

7.  2. 


xxxiv.  (Page  68.) 

3.  ^x-y.  4.  \bm~nfp.  5.  18a&cc^. 

8.  9.  4xh/z‘^.  10.  30x‘V- 


XXXV. 

(Page  69.) 

I. 

a - 6. 

2.  a2-6‘4  3. 

a — X.  4. 

a + x. 

5 . oX  + 1 , 

6. 

1 -5a. 

7,  X + 2/.  8. 

X - y.  9. 

X-  1. 

10.  1+a. 

xxxvi. 

(Page  70.) 

I. 

3453. 

2.  36.  3.  936. 

4.  355. 

5.  23. 

6.  2345. 

xxxvii. 

(Page  74.) 

I. 

x + 4. 

2.  X + 10. 

3.  x-7. 

4- 

X + 12. 

5- 

x-3. 

6.  x + 3)/. 

7.  x-4y. 

8. 

X - 15y. 

9- 

x-y. 

10.  x + y. 

II.  X — y. 

12. 

x + y. 

13- 

x + y. 

14.  a + h - c. 

15.  4x  + y. 

16. 

3x  - y. 

17. 

bx  — y. 

18.  x'^  + x^  - 4.x^  + X + 1. 

19.  x^ 

— 2x  + 4. 

20.  x^-t  xy  + y^ 
23.  ‘,ix-y. 

26.  3 (a  - x). 
29.  x^  + y\ 


21.  + — X-  1. 

24.  3X-117/. 

27.  3x  — 2. 

30.  x + 3. 


22.  3rt^+  2a/)-  6^. 
25.  3a-&. 

28.  3x^  + tt^. 

31.  (3a  + 2x)x. 


xxxviii.  (Page  76.) 

I.  x + 2.  2.  x-1.  3.  x+1.  4.  2/-I. 

5.  x2-2x  + 5.  6.  x-2.  7.  y--2y  + b. 
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xxxix. 

(Page  81.) 

1 

2x 

56 

2x^ 

I. 

6a 

9- 

12  a 

4- 

bz  ' 

aHfe^ 

~3~- 

7.  X 

' 2a2i 

8. 

bb'^c 

4a‘^‘ 

_4_ 


1 

3y-6xz‘ 
3ab 


17- 


20. 


23- 


2bc  + c 
5 

2x  - 2^' 
2az‘ 


lO. 


5m 


P 


1 1. 


a 


« + &■ 


H- 


2a  + .oj 
4ax^  — x‘ 


15- 


be 


1 8. 


c - 2a 
c + 2a' 


12. 


1 6, 


2mx 

3m^p  — x' 
a^ 

2x  - 3y 
3 


19. 


21. 


lax  - 7 by 


22. 


2 


24. 


2a^c 


25. 


2c' 


9abx—  12cdx‘ 

^ 2a  + 2b 
26. ^ — . 


27. 


l2* 


28. 


iC 

? 


Xl. 


a + 5 

2. 

I . 

a + 3' 

4- 

x-6y 
x + 7y' 

5- 

7- 

x — 2 

8. 

x + 4' 

10. 

X?  - bx  + 6 

1 1. 

3x‘‘^-8x 

12. 

a^4-5a  + 5 
a^  + a — 2' 

13- 

15- 

d^  — a+\ 
a2  + a+r 

16. 

18. 

10a—  14a^ 
15  — 9a-  6a‘-^’ 

10. 

✓ 

(Page  82.) 


X— 5 

3- 

a+ 1 

a: -3' 

x-7' 

x^  — x+1 

6. 

x^  + y^ 
X?  - y^’ 

x — 6 

9- 

x‘^  -bx  + Q 

sT-n' 

3x2  _ 7x  • 

x^  + xy-  ^2 
x^  - xy  - y^’ 

6^  + 56 

14. 

m2  + 4m 

6^  + 6 - 5' 

m2  + m - 6' 

6ax—7a 

17- 

14x-6 

7x^  - '6x' 

9ax  - 21a’ 

2ab^  + 3a6  - 5a 

76'^  - 56 
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20. 

23- 

26. 

29. 


32- 


a^  - a + 1 

3x-l 

a — 5 

99 

a‘^  — 2a  + 2‘ 

2 I • 

x2-r 

a - 3 

X“  — 2x  + 2 

2x^  + 3x  — 5 

x"'^  - 2 

24. 

3. 

7x-5 

4x^  + 9x  + 1 

27. 

2x  — 3a 

08  --- 

2x-  — 3x  — 2’ 

4x‘^  + 6ax  + 9a-' 

X—  2 

X — 3 

m — 1 

x'-^  + 5x 

X + 1' 

30- 

m+ r 

x + 3' 

a-h-c 

33- 

5a  + 26 

X — 5 

a + b-c 

3a  + 26’ 

2x  + 3‘ 

x^  + x-\-V 


38. 


a;2  — 2a;  + 3 
2x‘-^  + 5a:  — 3' 


36. 

39- 


x^  + x^  — 2 

2x‘^  + 2x  + r 

x^  — 2a;^  — 2a;  + 1 
'4a;2-7x-  r ‘ 


37. 


40. 


+ X - 1 2 

3./;  ^ t) 

a~  — 5a  + (j 
3a‘-^  — 8a 


xli. 

(Page  86.) 

I. 

7x^ 

12^^' 

2. 

1 

2' 

2x^ 
3*  37/3- 

4- 

9ax' 

6. 

4 

3 

8. 

Sa^c^ 

5- 

ax. 

9' 

7-  3* 

9rf3  ■ 

9- 

Sm'nxy 

4pq^ 

10. 

bkm^ 
4pq  ' 

a-h 

I.  — 


4- 


(x  - 1)  (x  - 6) 


x-“ 


xlii.  (Page  86.) 


7.  1.  8.  6. 

X — m + w 

II.  . 


4 

2. 
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3.  a;  = 42 

4.  a:  =10 

2/ = 12. 

2/ = 30. 

2/ = 35. 

2/ = 5. 

05 

II 

6.  a:  = 4 

7.  a:  = 5 

8.  x = 40. 

2/ = 140. 

2/  = 9. 

2/  = 2. 

2/ = 60. 

9.  x=12 
2/  = 6. 

10.  x=19 
2/ = 3. 

II.  a:  = 6 
2/ =12. 

3201 

^ = T08 

13.  x = 6 
2/  = 5. 

14.  a:=19| 

Zi 

1 

^5.  ^=4 
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59* 

2/=-17 

1 

^ = 5- 

Ixxv. 

(Page  149.) 

I. 

mq  — np 

ce  + bf 
2.  X=.-; — ^ 
bd  + ae 

em  + bn 

3.  x= =— 

ae  + be 

mq-  nj) 

cd  — af 
^ bd  + ae 

an  — cm 
^ ae  + bc' 

de 

4.  a:  = — 
c + ci 

n'r  + nr' 
mn'  + m'n 

, a + b 

6.  x=  ^ 

ce 

mr'  - m'r 
^ mn'  + m'n 

a — b 

II 

S.  x=\ 
ab 

•26*-6a*+rf 

c (ac  - d) 
'^~~a/^h  d ' 

Sa^  -b'^  + d 

36  -• 

36 
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lo.  x = 


y= 


a 

he 

a + 2b 


I I.  x = 


y= 


b + c 
b^  — 
a 


bm 

12.  x = ^ 

b — m 

bm 


y= 


b + m’ 


I.  = 2 
1 

?/  = 4- 


Ixxvi.  (Page  151.) 
1 


2.  X = 


y= 


b — 2a 
2 

Sa  - b' 


b^  — 

3-  ^ = 

bd  — ac 

_b^  - 

^ be  — ad' 


y 


2a 

61 

m + 11 

5- 

2b 

61 

II 

1 

O' 

1 

O'  ^ 

^ 103' 

1 

^ 1 

T~1  — 

8.  x=- 

€b 

n 

y=b- 


1 

y=—. 
^ m 


. 1 

6.  0.=- 


2'=5- 


Ixxvii. 

(Page  153.) 

I , X’  = 1 

2.  x = 2 

3.  x = 4 

4.  x = 5 

y = 2 

y = 2 

y = 5 

y=a 

z = 3. 

z = 2. 

z = 8. 

2 = 8. 

5.  x=  1 

6.  x = 1 

2 

8.  x = 5 

y=2 

y = 4 

7.  = 3 

y = 6 

z = 3. 

z = 6. 

y=-7 

z = 1. 

9.  x = 2 

10.  x = 20 

2 = 36.^. 

2/  = 9 

y=l0 

3 

«=10. 

2 = 5. 

Ixxvi  ii. 

(Page  155.) 

I.  16,  12. 

2.  133,  123.  3. 

7-25,  6-25. 

31,23. 

5.  35,  14. 

6. 

30,  4t>,  50. 
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7- 

£60,  £140,  £200.  8. 

22s.,  26s. 

9.  £200, 

£300,  £260. 

10. 

41,  7. 

II.  47,  11. 

12.  35,  11, 

98. 

I 

3.  £90,  £60. 

14. 

60,  36. 

15.  6,4. 

16.  40,  10 

17- 

5-03,  1 072 

18. 

10  barrels 

!.  19. 

3s.,  Is.  8d. 

20. 

£20,  £10. 

21. 

15s.  lOd., 

12s.  6fZ. 

22.  4s.  6d.,  3s. 

23.  35,  65 

24- 

26. 

25.  28. 

26.  45. 

27. 

24. 

28.  45. 

29. 

84. 

30.  75. 

31.  36. 

32. 

12. 

33-  333. 

34- 

584. 

35.  759. 

36. 

37- 

4 

15’ 

38.  g. 

2 

7 

35 

19 

39- 

3‘ 

40-  jg. 

41-  41 

42-  4Q- 

43.  ^1000.  44.  ^5000,  6 per  cent.  4;.  .£4000,  5 per  cent. 

46.  31^,  18  y 47.  20,  10.  48.  3 miles  an  hour. 

4 4 

49.  20  miles,  8 miles  an  honr.  50.  700.  51.  450,600. 

52.  72,  60.  53.  12,  5s.  54.  750,  158,  148. 

55.  15  and  2 miles.  56.  The  second,  320  strokes.  58.  50,30. 

5 

59.  4 yd.  and  5 yd.  60.  -,  6,  4 miles  an  hour  respectively. 
61.  142857. 


Ixxix.  (Page  164.) 


I.  2a:y. 


2.  3.  ll?)c'’?i,‘'Y“. 


5.  267a.2fo:-\ 
1 


6.  13a^6'*c^ 


10. 


16.r« 

177/' 


3ff 

41)' 

1 1. 


4.  8a%*c. 

8 _l 

2ac2- 


25a 

186' 


Ixxx.  (Page  167.) 

2.  4k-'-?iP.  3.  «()  + 81.  4.  ^■5-19. 

6.  a;2  _ 3x  4 5.  7,  3^2  4 2x  + 1 . 


I.  2a  + '4h. 

5.  3ak-17. 
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8. 

2/-^-3r+  1. 

9.  2?i'-^4-?i- 2. 

10.  l-3x  + 2x‘^. 

II. 

^3  _ 2a;2  + 3 j. 

1 2.  2i/^  - 3^2  + 42^. 

13.  a + 26  4 3c. 

14. 

+ aW  + h\ 

15- 

- 2a:‘^  — 2.x  — 1. 

16. 

2,/j2  + 2ax  + 46‘^. 

17- 

3 -4x  + 7x2-10x1 

18. 

4(1^  - 5a6  T 86a;. 

19. 

3(t‘2  - 4.a'p^  - 5t. 

20. 

2?/2x  - 3^x2  + 2x^. 

21. 

bx^y  — 3x^2  + 2y^. 

22 

4x^  — 3xy  + 

23.  3n  — 26  + 4c. 

24.  x2  — 3x  + 5. 

25. 

bx-2y  + 32. 

26.  2x“  — y + y^. 

Ixxxi.  (Page  168.)  ♦ 


0 3 

I.  2a’-—. 
*± 

3 



a 

a 

'Z' 

2 1 

3.  a2 

a 6 

4-  T + — • 
b a 

5.  X2 

1 

-x  + 2- 

6.  x2  + X - 

Ji 

62 

7.  2a-'3b  + ~. 

4 

8.  x2 

+ 4 + 4- 

4 

9.  -a^x  + 2a2 

1 2 3 

10. 1-  -. 

X y z 

1 1. 

6m  - - +^. 
n 5 

1 2 a6  - 3cd  + -y. 

13- 

2x  3^  2 

z z x‘ 

2 m ^ 3n 

14. 4 . 

n rti 

IS- 

abed 

3~l^b~2' 

1 6.  7x2  _ 2a;  _ 

2t 

18.  3x2-|-3. 

0 

17- 

.j  •>  «a;  , 

3x2  _ ^ 

A 

* 

Ixxxii. 

(Page  170.) 

I.  2a.  2. 

3x?y^. 

3.  - bmn.  4.  — ( 

5.  6.  —lOahh'^.  7.  8. 
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I.  a-b. 

5.  x-y  + z. 
8.  x-y  + 2z. 
II.  x + 2y  — z. 


I.  2a. -3a:. 
4.  a-h. 


I.  ±8. 

5.  ± 

9.  ± 52. 


12.  ± 


I.  6,  -12. 
5.  3,  -131. 

1.  7,  -1. 

5.  8,4. 

9.  12,  10. 


I.  3,  -10. 

1 _5 

5-  4»  4* 

8.  8,  -7. 


Ixxxiii.  (Page  172.) 

2.  2a  + 1.  3.  a + 8&. 

6.  3ro‘'^-2a;+l.  7- 

9.  a^  — 4a  + 2.  10. 

12.  13. 


4.  a + h -\-c. 
1 — a + a^. 
2w^-3m+  1. 

m + 1 - 

m 


Ixxxiv.  (Page  173.) 

2.  1 - 2a. 

5.  a:+l. 

Ixxxv.  (Page  175.) 

2.  +ab.  3.  ±100. 

6.  ±8aV.  7.  ±6. 

10.  ±4.  II. 


3.  5 + 4a:. 

6.  m - 2. 


4-  ±7. 

8.  ±129. 


q — n 
m 


'i.  + ../fi. 


Ixxxvi. 

2.  4,  - 1(1 . 

6.  5,  -13. 

Ixxxvii. 

2.  5,  - 1. 

6.  9,  5. 

10.  14,  2. 

Ixxxviii. 

2.  12,  - 1. 


(Page  179.) 

3.  1,-15. 

7.  9,  -27. 

(Page  180.) 

3.  21,-1. 

7.  118,  116. 

(Page  181.) 

7 

^‘2’  2 ■ 


4.  2,  - 48. 

8.  14,  -30. 


4.  9,-7. 

8.  10  ±2^34. 

4.  20,  -7. 
7.  45,  -82. 
10.  290,  1. 


6.  9,  -8. 
9.  4,  15. 
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Ixxxix.  (Page  182.) 


7 5 

3’  3‘ 

1 3 

"5’  -5- 

3-  3,  -. 

4.  1,  4- 

3 5 

5-  5’  f 

6.  4, 

7.  8,  1 

8-  7,  -y. 

XC.  (Page  182.) 

-I- 

iA  49 

2.  10,  ^ . 

3- 

4-  B.-¥- 

1.  16 
5-  6,  - 5-. 

6.  4,  1 

7.  S. 

7 3 

2’  14' 

XCi.  (Page  184.) 

■ ( O 

I.  - a±  \/2  . a. 
^ » 

2.  2a±  ;^11  .a. 

, m 7m 
3-  2’ 

o ^ 

4-  3w,  2*  5‘ 

1,  - a.  6.  b,  — a. 

a? ab  a^-  ab. 
a ~b ’ a +b 

8. 

c a 

c+  J(c^  + Aac) 
2(a  + 6)  ’ 

c-  s/(c^  + 4ac) 
2(a  + 6)  • 

h‘^  h'^  2a -h  3a  + 2b 

ac’  ac  ’ ac  ^ be  ' 

__a^±bcP  _ ac^  + W 
2a  + 3d  c*  2a  3d  nj c 


xcii.  (Page  185.) 

I.  8,  - 1. 

2-  -1.  3-  12,  - 1.  4.  14,  - 1, 

5.  2,  —9. 

6.  6,  7.  5,  4.  8.  4,  - 1.  9.  8,  - 2. 
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3,  ■ 
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3’ 

_ 1 

"•  ^>3- 

12.  12,  - : 

1. 

13.  14,  -1. 

14. 

3 

2’  ■ 

5 

6‘ 

15.  13,  - 

13 

3 

16.  5, 

4. 

17.  36^  12. 

18. 

6,S 

25  5 

10 

^ 10 

S.  19-  iQ,  3- 

20.  - 

7 ’ 

21.  7,  -y. 

^ 1 

1 
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2 1 
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- 5. 

23-  3,  -2 

24.  2>  - 

3’ 

25. 

26. 
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- 14. 
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3’ 
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■ 4* 
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23 

14 
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0 21 
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15’ 

31-  3, 

3* 
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'3' 

33-  4, 

34- 
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- 10.  35 

, 2 58 
’*  ’13‘ 

36.  5,  2.  37.  - 

-a,  - 

-b. 

38.  -a,b. 

„ a 

2a 

a b 

39- 

Cl’  "t* 

b,  a — b. 

40.  a^, 

-a^.  41. 

T' 

fe’a- 

xciii. 

(Page  187.) 

I. 

z = 

30  or  10 

'y 

X- 

= 9 or  4 

j- 

x = 

25  or  4 

10  or  30. 

y= 

= 4 or  9. 

y= 

4 or  25. 

4- 

X — 

22  or  - 3. 

5- 

X- 

= 50  or  - 5 

6. 

x = 

: 100  or  - 1, 

y= 

3 or  - 22. 

y-- 

= 5 or  - 50. 

y= 

: 1 or  — 100 

xciv, 

1 

(Page  187.) 

I. 

X — 

6 or  - 2 

2. 

X-- 

= 1 3 or  - 3 

3- 

X — 

: 20  or  - 6 

y= 

2 or  — 6. 

y- 

-3  or  -13. 

y= 

6 or  - 20. 

4- 

x = 

4 

5. 

X- 

= 10  or  2 

6. 

x = 

40  or  9 

4. 

y 

= 2 or  10. 

y= 

= 9 or  40. 

xcv. 

(Page  188.) 

I. 

x = 

4 or  3 

2. 

X 

= 5 or  6 

3- 

x=^  10  or  2 

y= 

3 or  4. 

V 

= 6 or  5. 

y= 

-2  or  10. 

4. 

X — 

4 or  - 2 

5- 

X 

= 5 or  - 3. 

6. 

x = 

=7  or  - 4 

y= 

2 or  —4. 

y 

= 3 (jr  - 5. 

: 4 or  - 7. 
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r . X = 5 or  4 
y — 4 or  5. 
4.  x = 3 
2/  = 4. 


I.  x = 4 or  - 3 
y = 3 or -4. 

4.  a:=  ±8 
2/=±2. 

7.  ±2 

2/=±5. 

10.  x=  ± 2 
y — + 'S. 


13.  x=  10  or  12 
y=12  or  10. 


xcvi.  (Page  189.) 
2.  x = 4 or  2 

y = 2 or  4. 

1 

5.  ^ = 3 
y = % 

xcvii.  (Page  191.) 

2.  x=  + 6 
2/=±3. 


1 1 
3.  ^ = 3or- 

1 1 
^ = 2°^T3- 

6.  X=;  i 

5 

1 

^ = 2- 


3.  x=  ± 10 
2/=±ll. 


5.  x = 5 or  3 
y = 3 or  5. 

8.  x=Q 
y = 5. 

II.  x=  ±7 
y=±2. 


6.  x = 5 or 


’28 


« 33 

y = 2 or  - — 


9.  X = + 2 

2/=±l. 
12.  x=3  or 


n 

6 


14.  x = 4 or 


85 


8 

O 19 
y = 9 or—. 


y = 2 or  -P, 

15.  x=  ±9  or  ±12 
y = ± 12  or  ± 9. 


xcviii.  (Page  193.) 

I.  72.  2.  224.  3.  18.  4.  50,  15. 

6.  29,  13.  7.  30.  8.  107.  9.  75. 

II.  18,1.  12.  17,15.  13.  12,4.  14.  1296. 

16.  2601.  17.  6,  4.  18.  12,  5.  19.  12,  7.  20.  1,  2,  3. 

21.  7,8.  22.  15,16.  23.  10,11,12.  24.  12.  25.  16. 

26.  £2,  5s.  27.  12.  28.  6.  29.  75.  30.  5 and  7 liours. 


5.  85,  76, 
10.  20,  6. 

15.  56[ 


31.  101  yds.  and  100  yds. 
34.  16  yds.,  2 yds. 


35-  3' 


32.  63.  33.  63  a,  45  ft. 

36.  100.  37.  1975, 
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xcix.  (Page  199.) 


I.  x — 2> 
y = 2. 

4.  x = 7,  2 
?/=P4. 


2.  x — 5 
l/  = 3. 

5.  x = 3,  8,  13... 

^ = 7,21,35... 


3.  x = 90,  71,  52. ..down  to  14 
7/  = 0,  13,  26  up  to  52. 

6.  x = 91,  76,  61 ...  down  to  1. 

^ = 2,13,24  up  to  68 


7.  a:  = 0,  7, 14,21,28  8.  a:  = 20,39... 

2/  = 44,33,22, 11,0.  y = ‘3,7 ... 


9.  a;  = 40, 49... 
^=13,  33... 


'o.  a:  = 4, 11  ...up to  123  ii.  a:=2  12.  x = 92,83....2 


y = 53,  50 . . . down  to  2. 

4 j 3 8,2 

'3-  7 and-.  14.  ^ and-. 

16.7.  17.12,57,102... 


^ = 0.  8... 71. 

15.  Sways, viz.  12,7,2;  2,6,10. 
18.  3.  19.  2. 


21.  19  oxen,  1 sheep  and  80  hens.  There  is  but  one  other 
solution,  that  is,  in  the  case  where  lie  bought  no  oxen, 
and  no  hens,  and  100  sheep. 


22.  A gives  P 11  sixpences,  and  B gives  A 2 I'ourpenny  pieces. 

23.  2,  106,  27.  24.  3. 

25.  A gives  6 sovereigns  and  receives  28  dollars. 

26.  22,  3 ; 16,  9;  10,  15;  4,  21.  27.  5.  28.  56,  44. 

29.  82,  18;  47,  53;  12,  88.  30.  301. 


c.  (Page  205.) 


(1) 

I. 

s 2 7 

x^  +x^  + x^. 

2.  xHj  + x^y^+x‘y‘. 

3- 

+a^  + a^. 

12  13  12 

(2) 

I. 

£C“'  + ax~^  + h^x~^  + Sx~*. 

2.  xY‘  + '^xy~^  + Ay~*. 

x^y  h * bx^y~h~^  , , 

3.  - + -^^-  ~+xy-^-\ 

4.  + 

o D 


/ON  11 

a'^  l^x-^'^Sx-*- 


1_ 

xY 


2. 


’6xy  “ 5y~®‘ 


•'  (4) 


I. 

3- 

5- 

6. 

8. 

9- 
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4 3 1 

a X 

1,1,1 

„ -4  -1  a-'^h-^c 

1 1 1_ 

A J L 4-  J-  ^ nV 

x^^aj  :jx'^ 


6x  *y  *z  a ‘0  ^c“ 

I.  2 4/xH3  4/(a:t/)  + -^. 

xy-^ 

. h_ 

*"’  4/a:  3 4/x2‘ 


ci.  (Page  206.) 

X*’’  + + y*^.  2 . a*”  — 8 1 y*’'. 

a:®''  + 4aV‘'+16a4  4.  + 2a”'c"  - ft""  + 

2tr  ” + 2(x’"6’*  — 4a”c’‘  — a”b  — 6"+^  + 26c’’  + «.”‘c“  + 6”c^  — 2c''+^ 

^ ^ _ j^Y"  - 7,  0^"  + 0^'^"  + H*" ‘ 

cP  + aP^+P . ¥~p^ -b  + b^-”^ c”  + a^^+p c^~p 

— bP^  c^~p  + c. 

cc*p  + 2a:®p  + 3x*p  + 2xPH-l.  lo.  x*p -2x^p + Soi^p -2xp  + 1. 


cii.  (Page  207.) 


1 . ar’"  + x^”*y”*  + x”'y'^”'  + y^. 

2.  x*’^  — x^“y”  + x~”y^'‘  — x”y^’'  4-  y*". 

3.  ic®’"  + x*'y'  + x^'i/'  + x^'y^''  + x^'y*''  + 1/®’’. 


4.  a}^p  - a*Pl)^  + aW'^  - a^Pb^''  + b^. 

5.  a;^‘'+3x®‘'  + 9x^‘'  + 27£c‘'+81. 

6.  a2-»_2a’"x’*  + 4x*'*.  7.  2-a^p  + 3a;2p 


8.  4b”'c”'-5¥”'. 


9.  a'"‘  + 3a^"‘  + 3a’"+ ]. 


TO.  a’"  + 6"  + c''. 
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ciii.  (Page  208.) 

I.  x-Zx^  + 3x^ -1.  2.  y-l.  3.  a^  — x^. 

4.  a + h + c-3a^b^cK  5.  10x  — llx^y^  + 6xiv^~2ly. 

6.  m — n.  7.  m’*4-  AdKii  + 16(Z. 

8.  16ct  + 8a"6^  + 10a^6^  + 18a"6^- 240.^6’’ - 15a' 

- 276. 


9.  o;^  + 2a  ^ cc  ^ + a^. 

4 324 

II.  X-'’ +2x-'^^'’ +?/5. 


I o ^ ^ . I 
10.  - 2a*’X'^  ^-a*^. 

1 1 

12.  a^  + 2a6^  + 6^. 


13.  x-4x^  + lOx^- 12x^  + 9. 

i 3 2 1 

14.  4x“  4- 12x‘ + 25x‘ 4- 24x^  + 16. 

15.  x^  - 2x^y^  + 2x3^3  +y^  — 2y^z^  4-  z^. 

16.  x^  4-  4x^^^  - 2x^2!^  4-  4y^  — 4y^z^  4-  z^. 


i , h 

I.  xA+y^. 

4,  a'^  - + 6^. 


civ.  (Page  209.) 

2.  a^  — 6^.  3.  x^  + x^y^  + y^. 

4 ,3  1 22  1 3 4 

5.  X'’  - x‘’i/‘’  4-  x-'’^"  - x^'y^  4-  !/•'■’. 


6.  m”  4-  + rn^ii^  + mAn^  4-  ?i”. 

7 . x^  4-  3x^^^  4-  9x^y^  4-  27 y^. 

8.  27a^  4-  18a^6^  4-  12a^6^  4-  86^.  9.  — x^. 

4 3 2 1 

10.  Tii--'’’ 4- 3m''’ 4- 9m®  4-2/ m”  4-81. 


1 1. 

x^  -f  10. 

12.  x^  4-  4. 

13.  -h  + 2b^^  - hK 

14. 

- x®?/-^  — x^Z'^  4-  y>  + Z-*  — y^z^. 

15- 

J..1  _9,,i  _ ]0. 

16.  5»“  4 

11  1 

))/■*  lA  -r  /'••. 

17- 

^*--2j/^  t 1. 

18. 

1 1 
19.  X->  4 7^  - 
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CV.  (Page  210.) 


I . a~^  — b~^.  2.  3.  — x~^. 

4.  x'*  + 1 + x~\  5.  a~^  - b~^.  6.  a~“^  + — lr‘^  + c~‘^. 

7.  1 + + a‘‘6"^.  8.  - a~^6‘*  - 4a~^6^  ~ 4. 


9.  4x  ^-x  ‘^  + 3x  ^4-2x“2  + x“^+ 1. 


lO. 


5x 


7r"3 

-4  + 1:^. 
9 


lOTxj  5x-i  7 
12^  ■^6  ■*'6' 


cvi.  (Page  211.) 


I. 

X - x~^.  2.  a + 6~^. 

3. 

4- 

c**  + cH~^  + c^d~^  + edr^  4-  d~^. 

5- 

X?/“’  + X“^^. 

6. 

a~^  + a~^b~^  + b~K 

7- 

x^y~'^  _ 2 + x~hj'. 

8. 

^x~^  - 5x~2  4-  \x~^  + 9. 
2 4 

9- 

a%-^  - 1 + a-252, 

10.  a~^  — a ^ — a ^ + b ^-b  ^ + c~^. 


evil..  (Page  211.) 


I , x^  - 2x^y^  + 2y. 


X 


W06-H2 
3a— 2 ' 


lOH^Sa 

3.  X . 


„ , 22  _3  421  10  . 1 

5.  7x-^+  -3^^--42“^*~T^  +7- 


2a 

4-  ' 

(x^  — a^)  2 

6.  x". 


7.  X"  - y". 


•!i  3 1 9 12 

8.  a^  + 2a-b'^-2a^b^-b  ^ 


9.  + a^b^  + b^. 


II.  m = n”~^.  1 2.  aj2a+2A+2c^ 

13.  X’”’.  1 4-  10«^.  15.  a^^p. 

1 6.  2a-''**+  2a  b’’  - 4a  c'*  - 3a"  b - 36^+^  + 66c”.  1 7.  c. 
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20. 

21. 

24. 

26. 

cviii.  (Page  215.) 

I.  ^'x^,  4//.  2.  4/(1024),  4/8. 

3.  4^(5832),  4/(2500).  4.  ™;/2’‘,  ”'1^1  •2”'.  5.  ”4/6” 

6.  ^I{a?  + 2ab  + h'^),  i^{a^  — 2a%  + 'iaV^  — h^). 


x^  + x^  A 1. 

a"-^  -1  2a™+”-® . hcx^  - - a™+"^  cV. 


y7(p—l) 

, 1 
144. 


22.  a 


TO— 1 


23.  oi^  - y*”. 


25  _ ^ny(n—l)m  _ ^(m—l)nym  ypin 


X 4-  3x^  - 2x^  — 7x^  + 2x 


cix,  (Page  217.) 
I.  2 ^/6.  2.  5 fj2.  3.  2a  Ja. 

5.  AzsJ{2]jz).  6.  10  ;y/(10a). 

8.  42V(lla:).  9.  6.c^^. 


4.  5a’^(Z  s,l{bd). 

7.  12c  V5. 


II.  (a  + x)./v^a,  12. 

14.  C^c^-y) . sj{^y). 

1 6.  2.c^'^ . 4/(20xy). 


18. 

7a”6^  4^(46). 

19. 

cx. 

I. 

V(48).  2. 

n/(63). 

5. 

:/«/.  6. 
\ ' 

V(9a). 

9- 

v/(to^  — n^)> 

10 

{x-y)^!x.  13.  5(a-h).^/2. 

15.  3a2  4/(2n. 

17- 


{x  + y).^x. 

(Page  217.) 

3.  4^(1125). 
7.  V(48a^x). 
/a  + b 


20.  (a-b).  4/a. 


4-  4^(96). 

8.  A,/(3a-'’x). 
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cxi.  (l^ige  218.) 

The  imnibera  are  here  arranged  in  order,  the  liighest  on  th** 
left  hand. 

I.  v/3,  4/4.  2.  v'iO,  Vlh.  3-  3^2,  2V-3. 


4-  v(;.)>  4 

6.  2 ^87,  3 V33. 

8.  54/18,3^10,34/82. 

•O-  2 v^2,  2^3, 


5.  3^7,4V3. 

7.  34/7,  4^/2,  2 V22. 
9.  54/2,24/14,34/3. 


I.  29^/3. 

4.  134/2. 

8.  48^2. 
12.  2 x/(70). 


16.  2. 


20. 


I 4-CCt/’ 


cxii.  (Page  219.) 

2.  30  v/10+164V2.  3.  (a2  + />2  + c2) 

5.  334/2.  6.  V6. 

9.  4 4/2.  10.  0. 

13.  100.  14.  Sab. 


7.  5^3. 
II.  4 v^3. 

15.  2a5  4/(1 2/0, 


■7-  5- 


18. 


^la 


19. 


I 


cxiii,  (Page  220.) 

I.  ^/(xy).  2.  sj{xy-\f).  3.  a:  + ?/.  4.  ^f{x^-y-). 

5.  18x.  6.  56(a:4  l).  7-  90  V(«‘^  - .r,).  8.  2,r  ^/:], 

9.  —a:.  10.  1-a:.  ii.  - 12x.  12.  (h/. 

13.  - i^f(x^-7x).  14.  6 + 15-  8(a‘‘^-l). 

16.  -6a‘“+12a-18. 


cxiv.  (Page  221.) 

I.  x + ^ sJx+14:.  2.  x-2v'x-15.  3.  a. 

4.  a -53.  5.  3.f  4- 5 v'* - 28.  6.  6x-54.  7.  (j. 

8 v^9x^  4-  3x)  + v^(0x‘-^  - 3.f)  - ^/ (Gx-  - x - 1 ) - 2x  + 1 . 


3^4 
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9- 

(as.')  -f-  sjiiix  — x~)  — (a"  — 

ax)  - a 4-  s. 

10. 

3 -h  ic  4"  \/  (3s  4"  S") . 

11.  s - 7/ 4- 3 4- 2 A^/ss. 

12. 

2s  4-  2 V(as). 

1 3.  432  4-  42  ^f{x'^  - 9)  4-  s' 

14- 

2s  4- 1 1 -1-2  V(^^^  4-  11s  4-  24). 

J5.  2S-44-2  V(s'^-4s). 

16. 

2s  - 6 4-  2 ^/(x^  — 6s). 

17.  4s  4- 9 - 12  ^/s. 

18. 

2s -2  ^/(s“-?/2). 

19.  s-  4-  2s  — 1 - 2 v'  (.s^  - X 

20. 

s^  4- 1 4-  2 V (^^  ~ ^)- 

« 

cxv.  (Page  222.) 

I. 

( \/c+  ^d)(  ^c—  s^fd). 

2.  (c-f  x/r?)(c-  ^/d). 

3.  ( Vc  + ( Vc  - 4.  (1  + V?/)  (1  - x/?/). 

5.  (1  + (1  V3.x).  6.  ])(  ^/5.7)i- 1). 

7.  j2(H-  ^/(3x)}  j2«-  ^/(3x)f.  8.  j3  + 2;^/(2)«.){  j3-2V(2u){. 

9.  U/(ll).7i  + 4nV(ll).H-4f.  10.  {v  + 2^lr)iv--2.Jr). 


1 1. 

(nV+  V3.2)(n^1^- 

v'3.2). 

I 

2.  \or'  + b'^\]a'’'-h'^\. 

a 4 

(ah) 

15.  24  4-17  V2. 

13- 

a — 

b 

16. 

2 4-  x/2.  17. 

34-2^ 

/3. 

18.  3-2  ^/2. 

a 4-  s 4-  2 (rt.s) 

20. 

1 ~x+2 Jx 

19. 

a - s 

1-s  - 

21. 

a 4-  ^f(a--x^) 

X 

22. 

ifro^  - - 1 ). 

-3- 

2a'^  — 1 4-  2a  V(*^  - 1 

)- 

24. 

2a‘“  - X-  4-  2a  - s-) 

x^ 

cxvi.  (Page  224.) 
2.  11..  3.  8-26V(-l). 


I.  19. 

5.  2/)  + 2 “ 12a. 

8.  + 9-  e-. 


4«  5 4-4  y^3. 

6.  a- 4*  a.  7.  lA  — a^, 

I o.  — e-2pV(-i) 
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cxvii.  (Page  224.) 


x^y 


I. 

3 N^C^y)' 

3- 

6. 

,^/2 . 77171 + n2_ 

9- 

e-c 

-j-  + cd  — 2ac 
0 

A? 

V 6‘ 

[ I. 

2x-2 
0‘2  ■ 

12. 

'4- 

rV(S 

-«)• 

a-Wc. 

17-  - 

18. 

8 + 7 4/3. 

21. 

P'(-4»+ 

x + y 
2 J{xy)' 


7.  2x  sjx.  8. 


5-  \/2  . ax  4- 

2a  - 2h  s^fa 


a-h 
10.  aV2_2+ 

aW^ 


13- 


x-l 


\^X  ' 

15.  2a;- 2 ^(x^- 0,2), 


19.  4a,/(3cx). 

22.  (9?i-10).V7. 


20,  X vM3 

23.  0. . 


cxviii.  (Page  228.) 

T . s / + V 2.  1 + \/5.  3-  \/7  — ;y^2.  4*  7 — 3 /y/5. 

5.  P10-V3.  6.  2Vr>-3V^.  7.  2V3-X/2.  8.3^11-2. 
9.  3 v^7  - 2 v'3.  10.  3 V7  - 2 ^/6.  1 1.  ^10  - 2).  12.  3 ^5  - 2 ^/3. 


.fs.A; 


cxix.  (Page  229.) 


I. 

49. 

2.  8].  3.  25, 

4- 

00 

27.  6.  250. 

7- 

27. 

8.  50.  9.  79. 

10. 

153.  II. 

0.  12.  30. 

13- 

12. 

(0  - hf 

14.  . 

c 

15.^  5. 

1 6.  0. 

>7- 

3. 

18.  10. 

'9- 

h-a'^ 

l)i( 

71  — 

20. 

13/0 

2 B 
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cxx.  (Page  231.) 


I. 

9.  2. 

25.  3.  49.  4.  121.  5.  l|. 

6.  8,  0. 

7- 

0,  -8. 

/a  + l\2  /7?>x  + 4\S2 

p2-)-  9-  (-4-)- 

10.  5. 

cxxi.  (Page  231.) 

I. 

25. 

2.  25.  3.  9.  4.  64. 

36 

5-  5- 

6. 

12a 

7.  a.  8.  ^ or  0.  9.  64. 

10.  100. 

cxxii.  (Page  232.) 

I. 

16,  1. 

2.  81,  25.  3.  3,  2^.  4. 

10,  -13. 

5- 

6,g.  6. 

-4,  -32.  7.  9,  -3|.  8.  28. 

12252. 

“529“ 

9- 

49.  10. 

729.  II.  4,  -21.  12.  1 or  ^ . 

^ X 

13.  ±24. 

14. 

5 or  221. 

14.5  ^ 25 

15.  5or-  , 10.  5 or  0.  17.  - . 

121  / 36 

18.  25. 

19- 

±9^2. 

20.  ± */65  or  + /y/5.  2 

1 . 2a. 

- 2a. 

1 .1  1 
23-  2 or  - 4^.  24.  J 25 

1 

■ 12' 

26. 

1276 

hF' 

36 

27.  — . 28.  ±5or±3v^2. 

29.  ±14. 

^0. 

10 

()  or  - -- 

5 

. 31.  1.  32.  -.  33.  2orO.  34. 

9a 

0 or  — • 
16 

7 5 
2’  3' 


cxxiii.  (Page  235.) 

2-  3,  -7.  3.  -9,-2.  4.  5a.  n/. 

4??i  \ 1 ?), 


227 

-nr 


14' 


7- 


G 


5- 
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9.  ±2,  a.  10.  0,5. 

d e 


cxxv.  (Page  239.) 

X- - 11.x  + 30  = 0.  2.  x'-^+x- 20  = 0.  3.  x'-^  4- 9x  + 14  = 0. 

4.  6x-  — 7x  + 2 = 0.  5.  9x^  - 58x  ~ 35  = 0.  6.  x‘-^-3  = 0. 

7 . - 2mx  + = 0.  8.  x^  - ^s^x  + ~ = 0. 

' ap  ap 

- /?2 

9.  X^  H ^x  -1=0. 

ap 

cxxvi.  (Page  240.) 

I.  (x-2)(x-3)(x-6).  2.  (x-l)(x-2)(x-4). 

3.  (x-10)(x+ l)(x  + 4).  4.  4(x  + l)^x+  ?— 

5.  (x  + 2)  (x4- 1)  (6x- 7). 

6.  (x  + y + 2)  (x^  + y'^  + Z^  — Xy  — X2!-y2). 

7.  (a-6  — c)  (a2  + 6^+c2  + a6  + ac-&c). 

8.  (x  - 1)  (x  + 3)  (3x  - 7).  9.  (x-1)  (x-4)(2x  + 5). 

10.  (x  + 1)  (3x  + 7)  (5x  - 3). 


8.  - 2rt,  - 3(t  and  3a,  4a. 

2a -b  6 — 3a 
* ' ac  ’ be  ' 


cxxvi i.  (Page  242.) 


I.  „/13or.^/-l.  2.  -2  or  4^-12. 


4.  1 or  - 4. 


2n 


2nl  5 


5-  V2"W~6- 


3.  4^-lor4/-21 
1 


6.  2 


o or 


4‘ 


6 


' -9±V97' 


^ 1 5±  1,329 

10.  3 or --or 

2 4 


9.  1 or  1 ±2  v'15. 
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TT  <^^  + 6 a±2V(a^-3a) 

II.  a + 2,  ov  — , or 

o o 


12.  0,  or  a,  or 


a±  \/(ci^  - 16a  + 16) 
' 2 * 


cxxviii.  (Page  245.) 

I.  6 : 7,  7 : 9,  2 ; 3.  2.  The  second  is  the  greater. 

3.  The  secoml  is  the  greater. 
ad  — be 


4- 


c-d  ■ 


5.  10  : 9 or  9 : 10. 


cxxix.  (Page  246.) 

I.  2:3.  2.  h:  a.  3.  6 + f^:a-c.  4.  ±x/6-l:l. 

5.  13  : 1,  or,  — 1 : 1.  6.  ± + 4n'^)  - m : 2.  7.  6,  8. 

8.  12,14.  9.  35,65.  10.  13,11.  ii.  4:1.  12.  1:5. 


exxx. 


15' 


8 

2.  g. 


(Page  247.) 
x-y 

^+y' 


a — h + c 
a—b  — c 


- mn  + 

5.  —9 ... 

+ m?i  + n- 


6 


cxxxil.  (Page  255.) 

6,  x = 4or0.  8.  440  yds.  and  352  yds.  per  minute. 


1 1.  x=30,  7/ = 20. 

16.  50,  75  and  80  yards. 

19.  miles  per  hour. 

•J 

21.  160  quarters,  £2. 

24.  i;20.  25.  90:79. 


13- 


52 


15- 


9 


d'  41- 

17.  120,  160,  200  yards. 

20.  1 : 7. 

22.  o£80.  23.  i-60. 

26.  45  miles  and  30  miles, 
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cxxxiii. 

(Page  2G2.) 

4.  16| 

5.  5.  6. 

1 2.  7.  -.71.  8.  ?. 

9.  .locC'^. 

10.  5. 

II.  A = 7 II  12.  04x2  = 9i/. 

108 

13.  X- = 

y.i 

14.  4x^  = 27 1J-. 

18.  ?/  = 3 + 2x  + x2  jg  18  ft. 

cxxxiv. 

(Page  26G.) 

I.  50. 

2.  200. 

3-  10|-  4-  -32| 

"^6- 

6.  40. 

7.  117.  8.  0. 

9.  x^  + y2- 

2 {n  - 2)  xy. 

- 2/;?i  — 2a  + b 

10.  ^ 

a + b 

CXXXV. 

(Page  268.) 

I.  5050. 

2.  2550. 

3.  820. 

4.  30. 

5.  24. 

6.  -31^ 

D 

n.{nA-\) 

2 • 

Q 3%2  _ n 

2 • 

7n2  - 5n 

2 ■ 

n - 
10.  -2 

1 

cxxxvi. 

(Page  269.) 

I.  -6. 

X 

1 

3-  g- 

5.  -2. 

6.  -l| 

cxxxvii. 

(Page  269.) 

I.  (I)  -46. 

(2)  36- 

2.  (3)  1 

(4)  4-4. 

2.  155. 

3.  112. 

4.  888. 

5.  loo. 

answers. 


5^ 


6433^. 

0 

7.  ^135.  4s. 

(i)  355,  7175. 

(2)  — 156a^,  — 3116rt. 

(3)  161  + 81a:.  3321  + 1681a:.  (4) 

(5)  8j,  I74I. 

(i)  126,  63252. 

(2)  25,  2250. 

(3)  45,  — 1570'5a:. 

(4)  99,  -1163^. 

(5)  71,  4899(1 -m). 

(6)  65,  65X  + 8190. 

cxxxviii. 

(Page  271.) 

6,  9,  12,  15. 

2 ^ 2 1 

^3’  3’  3’  ^3* 

2^  1^  1- 
^12’  ^6’  4* 

7'  13  2 11 

15’  30’  5’  30' 

cxxxix. 

(Page  272.) 

Zm  + n m + n 

m + Sn 

I-  4 > 2 ’ 

4 • 

5m  + 3 5m  + 1 
5 ’ 5 ’ 

5m  — 1 5m  - 3 
5 ’ 5 • 

5n^  + 1 5?i‘‘^  -t-  2 

5n^  + 3 5?i^  + 4 

3- 

4- 


I.  64. 

5.  13122. 


5 ’ 5 ’ 5 

2x^  + y^  2 ~ 


CXl.  (Page  275.) 

2.  78732.  " 3.  327680. 

6.  16384.  7.  - 


2(1-1 8‘ 


1 

90' 


ANSl^VA/^3. 


39 « 


I.  65534. 


cxli.  (Puge  276.) 
2.  364. 


2L 

a 

-1) 

(a 

(a  + x)^  j 

X®  (x  ■ 

-1)’ 

(a  + x)^  . (1 

— a — x)‘ 

7- 

7(2”- 

-1). 

8.  - 

425. 

9-  - 

43 

96' 

cxlii. 

(Page  278.) 

4 

27 

4 

I. 

2, 

’■  3- 

3-  F- 

4- 

3' 

6. 

•3. 

7- 

8^ 

^11* 

8. 

21 

^4' 

9.  85'. 

10. 

1 

X- 

1 1. 

a-b' 

12. 

13- 

X + i/ 

14. 

49 

16. 

46 

IS- 

90' 

cxliii. 

(Page 

279.) 

I. 

9,  27, 

81. 

2. 

4,  16,  64 

, 256. 

3 

3 9 

27 

81 

4- 

4’  8’ 

16' 

32' 

a(x-«-  1) 
x^  — i 

6.  3"-l. 


5-  1 

16a;'’’ 

8a:‘-^+"r 

^6 

99' 


3-  2,4,8. 


(5) 


(i)  558. 


(9)  1- 


(I2) 


^57 
80  ■ 


5.  42 


cxliv. 

(Page 

279.) 

(2)  800. 

, . 18. 
(3)  y 

(4)  g- 

486- 

(7) 

1189 

2 ’ 

(8)  13^. 

(10)  - 84. 

(II)  - 

9999  V3 
(x/10+l)."V5' 

6.  ac  = b^. 

7- 

±1. 

00 

OOJ>-| 
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19. 


4. 

10.  10. 

1 

1 

14.  642, 

49,  1. 

1 7-  ^2’ 

4 

18.  60. 

4 3 
5’  5’ 

? I 0 -I 
5’  5’  ’ s’  5’ 

3 4 

~5’  5' 

3,  7, 

11,  15,  19. 

23-  5, 

15,  45,  135,  405. 

139. 

26.  10  per  cent. 

CXlv.  (Pa, 

ge  285.) 

8,  12. 

15  30  5 

7’  13’  2’ 

30 

11’ 

12  6 4 

29’  11’  5' 

1 1 
6’  9’ 

1 1 
12’  15' 

5.  -2,  00,  2,  1, 

3 3 
4’  2’ 

3 3 

2’  4* 

6 3 
5’  4’ 

6 3 6 3 

IP  7’  l7’  To' 

^ Qxy{n+l)  Qxy{n-\-l)  6xy(n+l) 

Zny  + ’ iny  + Ax  — 3?/’  ’ ’ 2nic  + 3y 

1 1 1 


1 1 
2 

10.  104,  234. 


9-  2’ 


00 


’ 2’  4’  6’ 


5 ^ ^ 1 5 

31’  24’  l7’  2’  3’ 

13-  2,  3,  6. 


5 

'A' 


cxlvi.  (Page  290.) 

2.  3360.  3.  116280. 

6.  40320.  7.  3628800.  8.  125. 

II-  4.  12.  120. 

14.  2520,  6720,  5040,  1663200,  34650. 


I.  132. 

5 !ii 
’ 8' 

10.  6. 


4-  6720. 
9.  2520, 

13-  1260. 


cxlvii, 

. (Page  295.) 

I. 

3921225. 

2.  6. 

3.  126. 

4-  116280. 

5- 

12.  6. 

12. 

7.  816000. 

8.  335.3011200. 

9- 

7.  10.  63. 

II.  52. 

12.  123200.  13. 

376992;  52360 
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cxlviii.  (Page  300.) 

1 . + 4(1%  + 6((%2  + Aax^  + x^. 

2.  + 6bh  + 1 5Mc2  + 20Pc^  + 156V  + 6bc^  + c« 

3.  (t ' + 7 ((G6  + 2 1 ((562  + 35a-i63  + 35((56-»  + 21  a~b‘'  + 7a¥  + bL 

4.  + 28V(/2  ^ 56j(,-5^3  ^ 70^4^4  QQ^SyS  ^ 28xhf 

+ 8x1/  4 

5 . 625  + 2000a  + 2400c(2  + 1 28o«3  + 2o8a\ 

6.  aio  + 5a%c  + lGa662ci2  + + ba^b\^  + b^cK 


cxlix.  (Page  301.) 

1 . a«  - 6((5jc  + 1 5a%2  _ 20c(3a;3  + 1 ba^x^  - 6ax^  + x^. 

2.  6"  - 76«c  + 2l65c2  - 356^c5  + 356V  -2\b-c^  + Ibc^  - c’’. 

3.  32x5  _ 240x^y  + 720x5^2 _ losOxV  + SlOx^'^  - 2434/1 

4.  1 — 1 Ox  + 40x^  - 80x5  ^ 80x'*  - 32x5. 

5.  1 - ]0x  + 4^2_  120x5  + 210x^-252x5  + 210x5-  120x7 

4-45x«-  10x»  + x‘5. 

6.  (1^4  - 8a^^b-  + 28c(4864  - bQa^^b^  + 70a^%^  - 56a56>2 

+ 28^5612  _ 8^5614 + /,16_ 


cl.  (Page  302.) 

1 . ((5  + Qa%  — Zci“c  + 1 2ab^~  1 2abc  + Zac^  + 8h^-\2})^c  + 660*^  — c^. 

2.  1 — 6x  + 21x^  — 44x5  + 63x4  _ 54^5  27x®. 

3.  x'5  - 3x®  + 6x"  - 7x®  + 6x5  _ 3_^4  4. 

» 

.T  2 i 1 1 

4.  27x  + 54x’5  + 63x-5  + 44x^  + 21x^  + 6x^  + 1. 

5.  x5  + 3x^  — 5+ i. 

/y»*  'V'.* 

sAj 

6.  + 6^  - + 3(t^6^  + 3(t^6^  - 3a^c^  - 36^c^  + 3a%^ 

+ 36^c^  -6a46^c^. 
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cli.  (Page  303.) 

I.  330x^.  2.  495a^®6®.  3.  - 161700a‘'~6^. 

4.  192192a66W.  5.  12870a»6^ 

6.  70att  7.  - 92378tiW69  and  92378a»6i« 

.8.  I7l6«7a;0and  1716a6x7. 


clii.  (Page  311.) 


,1  1 „ 1 „ 5 

I,  + 


, 2a  a-  Aa? 

'+3--9  + W' 


X 


5x^ 


3.  a H 2 5 8 ~ 


10x« 


3a^  9a^  81a^  243a 


- 1 9 1 •,  5 . 

4.  1 + a:  - - ~x*. 

5 -4  1 _5  5 _a 

5.  a^  + a ^x--a  ^x^-\-—a  ^.x^. 

6 54 


_ ^ -i  1 2 --4  4 -“a 

6.  a”  + p . a ^ . a ^“x^  -t-  — . a ^x^. 


14-:] 
5 


25 


125 


or»2  /j"4  /y*6  ^'Y*8 

^ «/y  ixt4/ 

“ “I6~l28' 


7 14  14 


, 9x  27X*  135  , 

'“T"1S2  "T28-“^- 


„ 'if 

JO.  x^-xy  + ^-+  • 


6x  54x^’ 
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5 '35  o 

II.  l-6®-72^“-X290** 


cliii.  (Page  312.) 


1 . 1 - 2(1  + 3((^  - 4a^  + 6a*. 


5 5 

3-  1 .T  + ';^:r ■ + 

8 l(j 


2.  1 + 3x  + 9x-  + 2 7x^  + 8 1 .V*. 

3.;;^  X* 

4.  1 + X -t — r + . 

4 2 it) 


5.  a-‘"  + 10((-'-x  + 60(i-'V  + 280(i-‘«x-^  + 1 1 20a-'«x‘. 

1 6x^  21x^  56x 


Cliv.  (Page  313.) 


x^  3x‘‘  5x®  35x® 

Te 

3x^  15x'^  35x®  315x® 

“•  ^ ^ ^ 16  l28  ■ 


2 _ 7,-5  4.  


7 


3-  x-^-^or‘z^  + ^x-^^z 

3x2  5^;3  35a;4 

1 x^  2x®  1 4x® 


28 

125 


l_^_^3x-i_  .5,7:^ 
a 2a^  ' Sa’  16a"‘ 


Clv.  (Page  314.) 


7.6...  (9 -r)  , 

1 . 2 ...  (r-  ly  ' 


2.  (-l)^-P 


l_2.11..yi4-r) 
1.2...(r-l)  • 


(-1) 


r-1 


8. 7 ...  (lU-?-; 
’1.2  ...  (r-  1) 


(r®-^x'"^ 


3- 
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*■  1.2'.'.'/“- 1)  ■ 


r . (r+  1)  . (r  + 2)  , _ 

~-  6'  - ■ 7.  1.2.3...  (r-1) 


5.  r. 

1.3.5...  (2r- 3) 

“-1)’\2/ 


1.2.5.. .(3r-7) 

1.2.3.. .(r-l)  ■ 


V 3a/ 


a 


i 


7.9.11...(2r  + 3)  1 

1.2.3...  (r-1)  ^ • 


_a 


10. 


a 3.7.11...  (4?--. 5) 


4'- 


-1  • 


1.2. 3. ..(r-1) 


■(I)  • 


2 

1.3.5...(2r-l) 


1.3.5...(2r-l)  , 

--172. 3. ..r 


A ^ 

16  • i 3’ 
a-ar 


16.  i^g. 


T7  - 


^9 

128  ■ 


X • ^ ••••••  ^ 

(1  - 5m)  (1  - 4m) ■ (1  - m)  1-g 

1.2 6 »i'>  ' • ® 


clvi.  (Page  315.) 


1. 


3-14137.... 


1-95204. 


3.  3-04084.... 


4.  1-98734.... 


civil.  (Page  319.) 

I.  1045032.  2.  10070344.  3.  80451. 

4.  31134.  5.  51117344.  6.  14332216. 

7.  314;)0  aiul  rcinaiudcr  2.  8.  522256  and  remainder  1. 

9.  4112.  10.  2437. 
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clviii.  (Page  321.) 

(. 

5221.  2, 

. 12232.  3.  2139e. 

4.  1043(»0. 

5- 

1110111001111.  6.  t4tee. 

7 6500445. 

8. 

211021. 

9.  6il2.  10.  814. 

II.  61415. 

; 2. 

123130. 

13.  16430335. 

14.  27t. 

Clix.  (Page  327.) 

I. 

-41. 

2.  -i6235504a 

3.  25-i. 

4- 

12232-2005i 

5.  Senary. 

6.  Octonary. 

Clx.  (Page  336.) 

I. 

1-2187180. 

2.  7-7074922. 

3.  2-4036784. 

4- 

4-740378. 

5.  2-924059. 

6.  3-724833. 

7- 

5-3790163. 

8.  40-578098. 

9.  ^-9905319. 

[O. 

2-1241803. 

II.  3-738827. 

12.  i-61514132 

clxi.  (Page  339.) 

1.  2-1072100  ; 2-0969100  ; 3-3979400. 

2.  1-6989700;  3-6989700;  2-2922560. 

3.  -7781513;  1 -431 3639  ; 1-7323939;  2-7604226. 

4.  1-7781513;  2-4771213;  -0211893;  5-6354839. 

5.  4-8750613 ; 1-4983106. 

6.  -3010300;  2-8061800;  -2916000. 

7.  -6989700;  1-0969100;  3-3910733. 

8.  -2,  0,  2 : 1,  0,  -1. 

9 3 

9.  (i)  3.  (2)  2.  10.  x = '^,y  = -. 
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ir.  r«)  SBOIOSOO;  1-397940C  ; 1-9201233;  1-9970.^88.  103. 

12.  (a)  -6989700;  -6020600;  1-7118072;  1-9880618. 

(6)  8. 

13.  3-8821260;  1-4093694;  3-7455326. 


U-  (0  « = g- 


(4)  a;  = 


(2)  k=2. 


log  c 


m log  a 4-  2 log  &' 


(5)r.=„-.  4 1og6  + logc 


{6)x= 


2 log  c + log  ft  - 3 log  a' 
los  c 


log  a + m log  ft  + 3 log  c 


(3)a:  = 


log  m 


log  a + log  ft* 


clxii.  (Page  343.) 

I.  17-6 years.  2.  23-4 years. 

3.  7-2725  year.s  nearly.  4.  22-5  years  nearly. 

6.  12  years  nearly.  7.  11-724  


years. 


APPENDIX. 


The  following  papers  are  from  those  set  at  the  Matriculation 
Examinations  of  Toronto.  Victoria,  and  McGill  Universi- 
t'es.  md  at  the  Examinations  for  Second  Class  Provincial 
Certificates  for  Ontario. 


UNIVERSITY  OF  TORONTO. 

- 

Junior  Matric.,  1872  Pass. 

1.  Multiply  J ^ V*  \ ^ \ xy  - y* . 

Divide  a*  — 816^  by  a ^ 36  and  {x  + a)^  - {y  — 6)’ 
by  * + a - y + 6. 

2.  Wliat  quantity  subtracted  from  + })x  + q 
make  the  remainder  exactly  divisible  by  a;  - a / 

Shew  that 

(«  + 6 + c)*  - (a  4-  6 4-  c)  {a*  4-  b'^  4-  c*  - a6  - 6c  - ca) 
- 3a6c  = 3 (a  4-  6)  (6  4-  c)  (c  4-  a). 

3.  Solve  the  following  equations; 


(a) 

k (2^ 

-3) 

{(Sx  - 

{x- 

i)- 

\x  — 

- i 

?)X  - 

— 5 

= 20. 

(A) 

" 

(c) 

1 

1 

1 

1 

X — 

3~ 

X — 

-4" 

x — b' 

X 

— 6' 

C) 

y 

= 1, 

y 

X’  4-  2 

11 

X 4- 

2 ■ 

3 ^ 

5 ~ 

f8- 

4.  In  a certain  constituency  are  1,300  voters, 
ind  two  candidates,  A and  B.  A is  elected  hv  a 
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certain  uiajority.  But  the  eleouon  liaving  been  de- 
clared void,  in  the  second  contest  (^1  and  B being 
again  the  candidates),  B is  elected  by  a majority  of 
10  more  than  majority  in  the  first  election  ; find 
the  number  of  votes  polled  for  each  in  the  second 
election ; having  given  that,  the  number  of  votes 
polled  for  B m the  first  case  : number  polled  in  the 
■’econd  case  : : 43  : 44. 


Junior  Ma,tric.,  1872.  Pass  and  Honor, 

1.  Multiply  X + y ^ zh  - 2y\  zi  + 2 - 2.ri  ;/l  by 

X + y + zi  + 2?/i  zi — 2zi  x^ — 2.ri  yK  and 
divide  + 86"  ^ 27  c"— 18a6c  by  a*  + 46"  + 9 c‘— 
2«6  — 3«6'  — 66c. 

2.  Investigate  a rule  for  6nding  the  H.  C.  D.  of 
two  algebraical  expressions. 

^ If  o:  + c be  the  //.  C.  D.  of  r*  + px-^y,  and  a:*  + 
T X ->rq’ , show  that 

{9-i'Y-P  {q-q')  {p~p')  + q (p_j,/)*^0. 

3.  Shew  how  to  find  the  scpiai-e  root  of  a binomial 
one  of  wliose  terms  is  rational  and  the  other  a quad- 
ratic surd.  What  is  the  condition  tliat  the 'result  mav 
be  more  simple  than  the  indicated  square  root  of  the 
given  biiiomia,!  ? Does  the  reasoning  apply  if  one  of 
the  terms  is  imaginary'?  Show  that^^  — 4?u"= 

+ y/  - m.  ^ 


4.  Shew  how  to  solve  the  quadratic  equation  acf  u. 
6.r-f-c  = o,  and  discuss  the  results  of  giving  differenr. 
vab’es  to  the  coeihcients. 


If  the  roots  of  the 
6*  ip  qY 

show  that  - = J’  . 
(ic 


al)ove  equation  be  as  p to  o 
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5.  Solve  the  equationa 


2 X*  + 3 a; 


(6)  P - 3 xy  -h  22/**  + 1 = 0 


xy  + — 1 0 - 0. 

x*^6x+2  x^+6x+6  x'-eCxH-l 

P *-6x+4  x^  + 6x-»-8~x*4-6x’+6 

X*  -|-  G X -f-  8 

X-*  -f-  6 X 4-  10 

{(1)  6x’  — 5x“  — 38x*  — 5x-|-  6=>0 

6.  Shew  how  to  find  the  sum  of  w terms  of  a geomeuic 


aeries.  What  is  meant  by  the  sum  of  an  infinite 
series '{  When  can  such  a series  1>e  said  to  havr  6 
sum  1 

Sum  to  infinity  the  series  1 2r  -f-  3 r'  q_  dto.j 
and  find  the  series  of  which  the  sum  of  n terms  is 


7.  Fibd  the  condition  that  the  equations 


may  be  satisfied  by  the  same  values  of  x,  y.  z. 

8.  A ijurnber  ot  ['Orsons  were  eii^aj^ed  to  do  a |Mt-*ce 
of  work  which  would  have  occupied  them  ni  iiourK  if 
they  had  commenced  at  tlie  saiiui  time  ; instead  of 
doing  so,  they  commenced  at  equal  intervals,  and  then 
continuetl  to  work  till  the  whole  was  finished,  ine 
payments  being  proportional  to  the  work  done  by 
each  ; the  first  comer  received  r times  as  much  as  cho 
iitst : find  fdie  time  occupied. 


ax  by  — cz  = 0, 
cq  X -j-  y — Cj  » = 0. 
rf,  X + 6.,  y - c,  3 = 0. 
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Junior  Matric.,  Honor. 

1.  There  are  three  towns,  A.  B,  and  C;  the  road 
rom  B to  A forming  a right  angle  witli  that  rrom  B 
to  6.  A person  travels  a certain  distance  from  B 
towards  A,  and  then  crosses  by  the  nearest  wav  to  the 
toad  leading  from  C to  A , and  finds  himself  three 
miles  from  A and  seven  from  O.  Arriving  at  4 he 

fvl'  Pi  farther  by  one-fourth  of  the  distance 

om  A to  (.  than  he  would  have  done  had  he  not  left 
the  (^-ect  road,  llequmed  the  distance  of  B from  A 

H.1  id  O* 

2.  I f ay  -j-  Ifx  cx  A-  az  bz  A-  cy  , 

- =-±--t',thex.wiU 


a*  - c"  + a*  - 2p  52  _ 


■T  ^Sol  ve  the  equations  x^-yz  = «*,  ^ ^ ^ _ 


xy  = c^ 


*'  f w rf 'T  shew  that 

a (i+c)  + b (c  + o)  + (a  + 


5 !■  ind  the  values  of  a:  and  y from  the  equations 

X ~ 

+ 5*  -f-  y (y  _ 1 ) ^ 24, 

^ k. 

0. 


A steamer  made  the  trio  fmtn  x t. 

vm  YarmoutI,  in  33  Imms  • on  her  i-Zt 

BHfm  in  a2  of  il.ri  ^ 1 ^ entire  Return  pas- 

l.«r  diniinished  spe“l  aLT’;'' . 
mad,.  I,er  usual  time  between  llOTUm  y f,'® 
an, I two  .niles  an  hour  less  between  \b,!.l:;nn;; 
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Sv»  fohii,  her  return  trip  would  have  been  made  in 
1^^  of  the  time  she  would  have  taken  had  the  whol«f 
of  her  return  trip  been  made  at  the  diminished  race 
b^id  the  distance  between  St.  John  and  Yarmouth* 
I between  the  latter  place  and  Boston. 

% 


Junior  Matric.,  Honor. 
Senior  Matric.,  Pass. 


I 

j 


1874. 


I . Solve  the  following  equations  : 


(a)  .... 

f ar^  — 2a?;/  + 2;/*  — x//. 

\ ar*  + a;y  + y*  = 63. 

(b)  ..... 

f 4x—  'dxy  =171. 
1 3y-4a7/=  150. 

/II  1 

(c)  

1 • 4-  + j » 1 0. 

) .r*  .ry 

\ / 

5 1 1 1 

^.nd  find  one  solution  of  the  equations  ; 

(<«  = 68. 

■ \'J^  + ./  x = y. 

2.  Find  a number  whose  cube  exceeds  six  times  the 
next  greater  number  by  three. 


3.  Explain  the  meaning  of  the  terms  Highest  coiu- 
mon  measure  and  Lowest  common  multi})le  as  applied 
to  algebraical  quantities,  and  prove  the  rule  for  finding 
the  Highest  common  measure  of  two  quantities. 

4.  Reduce  to  tlieir  lowest  terms  the  following 
fractions  ; 


{ 99.a;^  + — 257a;'*  — 325.r  — 50 

) ox^  + 4^  — — 10. 

I + 50a;  + 24 

( a;'  + 1 Su;"  7 1 1 3 1 2.r  4^:100  ’ 
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5.  Fitvl  tlie  sum  of  n terms  of  the  series  — |.— 

, and  the  a;th  term  of  the  series 

X 1 2 3 — a; 

x—V 

6.  Find  the  relations  between  the  roots  jind  co 
efficients  of  the  equation  aac^  + px  + q = 0. 

Solve  the  equation 

ar"  + 6.'r*+  10.r“  + 3a;=110. 

7.  A cask  contains  15  gallons  of  a mixture  of  wine 
:md  water,  which  is  ponied  into  a second  cask  con- 
taining wine  and  water  in  the  proportion  of  two  of  the 
lormei’  to  one  ol  the  latter,  and  in  the  resulting  mixture 
the  wine  and  water  are  found  to  be  equal.  Had  the 
quantity  in  the  second  cask  originally  been  only  one- 
half  of  what  it  was,  the  resulting  mixture  would  have 
been  in  the  propoi'tion  of  seven  of  wine  to  eight  of 
water.  Find  the  quantity  in  the  second  cask. 

8.  What  rate  per  cent,  per  annum,  payable  half- 

yeaily,  is  equivalent  to  ten  per  cent,  per  annum,  pay- 
able yearly.  ^ 

9.  A is  engaged  to  do  a piece  of  work  and  is  to 
receive  $:]  for  every  day  he  woi'ks,  but  is  to  forfeit 
one.  dollar  for  the  fir.st  day  he  is  absent,  two  for  the 
second,  three  for  the  third,  and  so  on.  Sixteen  davs 
ehipso  before  ]\e  finishes  the  wmrk  and  he  receives  S26. 
Fir'd  the  number  of  days  he  is  absent. 

Change  the  enunciation  of  this  problem  so  as  to 
tUply  to  the  negative  solution. 


Junior  .ifatric.,  1876.  Paffs. 

..  Fx plain  the  use  of  negative  and  fractional  in- 
'sices  in  Amebra. 

O 

^’'‘^tiply,^\  by  and  the  product  by 
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Simplity 

line. 


ff"  /;**  c (P 
a’'  h“  ^ d’ 


writing  the  factors  all  in  one 


2.  Multiply  together  a'  ^ ox  + a?,  a-r  x,  a*  — ax -¥  'jP, 
a - X,  and  divide  the  product  by  a?  - a?. 


3.  Divide  1 by  1 — 2.4;  + to  six  terms,  and  give 
the  remainder.  Also  divide  27a;^-Gx-^  + ^ by  + 
h'X  + 


4.  Multiply  a +b  by  a ^ b 

Solve  the  equations  : 

V 3a;  4-  4 _ 7x  — 3 _ x — 16 
( ^ --5  “ — 2 4 

( * (?/  + = 24, 

(2).  ^ y (c:  + a?)  = 45, 

(2  (x  + y)  — 49. 


Junior  M a trie.,  1876.  Honor. 

1.  An  oarsman  finds  that  during  the  first  half  of 
the  time  of  rowing  over  any  course  he  i-ows  at  the 
rate  of  five  miles  an  hour,  and  during  the  second 
half,  at  the  rate  of  four  and  a lialf  miles.  His  course 
is  up  and  down  a stream  which  flows  at  the  rate  ol 
three  miles  an  hour,  and  he  finds  that  by  going  down 
the  stream  fi»-st,  and  up  afterwards,  it  takes  him  one 
hour  longei’  to  go  over  the  course  than  by  going  first 
up  and  then  down.  Find  the  length  of  the  course, 

2.  Shew  that  if  al,  b‘^^  be  in  A.P.,  then  will  6 + c, 
0 a,  a + b he  m //.  P. 


Also,  if  a,  b,  c l;e  in  A.P.,  then  will 


a + 


be 


b + 


ca 

c + a 


C r - 


ah 


a b 


be  in  II . P. 


_ ArrENDIX. 

3.  Tf  5 = <x  + J tiicn 

%/ \hj  4-  rtc)  (cs  + ah)  = (^s  - a)  (s  — b)  (s  — c) 

4 1 f a,  + a..  4- dn  = then 

(«-«!)*+ = 4-a^^ 

5.  Ll  the  fraction  - — — , when  reduced  to  a re- 

In  + \ 

petend,  contains  ‘In  figures,  shew  how  to  infer  the  last 
n digits  after  obtaining  tlie  first  n. 

Find  the  value  of  by  dividing  to  8 digits, 

6.  Solve  the  equations 

x-y  + z^Z, 
xy  + xz  = 2-\-  yz, 

x-4y^  + 22^29. 


Junior  Matric.,  1876.  Honcyr. 

1.  Shew  that  the  method  of  finding  the  square 
root  of  a number  is  analagous  to  that  of  finding  the 
square  root  of  an  algebraic  quantity. 

Fencing  of  given  length  is  placed  in  the  form  of  , 
a rectangle,  so  as  to  include  the  gi'eatest  possible  area, 
which  is  found  to  be  10  acres.  The  shape  of  the 
field  is  then  altered,  but  still  remain.s  a rectangle,  and 
it  is  found  that  with  162  yards  more  fencing,  the 
same  area  as  before  may  be  enclosed.  Find  the  sidef 
of  the  latter  rectaimle. 

o 

2.  Prove  the  nile  for  finding  the  Lowest  Common 
Multiple  of  two  compound  algebraic  quantities. 

Find  the  L.C.M.  of  a*  — 6®  + c*  + 3u6c  and  a^(64-cl 
- 6®(c  + a)  4-  J (n  4-6)4-  ahc. 

3.  If  «,  (S  be  the  roots  of  the  equation  a?-^px-rq  = 

0,  shew  that  the  equation  may  be  thrown  into  the 
fi»rm  (x  — a)  (x—(3)  = 0. 
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3 f v/2  is  a root  of  the  equation  x*  - 5x^  »-  + cc 

7 — 0 : lind  tlie  other  roots. 

4.  (1)  Shew  bow  to  extract  the  square  root  of 

hinouiial,  one  of  whose  terms  is  T-atior>al  • 
and  the  other  a quadratic  surd. 

(2)  Find  % factor  which  will  rationalize  - yJ. 

5.  a,  b are  the  first  two  terms  of  an  //.  P.,  what  Ls 
the  nth  term  f 

It  a,  I,  c he  in  JS.  P.,  shew  that 

- c)®  = 2c®(6  - a)®  + 2a®(c  - b)\ 

6.  A and  B are  to  race  from  M to  N and  back,  A 
moves  at  the  rate  of  10  miles  an  hour,  and  gets  a start 
of  20  minutes.  On  A 's  returning  from  N,  he  meets 
B moving  towards  it,  and  one  mile  from  it ; but  A is 
overtaken  by  B when  one  mile  from  M.  Find  the 
disti'  to  3 from  M to  N. 

7 Solve  the  equations 
(1).  ar’  + S = 2ic®+ 1 14 

/ a;  51 

* a;  12  xy 


Second  Class  Certificates,  1873, 

, -mm-  It • , a b a b 

1.  Multiply  +-+iby  7 + --1. 

b a J h r, 


2.  Shew  that 


h a 

+ a^-lah+  \ 2h* 


a - '2h 

Jan  be  reduced  to  the  form  ‘ih- 


a - 3b 


I 
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Reduce  to  its  lowest  teruis  the  fractioii, 


bj& 

+ 7 - 
4 


1 

9 . 

1 

9 


4.  (a)  Prove  that  aT  - is  divisible  hj  x~y  with 
out  lemainder,  when  m is  any  positive  integer. 

(6)  Is  there  a remainder  when  a;'"’  — 100  w 
^’vided  by  a;  — 1 ? If  so,  write  it  down. 


5.  Given  oa:  + 6?/  = 1, 

, ^ y ‘ 1 

and  - + 7-  = — r-. 

a 0 ab 

Find  the  difference  between  ar  and  y. 

6.  Given  3 - L ^ ~ - 0 

Find  X in  terms  of  'in. 


7.  Given  - =-5.  Find  the  value  of  ;; x,* 

y o iy  + 24 

2 5 

8.  Given - = 1, 

x-y  X + y ’ 

, 5 10 

T,  “ iv.  77'  = Find  x and  y 

9.  There  is  a nunibev  of  two  digits.  By  inverting 
che  digits  we  obtain  a number  which  is  less  by  8 than 
three  times  the  original  number;  but  if  we  increase 
each  of  tlio  digits  of  the  original  number  by  unity, 
and  inve)-t  the  digits  thus  augmented,  a nimiber  is 
obtained  which  exceeds  the  original  number  by  29 
Find  the  number. 

10.  A student  takes  a certain  numl>er  of  minutes 
Lo  walk  from  his  re.sidence  to  tlie  Normal  School. 
Were  tlie  distance  ^th  of  a mile  greater,  he  wvuld 
^eed  t(^  incieMs;  hi.s  pace  (num!>er  of  miles  j)er  hour) 
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by  ^ of  a mile  in  the  hour,  in  order  to  reach  the 
school  in  the  same  time.  I'’ind  how  much  he  would 
have  to  diminish  his  pace  in  order  still  to  reach  the 
school  in  exactly  the  same  time,  if  the  distance  were 
j\  of  a mile  less  than  it  is. 


Second  Clasa  Ccrtijicates,  1875. 

1.  Find  the  continued  product  of 'the  exjmessions, 
o4  b + c,  c + a — 6,  6 + c — a,  a + 6 — c. 

. + (Ph  ala  — b)  'iah 

Simplify  - ^-3-  - - “2  _ ^2- 

3.  Find  the  Lowest  Common  Multiple  of  3.r^  - 2x  - 1 
and  4:X^  — 2x^  - 3a*  + 1 . 


4.  Find  the  value  of 

a* — 36a;  6bx- 

- — ab^  — bx+  - 


X from  the  equation,  ax 
-ba^  bx  + 


2a 


5.  Solve  the  simultaneous  equations, 

a b 

— + — - m, 

X y 

c d 

- + — - n. 

X y 

6.  In  the  immediately  preceding  question,  if  a 
[uipil  should  say  that,  when  nb  = md,  and  be  = ad,  the 
values  of  x and  y obtained  in  the  ordinary  method, 
have  the  form  -®-,  and  that  he  does  not  know  how  tc 
interpret  such  a result,  what  would  you  reply  1 

7.  Two  travellers  set  out  on  a journey,  one  with 
$100,  the  other  with  $48;  they  meet  with  robbers, 

who  take  from  the  first  twice  as  much  as  thev  take 

«/ 

from  the  second  ; and  what  remains  witli  the  fii-st  is 
3 times  that  which  i-emains  with  the  second,  ll-uw 
mur'-*  mouKjy  did  eacii  traveller  lose  1 
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8.  A and  B labor  togetliei’  on  a piece  of  work  tor 
two  days  ; and  then  B finislies  the  work  l>y  hiniself 
in  8 days  ; but  A,  with  half  of  the  assistance  that  B 
could  render,  would  have  finished  the  work  in  b days. 
In  wliat  time  could  each  of  them  do  the  whole  work 
alone  1 

9.  P and  Q are  travelling  along  the  same  road  in 
the  same  direction.  At  noon  P,  who  froes  at  the  rate 
of  m miles  an  hour,  is  at  a point  A ; while  Q,  who 
goes  at  the  rate  of  ?«  miles  in  the  hour,  is  at  a point 
i-5,  t't»ro  miles  in  advance  of  A.  When  are  they  to- 
gether 1 

Has  the  answer  a meaning  when  m — n is  nega- 
tjve  1 Has  it  a meaning  when  m = n ? If  so, 
state  what  interpretation  it  must  receive  in  t(u!se 
cases. 

10.  P is  a number  of  two  digits,  x being  the  left 
hand  digit  and  y the  right.  By  inverting  the  digits, 
the  number  Q is  obtained.  Pi  ove  that  11  {x y) 
(P—  Q)  ^ 9 {x—y)  (P  -i-  Q). 


Second  Class  Certificates,  1876. 

1.  Divide  (\  +m)  x? — n)  (x — y) — {71 — 1)  7/ 

by  of — xy  + •?/*. 

Shew  that  (a  + aiU  + bf — {a — a^U  + bf  is  es 
actly  divisible  by 

2.  Resol  ve  into  factors  x*  + ‘Ixy  (x^ y®) y\ 

(d(b  — c)  + b\c  — a)  -f  c“(a  — 6),  and  25.f" 
6^*^— a^-1. 

d.  If  x' 4- px?  jf.  qx r is  exactly  divisible  by  ar* 
mx  ^ n.  theii  nq — 7/-*  = ry/i. 

4.  I ’rove  t!)at  if  m be  a common  measure  ot  p anff 


APPENDIX. 


Xlll 


q,  it  will  also  measure  the  difi’erence  of  any  multiplea 
of  p and  q. 

Find  the  G-.  C.  M,  of  x* — 4 (q — l)x‘‘  +px — 
q and  — qx^  + (p — 1 )a^  4-  qx — p and  of  1 + 

+ x + and  2x  4-  2x^  4-  3x*  4-  3a;^‘ 


5 Prove  the  rule  for  multii)lication  ol  fractions. 

£c* — (?/ — z)'^  — (z — alf  — (x — 

X 


Simplif7 


{y  + ^ {z  + xY — y*  ^ (a;  4-  yY — « 


a 


n. 


a* 


a*  4-  6^  ^ {a — b)  (a*  4-  IP) 


ftXld  'ft  Tft' 

or  + 
2a^—b^—uP 
— b* 


5.  What  is  the  distinction  between  an  identity  ana 
a7i  equation  ? If  x — a — y + h,  prove  x — h = y + a. 

Solve  the  equations  (2  4-cc)  {m — 3)  = — 4- — 2???£c, 
IGas — 13  40a; — 43  32a; — 30  20a; — 24^ 

4a; — 3 8a; — 9 8» — 7 ^ 4a; — 5 

7.  Wl'^at  are  siniultaneoua  equations  ? Explain  why 
there  must  be  given  as  many  independent  equations 
as  there  are  unkno'.vn  quantities  involved.  If  there 
IS  a greater  number  of  equations  than  unknown  quan- 
tities, what  is  the  inference 

Hliminate  x ana  v from  the  eauations  ax-¥hy 
= c,  dx  4-  b y = c',  d'x  4-  l"y  = c 

8.  Solve  the  equations — 

(1)  '•^y/n — x = m 

(2)  3.a:  4-  2/  + 2 = 15 
3?/  + 2 + a;  = 1 5 
3z  + x + y ~ 17 

9.  A person  has  two  kinds  of  foreign  money ; It 
takes  a pieces  of  the  first  kind  to  make  one  £,  and  b 
pieces  of  the  second  kind:  he  is  olfeied  one  £ for  c 
pieces,  how  many  nieces  of  each  kind  must  he  take  1 
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^ 10.  A person  starts  to  walk  to  a railway  station 
tom  and  a-half  miles  olF,  intending  to  arrive  at  a 
certain  time  ; but  after  walking  a mile  and  a-lialf  he 
IS  detained  twenty  minutes,  in  consequence  of  which 
^ e is  obliged  to  walk  a mile  and  a-liaif  an  hour  faster 
m order  to  reach  the  station  at  the  appointed  time. 
Find  at  what  pace  he  started. 


1 1 . (a)  If  — then  will 


(b)  Find  by  Horner’s  method  of  division  the 
value  of 


+ 290a:^  + 279a^— 2892a;*— 586a>— 31 2 when 
X = — 289. 

(«)  Shew  without  actual  multiplication  that 

(a  -(■  b + c)" — (a  + b-*-c)  (a* — ab  + II — be  + c*—  ac) 
-\UfC=3(a  + b)  (6+c)  (c+a) 


McGILL  UNIVERSITY, 


First  Year  Exhibitions,  1873. 


1.  The  difference  between  the  first  and  second  oi 
four  numbers  in  geometrical  progression  is  12,  and 
tlie  difference  between  the  3rd  and  4th  is  300  ; find 
them. 

2.  Find  two  numbers  whose  difference  is  8,  and 
tlie  harraonical  mean  between  them  1^. 

3.  Prove  the  general  formula  for  finding  the  sum 
of  an  arithmetical  series. 


4.  The  difierences  between  the  hypotenuse  and  the 
two  sides  of  a right-angled  triangle  are  3 and  6 
respectively ; find  the  sides. 


6. 


Solve  the  equations 
a:®-l-2/“  = 25  , x-\-y  = \\ 

X a;  -f- 1 13 

iTT*"""  6' 


x-¥y + z = T>,  7.->ry  = z-l  a;-3  = y + « 

a;  + 4 3.r  + 8 

+ 


Zx  + Q 


2ic  + 3 


6.  A cistern  can  be  filled  by  two  pipes  in  24'  and 
C f resjiectively,  and  emptied  by  a third  in  20'  ; in 
what  time  would  it  be  filled,  if  all  three  were  running 
together. 

7.  Shew  that 

a*  -h  6^  - {a  -\-b  + c)  {a  + h - c) 


m 


appendix. 


8.  Prove  the  rule  for  finding  the  greatest  common 
measure  of  two  quantities. 


First  Year  Exhibitions.  1874, 

rnn  arithmetic  senes  is 

OUU,  and  the  common  difference  is  5 : find  the  first 
term. 

2.  Find  the  last  term  and  the  sum  to  7 terms  of 
'•lie  senes 

1 - 4 + 1 6 - (fee. 

3.  Find  the  arithmetical,  geometric,  ‘and  harmonic 
means  between  3|  and  1|. 

4.  The  difference  between  the  hypotenuse  and  each 
of  the  two  sides  of  a right-angled  triangle  is  3 and  6 
respectn-ely ; find  the  sides. 

5.  The  sum  of  the  two  digits  of  a certain  numl)er 
IS  SIX  times  their  difference,  and  the  number  itself 
exceeds  six  times  their  sum  by  3 ; find  it. 

6.  Solve  the  equations  : — 

x-y=  1 ; 19 

Sx  -7  ix-lO 


X 


x + 5 


= H. 


1 


*-7(3/- 2)  = 5;  4y-|  (aM-10)-3. 

132.T  -f- 1 Sx  + 5 

~3aJ+'T 

7.  A man  could  reap  a field  by  himself  in  20  hours, 
but  with  his  son’s  help  for  6 hours,  he  could  do  it  in 

loiirs  ; how  long  would  the  son  bo  in  reaping  the 
held  by  himself? 

8.  Find  the  value  in  its  simplest  form  of 

* + y 2x  x?y  — X? 

_ 


y 


x + y x?y-y^ 


xvii 
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Find  the  greatest  coiiiiuoii  measure  of 
^ 15x  + 9 and  3a'  -f-  3x^  - 21a:® 9*. 


First  Year  Exhibitions  1876. 


1.  Solve  the  equations 


£C  y X y X y 

-T-=l  - -f-=l+_. 

ah  cab  c 


2.  Reduce  to  its  simplest  foi’m  the  expression  : — 

7 ^5l  + 3 \/r6  + y'2~  5 

3.  Find  the  greatest  common  measure  of 

2a^  + X"*  — 8a:  -j-  6 and  7a<'®  — 12a:+5, 


4.  Simplify 


m®  -f-  n* 

n 


m 


n m 


+ 


m®  — 71® 
w®  + n? 


5.  A number  consists  of  two  digits,  of  which  the 
left  is  twice  the  right,  and  tlie  sum  of  the  digits  is 
one-seventh  of  the  number  itself.  Find  the  number. 

6.  Solve  the  following  : — 

X y X z y ^ 

— h-  = + l,  - + -=2,  - + -=  3; 

ah  a c he 

1 1 

- + - =2,  x+y=2. 

X y 

7.  Find  the  sum  of  n terms  of  the  series  1,  3.  5, 
7,  etc. 

{a.)  Shew  that  the  reciprocals  of  the  first  four 
terms,  and  also  of  any  consecutive  four  terms,  are  in 
harmonical  proportion. 


UNIVERSITY  OP  VICTORIA  COLLEQB. 


Matriculation,  1873. 


1.  What  is  the  “ dimension  ” of  a term  ? men  L, 
an  expression  said  to  be  “ homogeneoiis  ” ? 

2.  Remove  the  brackets  from,  and  simplify  the 
following  expression : — 

(2a  3c  + ^d)  — \ bd  — (m  + 3a)  \ + i5a  — ( — 4 
— d)\~  \3a~{ia  — bd  — 4:)\. 

3.  Prove  the  Rule  ot  Signs  ” in  Multiplication. 

4.  Multiply  g — by  ^ ~ 


6.  Divide  ax' + ha?  + cx  + dhj  x r. 

6.  .Divide  1 by  1 -k  a«. 

7.  ,^'ind  the  Greatest  C<  mmon  Pleasure  of  6a^  ~ 
aV  — I2.'c  and  Qa"*  -r  12aV  - Qmh-  8x®. 


a 


X 


m — « 

X + Y 


the  third  by  p. 
11.  i\  sum  of 


monej,  put  out  at  simple  intoresi 
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amounts  in  m months  to  a dollars,  and  in  n montha 
to  h dollars.  Required  the  sum  and  rate  per  ceiit. 

12.  Given  a?®  + a6  = to  find  the  values  of  x. 

13.  Divide  the  nuinher  49  into  two  such  parts  that 
the  quotient  ot  the  greater  divided  by  the  less  may 
he  to  the  quotient  of  the  less  divided  by  tlie  greater, 
as  I to  3. 

14.  Divide  the  nuinher  100  into  two  such  parts  that 
thcii-  product  may  be  equal  to  the  ditl'ereiice  of  their 
squares. 

f jc*  4 - 56,  I 

15.  Given  < to  fiwl  values  of  £C and?/. 

( Xy  4 2/  rr  60,  j 

16.  A farmer  bought  a numbei  of  sheep  for  $80, 
and  if  he  liad  bought  four  more  for  the  same  money, 
he  would  have  paid  $1  less  for  each.  Dow  many  did 
he  ]juy  1 


Ma  trimlation,  1874. 


1.  Find  the  Greatest  Common  Pleasure  of  25’’  ' 

1 0a5®  + and  — 3a5®  + 3a®5^  — 9«^5,  and 

mcusti’ata  the  rule.  O 


2.  Add  together  a — x •¥ 


«*4-a^ 


^ 3a® — 2a;^  i 

2a; , and 

a — X 


«4-£C 

4a  — 


y — 

a'‘4-ar 
a' — 


(M 

a4-as  ’ 


,3.  Divide 


1 

1 4-a; 


X 


by 


1-^  I 


4-  X 


and  reduce. 

4.  Given  J {x  — a)~  1 5 (2a;  — 35)  — J (a  — x) 
= 10a  4 115  to  find  x. 

5.  A sum  of  money  was  divided  among  three  per- 
sons, A,  -B,  ai:d  C,"  as  follows  i—tlie  share  of  A 
o.voeeded  4 of  the  shares  of  B and  0 by  $120;  the 


rx 
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share  of  B,  f of  the  shares  of  A and  0 b/  *120  ; 

i ">'»‘-es  of  A aid  B by 

Spl-.U.  VV liat  was  each  person’s  share  1 

6.  Given  i + = G8  \ . . , , 

( =12/*®  ® V' 

7.  Shew  that  a quadratic  equation  of  one  unknown 
juaiitity  cannot  have  more  than  two  roots. 

8.  Given  ^ 4 ^ ^ 

9.  The  e is  a staek  of  Iiay  -whose  len-dh  is  to  its 

ir7lo’«““  n*^  'leight  is  to  its  hreexUh 

if  ?«  r many  cents  ;,er  onbio  foot 

that  .ate  224  times  as  many  ce.its  as  there  are  sq.ia.-e 
teet  on  the  bottom.  Knd  the  aime.mions  of  the  stack. 


10.  Given 


fX  + y , 

j + 5 


)i^=Va^_4 

Va;  + ^ 


to  find  * and  y. 


in  the  Si.™  *“  “ number  of  co.mte.a 

m the  fo  m of  a square  jt  was  found  there  we.-e  seven 

brine"  thlt“  increased 

ZlSir  Red  T “ ‘'f of  8 ‘o  complete  die 
1 • l^nid  the  niimber  ot  counters. 

12.  Reduce  to  its  simjdest  form 

■af 


<— (6  — c)\  6^  — (c 


<?~{a-  -6)» 


{a  + c)*  — h*  {a  +' 6)*  — (3  ■*■  ^ ^y~ 


a* 


13.  A and  B can  do  a piece  of  -work  in  12  days- 

Zlel  wT  r if  i‘  *b«W 

uke  A 10  days  longer  than  B ? 


i4.  Given 


X 

V 

X - 


w 

~ - 4 
- w;  = ,3 


^ «'■*  + / 4-  2’  + u’*  = 02^^ 


to  fixid 

y> 

>iiid  w. 
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15.  Find  the  last  term,  and  the  sum  of  50  terms, 
of  the  series  2,  4,  6,  8,  tkc. 

16.  Write  down  the  expansion  of  | | 

17.  How  many  atrams  may  be  rung  on 

ten  different  bolls,  supposing  ad  «;do  combinations  to 
Kirf^uce  diffeent  uote«  * 


ANSWER?.- 


Junior  Matric..  1872.  Pott. 

+y') ; («' + W)  (a + 36) > 

^x^uf  + {x  + a){y-b)-¥{y-bf.  2.  a^^a/p  + q 

3-  (^),  (c),  4^;  (t^),  i,  4.  640,  660. 


Junior  MatHc.,  1872.  and  Honor. 


1. 


• (xi  — ^)|  = 

I «*  — (xi  — y^f  I *;  c7  + 26  + 3c.  2.  We  have 

c*  — pc  \-q'=  0 and  c*  — pc  + 7=0,  froir 
which  to  elimjiate  < . 


— 1 


4.  If  ^ be  one  root,  — ^ ^ ^ ^ + — \ ^ 

® q/  a~^ 

and,  eliminating  G, 

ac  pq 

»•  («),  i,  - 7,  J(-  3 ± yjm)  ; (6),  3,  2, ; - 3,-  J 

(c?),  Divide  through  by  x^  and  ])ut  y fo. 

x+  - , and  2 for  x^+  then  v = 

X ar*  ^ 


ANSWERS. 


iidii 


6. 


1 


a^—\ 


1 I ' 

ir 


p *1 

-i-a  '^(i  'f 


(1-r)’  a 
7.  a (6iCj 
2rm 

®-  i+^‘ 


Junior  Matric.^  \ '^'\ '2,.  Honor. 

L 8 and  6 miies.  2.  Each  of  tlie  first  set  oi 

fractions  may  be  shewn  equal  to 

X y 

2a6c  ® or  2a6c  ^ 2^cilo 


6*  + c’  — a* 


c*  + a»  -6*  ’ 


a 

^ , which  are  therefore  equah 

a»  + 6*-c" 

.1.  Multiplying  the  equations  successively  by  y,  z,  i 
and  z,  X,  y,  we  obtain  c^x  + o2y  + b*2  =*  0, 

b‘x  + + a’*  = 0 ; thence  = 

z ±a  {a*  - 6V) 

and  * = j • 

4.  a’  + 6*>2a6,.'.c(a*  + 6")>2a6c,  &c. 

5. '  3,  0;  - 2,  - 5 ; - 3,  6;  - 8,  1.  6.  90  and  240  ink 


Junior  ^'latric.,  Honor. 
Senior  Matric.,  Pass. 


1.  (a),  From  first  » = 2y  o^f,  and  then  solutions 

3,  \\  -3—1;  y/21,  v/21;  — y/21,—  V2I. 

(6).  A(41±x/T69), 

33a^+61a;+  10.  a:*  + 3a;  + 2 

i.  (a),  o ’ 


. ‘I  . 11.,,  OA 
-1-  i i ./y  -r  Mi  * 


o 


ANSIV£J^S. 


_ iC  (3  — x) 

X 1 

6.  05  — 2 and  x + 5 are  factors,  and  roots  are,  2,  >-  6, 
i — 3 =*=  \/35).  7.  gala. 

^-88 per  cent.  9,  1 days. 

He  i^ceives  $3  every  day  the  work  continues ; 
he  returns  nothing  the  first  day  he  is  idle, 
the  second,  and  so  on,  and  the  number  of 
days  he  works  is  10. 


Junior  Matric. , 1876.  Pcm, 

1.  a*;  a h c d.  2.  a*-a5*;  o*-fx». 

3.  1 + 205  + 305® + 4af  + 5o5*  + 6a;®  + : rem.  7«®- 

005^  9a5*-6a5+l. 

4.  a®«»4-(ai)w»  »-i-(ab)  + b^. 

5. (1),  2.  (2),  2,  5,  7;  or 


Jtmior  Matric.,  1876.  Honor. 

1.  35  mis.  ^ ^ (2),  These  quantities  are  in  5.  P.  if 

*0..  are  iu  AJP.,  U,  if  , 

are  in  A.P. 

5.  It  may  be  shewn  that  the  remainder  at  the  nlA 

decimal  place  is  2n  ; hence  if  the  nth  di.nt  1„. 

froTrthe  «>*l'l-°acte,i 

of  Sm  ’plnoA  --ainin.part 

6.  2-4,a:=2or-3,y  = 3or-2:««-l  - « 


ANSWERS. 


xxy 


Junior  Matric.,  1876.  Honor, 

1.  121  and  400  yards. 

2.  (a — h + c)  (ab^  + 6c  + ca)  (a*  + 6*  4-  c*  + nb  + be — ca). 

3.  Iriational  roots  go  in  irairs.*.  3 — / if  is  a root; 

and  otlier  roots  are  4 ( — 1 
j 4 J 3 2 i.  i. 

4.  4-  +x^  + 

m 1 w IV  3 mis. 

6 4-  (?i — 1)  (a — 6) 

7.  (1),  Plainly  a:  4- ^ divides  both  sides,  and  roots 
are — 2,  2+  V 7 • (2),  a;  = 3,  «/  = 4 or  ^ ; x = 

— 3,  2/  — 4 or  — 


Second  Class  Certificates,  1873L 

, /a  6\*  6» 

2.  (a-6)-(a-46)  = 36. 


3.  = 


4.  (t)/,  - 99. 


6.  (a - 6)  {x-y)  = 0‘,  if  a be  not  = 6,  x-y  - 0 ; 
if  a — b,  x-y  may  have  any  value. 


6. 


8.' 


43  - 14w 

r4w»-13‘ 

then  fraction  becomes  *4  and  is  indet^i  minate. 


7.  f , provided  x be  not  = - 2^1  ; 


1 


X 


— = 1, ;;  = 4:  x = Z,  y = % 

-y  ’ x+7  ^ ^ ^ 


9.  13. 


10.  ^ of  a mile  per  hour. 


ANSWERS. 


Second  CIci-ks  Certificates,  187^^ 

1.  2{a*6*  + 6®c®  -h  o®a®)  - {a*  + i"*  + c*). 

2a{2b^  - 5) 


3e>  . 

2. V. 

a + 0 


3.  (3x  + 1)  (4ic*  - 2^  - 3ic  + 1).  4. 


4a  - 36 


5.  £C 


6<j  — ac?  be  — ad 

y= 


nb — md  me — na 

6.  X and  y are  indeterminate  : there  is  bnt  one 
e<|uation.  $88,  $44.  8.  14  days,  llg(]aj.s. 

2 

hrs.  m — n negative  means  thav  they 


9.  In 


m 


n 


were  together 


hrs. before  noon, 


they  are  nevey  together. 
10.  Each  side  equals  9 9 (a;®  — y^). 


Second  Class  Certificates,  1876. 


1. 

3. 

5. 

6. 

7. 

8. 

9, 


{\+m)x-{\-n)y.  2.  {x  + yf{x-y)]  (a-b) 

(b-c)  (c-a);  (5x^-1)  (5ic* + «+!). 

Let  the  other  factor  be  x + a;  multiply  and  equate 
co-efficients  ; eliminating  a,  nq  — = rm ; other 

condition  is  p?i  - jnn  -r.  4.  £c  - 1 ; 1 4-  a;*. 

i^x-¥y-z)  ix-y^z)  {y^z-x)  . 1 

{x^y^-zY  ^ a-b 


-f;  1. 

a"(b'c  - be')  -I-  b"{ac  - o,'c)  + c"{ab  - ab')  = 0. 

(1,)  Cube,  and  3(?i-i-u;)i  (n-x)i  (m)=-m*-2n^ 
^m^  — 2?^\* 


X 


a{c  — h)  b(a-  c) 
a— b ' a-b 


10.  3 miles  an  hour. 


A^rsH'ER:^. 


XXVI! 


1 1.  (a).  See  § 359.  (6),  2,000.  (c),  Substitute  suc- 

cessively -b,  -c,  -a  for  a,  b,  c,  in  tin)  left 
hand  side,  and  it  appears  that  a + b,  6 + c, 
c + a are  factors,  and  expression  is  of  form 
N {a  + b)  (6  4-  c)  {c  + a)i  putting  a = 6 = c = 1, 
we  get  N—  3. 


First  Year  Exhibitions^  1873. 

1.  3,15,75,375.  2.  9 and  1,  or  and- j|.  4.9,12. 

5.  («),4,-3;  -3,4.  (4), 2, -3.  (o),4,-6,6.  (d),-\. 

6.  40'.  7.  = = . 


First  Tear  Exhibitions , 1874. 

1.  5.  2.  (— 4)^  3277.  3.  2-jL;  2^. 

4.  9,  12.  5.  75. 

6.  (a),  3,  2; —2,— 3.  (6),7or— If  (c),5,3.  (tf),14. 

7.  30  houi’s.  8.  -JL-.  9.  3(a;4-3). 

x + y 


First  Year  Exhibitions,  1876. 

1 — i_i  1 — 1 + i 

, 43  « b c a h c 

1.  i _ 1 _ ,1 

a»  6^  b^ 

2.  — 12  V2-  3.  X — 1.  4.  ?rt. 

5.  21,  42,  63,  or  84.  6.  o,  6,  2c  ; 1.  1.  T. 


ANSWERS. 


Matriculation,  1873 


2.  11a  ' 3c  5c?  m.  4.  — oa;. 

5.  ax^  + {ar-\.b)x+  {ar^  ^ br  + c) -h 

ccr^  + hr^  cr  d 
X — r 

6.  1 — X a?  — 03®+...,,  7. 


« (a  — «)  (a;®— 2) 
' "~1 


0^ 


9.  144,  216, 


10.  I {a  — Zm  — 2n  — ^),  <fec. 

11  1200  (a  — b) 

m — n ^ mb  — na 


12.  13.28,21. 

14.  50  {VI  —1),  50  (3  — v/5). 

15.  03  = ± 10,  ?/  = =f10  ; 03=  d=  4v  % y ~ ^ 

16.  16. 


Matriculation,  1874. 


1.  a — 6.  2. 

4.  — 5a  — 36. 

6.  2,  4;  4,  2. 

9.  20,16,14  ft. 

12.  1. 

14.  6,  2,  4|,  l\,  or 

15.  100,  2550. 

IG.  x'  — 7a3*  + 21o3® 
— x~\ 


4a®  + a^x  — 2oa3*  + oj* 

03*  — a* 

5.  600,  480,  360. 

8.  4 or  9^. 

10.  40,10-  10,40. 

13.  30  and  20  days. 

2,-6,-  1^,-_4|. 

-35o3  + 35.r~*  — 21a;' 
17.  1023, 


+ 4x-*.. 


3/2 


a.  1 


11.  56 


• + 7»-^ 


'.  r 


. 

."»'-  •■  :>  ,•  V.  V'  > .-  ^ 

; jt  , • ■„  . - vv'-’  '.  .■■^  ^ 


-I 


* •■  '-iav-  •■ -•  '^Vv .0® 


V . ’ ••  CJ«*  ^ * •»>?■*  Vn  . 


r .»  • • — -f-  — «c  ..^  •t  ^ taL  *.  ^ ^ -•  • •••»”.  p 

■ • _ 4 J . , IP'.  . --  ; 'S  . - • ?':> 

', ..  .w  ir-v  , /'  I .;v,  fii^  .'  .•  I 

f-  ' ^ V'  ^ 

^ '^'  *V*  ^ '-V  ‘ 

' * ki24a^^'  ' "S'*  '■  - 


